
Computation of conformal anomalies: Loop calculations

A free massless scalar field in two dimensions:

S =
1

4πα′

∫
d2σ

√
ggab∂aφ∂bφ. (1)

We define hab by

gab = δab + hab. (2)

We also set a rule that the indices of hab are lowered by δab.

=⇒ gab = δab − hab + h c
a hcb − · · · , (3)

√
g = 1 − 1

2
h a

a + · · · . (4)

=⇒ T ab = − 1

α′

(
∂aφ∂bφ − 1

2
gabgcd∂cφ∂dφ

)
= − 1

α′

(
∂aφ∂bφ − 1

2
δabδcd∂cφ∂dφ − 1

2
(δabhcd + δcdhab)∂cφ∂dφ + · · ·

)
. (5)

α′ can be absorbed by the rescaling

1√
2πα′

φ −→ φ (6)

so that

S =

∫
d2σ

1

2

√
ggab∂aφ∂bφ

=

∫
d2σ

[1

2
δab∂aφ∂bφ +

1

2
(−hab +

1

2
hδab)∂aφ∂bφ

+
1

2

(
ha

ch
cb − 1

2
hhab +

(
−1

4
h d

c h c
d +

1

8
h2

)
δab

)
︸ ︷︷ ︸

≡H ab
2

∂aφ∂bφ + · · ·
]
, (7)

where h ≡ h a
a . The one-loop effective action of φ is

Γ ≡ − log

∫
[dφ]e−S

= − log

∫
[dφ]e−

R

d2σ 1
2
φ(−¤)φ exp

−∫
d2σ

1

2
(−hab +

1

2
hδab︸ ︷︷ ︸

≡−h̃ab

)∂aφ∂bφ

+
1

2
H ab

2 ∂aφ∂bφ + · · ·
)]

= − log

∫
[dφ]e−

R

d2σ 1
2
φ(−¤)φ

[
1 +

∫
d2σ

1

2
h̃ab∂aφ∂bφ −

∫
d2σ

1

2
H ab

2 ∂aφ∂bφ

+
1

2!

1

4

∫
d2σ

∫
d2σ′(−h̃ab(σ)∂aφ(σ)∂bφ(σ))(−h̃cd(σ′)∂cφ(σ′)∂dφ(σ′)) + · · ·

]
. (8)
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The propagator :

〈φ(σ)φ(σ′)〉 = −¤−1(σ − σ′)

=

∫
d2k

(2π)2

eika(σa−σ′a)

k2
. (9)

Note that the tadpole

〈∂aφ(σ)∂bφ(σ)〉 =

∫
d2k

(2π)2

−kakb

k2
(10)

does not contain any dimensionful parameter so is treated as zero in the dimensional regu-
larization. Therefore

Γ = − 1

2!4

∫
d2σ

∫
d2σ′h̃ab(σ)h̃cd(σ′)〈∂aφ(σ)∂bφ(σ)∂cφ(σ′)∂dφ(σ′)〉conn + · · ·

= − 1

2!4

∫
d2σ

∫
d2σ′h̃ab(σ)h̃cd(σ′)

(
∂

∂σa

∂

∂σ′c 〈φ(σ)φ(σ)〉 ∂

∂σb

∂

∂σ′d
〈φ(σ)φ(σ)〉 + (c ↔ d)

)
+ · · ·

= − 1

2!4

∫
d2σ

∫
d2σ′

∫
d2p

(2π)2
eipσh̃ab(p)︸ ︷︷ ︸

h̃ab(σ)

∫
d2q

(2π)2
eiqσ′

h̃cd(q)︸ ︷︷ ︸
h̃cd(σ′)

×
(∫

d2k

(2π)2

kakce
ik(σ−σ′)

k2
·
∫

d2k′

(2π)2

k′
bk

′
de

ik′(σ−σ′)

k′2
+ (c ↔ d)

)
+ · · ·

= − 1

2!4

∫
d2p

(2π)2
h̃ab(p)h̃cd(−p)

(∫
d2k

(2π)2

kakc(p + k)b(p + k)d

k2(p + k)2
+ (c ↔ d)

)
+ · · · , (11)

where we have kept tems up to quadratic in h̃.

Some integration formulas

1

k2(p + k)2
=

∫ 1

0

dx
1

((1 − x)p2 + 2kp(1 − x) + k2)2
. (12)

Therefore, to obtain ∫
d2k

(2π)2

1

k2(p + k)2
,

∫
d2k

(2π)2

ka

k2(p + k)2
, . . . (13)

we first compute∫
d2k

(2π)2

1

(m2 + 2kp′ + k2)α
,∫

d2k

(2π)2

ka

(m2 + 2kp′ + k2)α
= − 1

2(α − 1)

∂

∂p′2
d2k

(2π)2

1

(m2 + 2kp′ + k2)α−1
, . . . , (14)
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set

m2 = (1 − x)p2, p′ = (1 − x)p (15)

and then perform x integration
∫ 1

0
dx. In this way we find∫

dnk

(2π)n

kakbkckd

k2(p + k)2
=

p2

4πε

(
2
papbpcpd

p4
− 2

δ(abpcpd)

p2
+

1

4
δ(abδcd)

)
+ · · · , (16)∫

dnk

(2π)n

kakbkc

k2(p + k)2
=

p2

4πε

(
−2

papbpc

p4
+

3

2

δ(abpc)

p2

)
+ · · · , (17)∫

dnk

(2π)n

kakb

k2(p + k)2
=

p2

4πε

(
+2

papb

p4
− δab

p2

)
+ · · · , (18)

(19)

where n ≡ 2 + ε.

Using these formulas, we find∫
dnk

(2π)2

kakc(p + k)b(p + k)d

k2(p + k)2

=
p2

4πε

(
1

4
δ(abδcd) +

1

6

δabpcpd − 2δacpbpd + δadpbpc + δcdpapb − 2δbdpapc + δbcpapd

p2

)
+ · · · . (20)

Combining the (c ↔ d) contribution together, we obtain

Γ quadratic in h2 = − 1

2!4

∫
d2p

(2π)2
h̃ab(p)h̃cd(−p)

p2

4πε

(
1

6
(δacδbd + δadδbc)

− 1

6

δacpbpd + δadpbpc + δbdpapc + δbcpapd

p2

)
+ · · · . (21)

Comparing this with the expansion of R, we find

Γ =
1

24πε

∫
d2σ

√
gR. (22)

=⇒ 〈T a
a〉 = − 1

12
R. (23)

The trace anomaly
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