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1 The Einstein-Hilbert action

cA,BC = E M
B E N

C cA,MN , cA,MN = 2∂[MEN ]A,

ωM,AB = −1
2
(cM,AB − cA,BM − cB,MA), (1)

in particular
ωB

,AB = −cB
,AB = −E−1∂M (EEM

A), (2)

where E = det E A
M . The curvatures are

RMNAB = 2(∂[MωN ],AB + ω[M,ACω C
N ], B),

R = EMAENBRMNAB . (3)

Then

Proposition 1.

ER = −1
4
E

(
cA,BCcA,BC − 2cA,BCcB,CA − 4cA

,ACcB C
,B

)

+2∂M (EEMAωB
,AB). (4)

Proof.

R = EMAENBRMNAB

= EMAENB(2∂[MωN ]AB + ωM,ACω C
N, B − ωN,ACω C

M, B , )

= 2EMAENB∂[MωN ]AB + ωA
,ACωB C

, B − ωB
,ACωA C

, B . (5)

ER = 2EEMAENB∂[MωN ],AB + E(ωA
,ACωB C

, B − ωB
,ACωA C

, B).

Since [MN ] can be replaced with [AB], this anti-symmetrization is already in-
corporated in the indices of ω. Thus

= 2∂M (EEMAENBωN,AB)− 2∂M (EEMAENB)ωN,AB
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+E(ωA
,ACωB C

, B − ωB
,ACωA C

, B).

= 2∂M (EEMAENBωN,AB)
−2∂M (EEMA)ωB

,AB − 2EEMA∂MENB · ωN,AB

+E(ωA
,ACωB C

, B − ωB
,ACωA C

, B). (6)

The second term (6) = −2EcC A
, CωB

,AB , (7)

where we have used

∂M (EEMA) = EcB A
, B . (8)

Th latter is because

cB A
, B = EAMEBNcB,MN

= EAMEBN (∂MENB − ∂NEMB)
= E−1∂AE + EAMEMB∂NEBN

= E−1∂AE + ∂NEAN . (9)

On the other hand,

The third term (6) = +2EEMA(EN
C∂MEC

P · EPB) ωN,AB

= 2EEMAEPBωN,AB∂ME C
P · E N

C

[MP ] → = EωC,ABcC AB
, . (10)

Using (7)(10), we find

ER = 2∂M (EEMAωB
,AB)− 2EcC,A

CωB
,AB + EcC AB

, ωC,AB

+ E(ωA
,ACωB C

, B − ωB,ACωA C
, B)

= 2∂M (EEMAωB
,AB) + E

[
ωB

,AB(−2cC A
, C + ωC A

,C )

+ ωC,AB(cC AB
, − ωA B

, C)
]

= 2∂M (EEMAωB
,AB) + E[ωC

,AC(−2cB A
, B +

1
2
(c AB

B, − c BA
B, ))

+ ωC,AB(cC AB
, +

1
2
(cA B

, C − cB A
,C︸ ︷︷ ︸

AB symmetric⇒0

−c AB
C, ))]

= 2∂M (EEMAωB
,AB) + E[− ωC

,ACcB A
, B +

1
2
ωC,ABcC AB

, ]

= 2∂M (EEMAωB
,AB) + E[ +

1
2
(cC

,AC − cC
,CA)cB A

, B

− 1
4
(cC,AB −cA,BC − cB,CA︸ ︷︷ ︸

↖=↗

)cC,AB]

= 2∂M (EEMAωB
,AB)

+E[− 1
4
cC,ABcC,AB +

1
2
cA,BCcC,AB + cC

,ACcB A
, B]. (11)
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2 Reduction to D(≥ 3) dimensions

Parameterize

E A
M =

[
e−

1
D−2 E

(D)α
µ Bm

µ e a
m

0 e a
m

]
, E M

A =
[

e
1

D−2 E
(D)µ

α −e
1

D−2 E
(D)µ

α Bm
µ

0 e m
a

]
,

(12)
where E(D) = det E

(D)α
µ , e = det ea

m. Assume that the fields depend only on
xµ. cA,BC are explicitly written as follows:

cα,βγ = E M
β E N

γ (∂MENα − ∂NEMα)

= (E M
β E N

γ − E N
β E M

γ )∂MENα

= (E µ
β E ν

γ − E ν
β E µ

γ )∂µEνα,

cα,βc = 0,

cα,bc = 0,

ca,βγ = (E M
β E N

γ − E N
β E M

γ )∂MENa

= (E µ
β E N

γ − E N
β E µ

γ )∂µENa

= 2(E µ
[β E ν

γ] ∂µEνa + E µ
[β E n

γ] ∂µEna)

= 2(E µ
[β E ν

γ] ∂µ(Bn
ν ena)− E µ

[β E ν
γ] B

n
ν ∂µena)

= 2E µ
[β E ν

γ] ena∂µBn
ν

= enaE µ
β E ν

γ Fn
µν ,

ca,bγ = (E M
b E N

γ − E N
b E M

γ )∂MENa

= −E m
b E µ

γ ∂µEma

= −E µ
γ e m

b ∂µema,

ca,bc = 0. (13)

cA,BCcA BC
, = cα,βγcα βγ

, + ca,βγca βγ
, + 2 cα,bγcα bγ

,︸ ︷︷ ︸
=0

+2ca,bγca bγ
, + ca,bγca bγ

,︸ ︷︷ ︸
=0

+ ca,bcc
a bc

,︸ ︷︷ ︸
=0

= cα,βγcα βγ
, + gmne

4
D−2 G(D)µρG(D)νσFm

µνFn
ρσ

+2gmne
2

D−2 G(D)µν∂µema∂νe a
n ,

cA,BCcB CA
, = cα,βγcβ γα

, + ca,βγcβ γa
,︸ ︷︷ ︸

=0

+ cα,bγcb γα
,︸ ︷︷ ︸

=0

+ca,bγcb γa
,

+ cα,βcc
β cα

,︸ ︷︷ ︸
=0

+ ca,βcc
β ca

,︸ ︷︷ ︸
=0

+ cα,bcc
b cα

,︸ ︷︷ ︸
=0

+ ca,βcc
b ca

,︸ ︷︷ ︸
=0

= cα,βγcβ γα
, − E µ

γ e m
b ∂µema · Eγνean∂µe b

n

= cα,βγcβ γα
, − e

2
D−2 G(D)µνe m

b ean∂µema∂µe b
n ,
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cA
,ACcB C

,B = (cα
,αγ + ca

,aγ)(cβ γ
,β + cb γ

,b )

+(cα
,αc︸︷︷︸

=0

+ ca
,ac︸︷︷︸

=0

)(cβ c
,β︸︷︷︸

=0

+ cb c
,b︸︷︷︸

=0

)

= cα
,αγcβ γ

,β + 2cα
,αγ(−Eγµe−1∂µe)

+e
2

D−2 G(D)µνe−2∂µe∂νe. (14)

Therefore, up to a total derivative (denoted by ‘∇=’) we obtain

ER
∇= −1

4
E(cα,βγcα βγ

, − 2cα,βγcβ γα
, − 4cα

,αγcβ γ
,β )

−1
4
E(gmne

4
D−2 G(D)µρG(D)νσFm

µνFn
ρσ

+ 2gmne
2

D−2 G(D)µν∂µema∂µe a
n )

+
1
2
E(−e

2
D−2 G(D)µνebmean∂µema∂enb)

+E(−2e
1

D−2 E(D)µγcα
,αγe−1∂µe + e

2
D−2 G(D)µνe−2∂µe∂νe)

= −1
4
E(cα,βγcα βγ

, − 2cα,βγcβ γα
, − 4cα

,αγcβ γ
,β )

−1
4
Egmne

4
D−2 G(D)µρG(D)νσFm

µνFn
ρσ

+
1
2
Ee

2
D−2 G(D)µν(

= 1
2 ∂µgmn∂νgmn︷ ︸︸ ︷

−gmn∂µema∂νe a
n +︸︷︷︸

!

∂µema∂νema)

+E

(
−2e

1
D−2 E(D)µγ · e 1

D−2 (c(D)α
,αγ +

D − 1
D − 2

E(D)µ
γ e−1∂νe)e−1∂µe

+ e
2

D−2 G(D)µνe−2∂µe∂νe

)

= −1
4
E(cα,βγcα βγ

, − 2cα,βγcβ γα
, − 4cα

,αγcβ γ
,β )

−1
4
Egmne

4
D−2 G(D)µρG(D)νσFm

µνFn
ρσ

+
1
4
Ee

2
D−2 G(D)µν∂µgmn∂νgmn

−2 Ee
2

D−2︸ ︷︷ ︸
=E(D)

c(D)α
,αγE(D)µγe−1∂µe

− D

D − 2
Ee

2
D−2︸ ︷︷ ︸

=E(D)

G(D)µνe−2∂µe∂νe, (15)

where in the second expression we have used

cα
,αγ = e

1
D−2 (c(D)α

,αγ +
D − 1
D − 2

E(D)µ
γ e−1∂νe), (16)

4



which is derived from

cα,βγ = (E µ
β E ν

γ − E ν
β E µ

γ )∂µEνα

= e
2

D−2 (E(D)µ
β E(D)ν

γ − E
(D)ν
β E(D)µ

γ )∂µ(e−
1

D−2 E(D)
να )

= e
1

D−2 (c(D)
α,βγ −

1
D − 2

(E(D)µ
β ηγα − E(D)µ

γ ηβα)e−1∂νe),

= e
1

D−2 (c(D)
α,βγ +

2
D − 2

ηα[βE
(D)µ

γ] e−1∂µe). (17)

Therefore,

cα,βγcα βγ
, = e

2
D−2

(
c
(D)
α,βγ +

2
D − 2

ηα[βE
(D)µ

γ] e−1∂µe

)

·
(

c(D)α βγ
, +

2
D − 2

ηα[βE(D)γ]νe−1∂νe

)

= e
2

D−2

(
c
(D)
α,βγc(D)α βγ

, +
4

D − 2
c
(D)
α,βγηα[βE(D)γ]νe−1∂νe

+
4

(D − 2)2
ηα[βE

(D)µ
γ] ηα[βE(D)γ]νe−2∂µe∂νe

)

= e
2

D−2

(
c
(D)
α,βγc(D)α βγ

, +
4

D − 2
c(D)α

α, γE(D)γνe−1∂νe

+
2

(D − 2)2
ηαβE(D)µ

γ (ηαβE(D)γν − ηαγE(D)βν)e−2∂µe∂νe

)

= e
2

D−2

(
c
(D)
α,βγc(D)α βγ

, +
4

D − 2
c(D)α

,αγE(D)µγe−1∂µe

+
2(D − 1)
(D − 2)2

G(D)µνe−2∂µe∂νe

)
, (18)

cα,βγcβ γα
, = e

2
D−2

(
c
(D)
α,βγ +

2
D − 2

ηα[βE
(D)µ

γ] e−1∂µe

)

·
(

c(D)β γα
, +

2
D − 2

ηβ[γE(D)α]νe−1∂νe

)

= e
2

D−2

(
c
(D)
α,βγc(D)β γα

,

+
1

D − 2
c
(D)
α,βγ(ηβγE(D)αν − ηβαE(D)γν)e−1∂νe

+
1

D − 2
c(D)β γα

, (ηαβE(D)µ
γ − ηαγE

(D)µ
β )e−1∂µe

+
1

(D − 2)2
(ηαβE(D)µ

γ − ηαγE
(D)µ

β︸ ︷︷ ︸
=0

)(ηβγE(D)αν − ηβαE(D)γν)

· e−2∂µe∂νe

)

5



= e
2

D−2

(
c
(D)
α,βγc(D)β γα

,

+
1

D − 2
c(D)γα

α, E(D)µ
γ e−1∂µe

︸ ︷︷ ︸
||

︷ ︸︸ ︷
− 1

D − 2
c(D)α

α, γE(D)γνe−1∂νe

+
1−D

(D − 2)2
G(D)µνe−2∂µe∂νe

)
, (19)

cα
,αγcβ γ

,β = e
2

D−2

(
c(D)α

,αγ +
2

D − 2
ηα

[αE
(D)µ

γ] e−1∂µe

)

·
(

c
(D)β γ

,β +
2

D − 2
η

[β
β E(D)γ]νe−1∂νe

)

= e
2

D−2

(
c(D)α

,αγ +
D − 1
D − 2

E(D)µ
γ e−1∂µe

)

·
(

c
(D)β γ

,β +
D − 1
D − 2

E(D)γνe−1∂νe

)

= e
2

D−2

[
c(D)α

,αγc
(D)β γ

,β +
2(D − 1)
D − 2

c(D)α
,αγE(D)γνe−1∂νe

+
(D − 1)2

(D − 2)2
G(D)µνe−2∂µe∂νe

]
. (20)

⇒ −1
4
E(cα,βγcα βγ

, − 2cα,βγcβ γα
, − 4cα

,αγcβ γ
,β )

= −1
4
E(D)

[
c
(D)
α,βγc(D)α βγ

, +
4

D − 2
c(D)α

,αγE(D)µγe−1∂µe

+
2(D − 1)
(D − 2)2

G(D)µνe−2∂µe∂νe

− 2c
(D)
α,βγc(D)β γα

, +
4

D − 2
c(D)α

,αγE(D)µγe−1∂µe

+
2(D − 1)
(D − 2)2

G(D)µνe−2∂µe∂νe

− 4c(D)α
,αγc

(D)β γ
,β − 8(D − 1)

D − 2
c(D)α

,αγE(D)γνe−1∂νe

−4
(D − 1)2

(D − 2)2
G(D)µνe−2∂µe∂νe

]

= −1
4
E(D)

[
c
(D)
α,βγc(D)α βγ

, − 2c
(D)
α,βγc(D)β γα

, − 4c(D)α
,αγc

(D)β γ
,β

−8c(D)α
,αγE(D)µγe−1∂µe− 4(D − 1)

D − 2
G(D)µνe−2∂µe∂νe

]
, (21)
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where we have used
E = e−

2
D−2 E(D) (22)

in the second expression. Plugging (21) into (15), we obtain

Proposition 2.

ER
∇= −1

4
E(D)

(
c
(D)
α,βγc(D)α βγ

, − 2c
(D)
α,βγc(D)β γα

, − 4c(D)α
,αγc

(D)β γ
,β

)

−1
4
E(D)e

2
D−2 gmnG(D)µρG(D)νσFm

µνFn
ρσ

+
1
4
E(D)G(D)µν∂µgmn∂νgmn

− 1
D − 2

E(D)G(D)µνe−2∂µe∂νe. (23)

Remark 1. The first line is equal to E(D)R(D) up to a(nother) total derivative
(Proposition 1).

Remark 2. (23) does not depend on the signature of the flat local Lorenz
metric ηAB . However, gMN ’s expression in terms of E A

M does. For example,
in the reduction from D + 1 to D dimensions, gDD = ±e2 depending on the
signature.

3 Reduction to two dimensions

In two dimensions the ‘dilaton’ factor cannot be removed by a rescaling of the
metric. Thus anticipating the application to the D = 2 case, we parameterize
the vielbein as

E A
M =

[
E α

µ Bm
µ e a

m

0 e a
m

]
, E M

A =
[

E µ
α −E µ

α Bm
µ

0 e m
a

]
, (24)

ηAB =
[

ηαβ 0
0 ηab

]
. (25)

We can use (13) without modifications. Then similar calculations show that

cA,BCcA BC
, = cα,βγcα βγ

, + gmnGµρGνσFm
µνFn

ρσ

+2gmnGµν∂µema∂νe a
n ,

cA,BCcB CA
, = cα,βγcβ γα

, −Gµνe m
b ean∂µema∂µe b

n ,

cA
,ACcB C

,B = cα
,αγcβ γ

,β + 2cα
,αγ(−Eγµe−1∂µe)

+Gµνe−2∂µe∂νe. (26)
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Plugging them into Proposition 1, we have

ER = −1
4
E

(
cα,βγcα βγ

, + gmnGµρGνσFm
µνFn

ρσ + 2gmnGµν∂µema∂νe a
n

− 2(cα,βγcβ γα
, −Gµνe m

b ean∂µema∂µe b
n )

− 4(cα
,αγcβ γ

,β + 2cα
,αγ(−Eγµe−1∂µe) +Gµνe−2∂µe∂νe)

)

+2∂µ(EEµAωB
,AB). (27)

Here ωM,AB in the last term is the connection made out of E A
M . Since EµA is

nonzero only if A = α and ωB
,αB = −cB

,αB , this total derivative term can be
written as

2∂µ(EEµAωB
,AB) = 2∂µ(EEµαωB

,αB)

= −2∂µ(EEµαcB
,αB)

= −2∂µ(EEµαcβ
,αβ)− 2∂µ(EEµαcb

,αb)

= 2∂µ(EEµαω(Eα
µ )β

,αβ)− 2∂µ(EEµαcb
,αb)

= 2∂µ(EEµαω(Eα
µ )β

,αβ)− 2∂µ(EGµνe−1∂νe)

= 2∂µ(e(detEα
µ )Eµαω(Eα

µ )β
,αβ)− 2∂µ(EGµνe−1∂νe)

= 2e∂µ((detEα
µ )Eµαω(Eα

µ )β
,αβ) + 2∂µe(detEα

µ )Eµαω(Eα
µ )β

,αβ

− 2∂µ(EGµνe−1∂νe)

= 2e∂µ((detEα
µ )Eµαω(Eα

µ )β
,αβ)− 2∂µe(detEα

µ )Eµαcβ
,αβ

− 2∂µ(EGµνe−1∂νe)

= 2e∂µ((detEα
µ )Eµαω(Eα

µ )β
,αβ) + 2Ecα

,αγEµγe−1∂µe

− 2∂µ(EGµνe−1∂νe). (28)

We have used
E = edet Eα

µ . (29)

ω(Eα
µ )µ,αβ is the connection made from Eα

µ . The second term cancels the second
term of the third line in (27), while the first term becomes a part of detEα

µR(Eα
µ )

together with the three cc terms in (27). In all, (27) is simplified to

Proposition 3. For D ≥ 2 dimensions,

ER = edet Eα
µ

(
R(Eα

µ )− 1
4
gmnGµρGνσFm

µνFn
ρσ

+
1
4
Gµν∂µgmn∂νgmn + Gµνe−2∂µe∂νe

)

−2∂µ(detEα
µ ·Gµν∂νe). (30)
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Remark 3. Applying the Weyl rescaling formula to detEα
µ ·R(Eα

µ ), (30) reduces
to Proposition 2.

We will now consider the D = 2 case.

Lemma 1. In D = 2 the Einstein-Hilbert action is a total derivative and is
given by

detEα
µ ·R(Eα

µ ) = −2∂µ(detEα
µ ·Gµνcβ

,νβ). (31)

Proof. The right hand side is the total derivative term of Proposition 1. There-
fore, we have only to check that the cc terms vanish. This can be easily shown
as

cα,βγcα βγ
, − 2cα,βγcβ γα

, − 4cα
,αγcβ γ

,β

= 2cα,12c
α 12

, − 2(c1,12c
1 21

, + c2,21c
2 12

, )− 4(c2
,21c

2 1
,2 + c1

,12c
1 2

,1 )
= 0.

Using Lemma 1 in Proposition 3 and integrating by parts, we obtain

Proposition 4. For D = 2,

ER
∇= edetEα

µ

(
2Gµνe−1∂µe · cβ

,νβ −
1
4
gmnGµρGνσFm

µνFn
ρσ

+
1
4
Gµν∂µgmn∂νgmn + Gµνe−2∂µe∂νe

)
. (32)

4 The Kramer-Neugebauer involution

In two dimensions detEα
µ ·Gµν is invariant under the scale transformation

E α
µ → λE α

µ . (33)

On the other hand, cβ
,νβ = E µ

β (∂νE β
µ − ∂µE β

ν ) transforms as

c′β,νβ ≡ c(E′α
µ)β

,νβ

= λ−1E µ
β (∂ν(λE β

µ )− ∂µ(λE β
ν ))

= E µ
β (∂νE β

µ − ∂µE β
ν ) + (2− 1)λ−1∂νλ

= cβ
,νβ + λ−1∂νλ. (34)

Therefore, the last term of Proposition 4 may be absorbed in the first term by
setting λ = e

1
2 . Thus we obtain
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Proposition 5. For D = 2,

ER
∇= eE′

(
2G′µνe−1∂µe · c′β,νβ −

1
4
egmnG′µρG′νσFm

µνFn
ρσ

+
1
4
G′µν∂µgmn∂νgmn

)
, (35)

where E A
M is parameterized as (24) with E′α

µ = e
1
2 E α

µ , and G′µν = E′µ
α E′αν ,

E′ = det E′α
µ and c′β,νβ = c(E′α

µ)β
,νβ .

Corollary 1. For D = 2,

ER
∇= edetEα

µ

(
2Gµνe−1∂µe · cβ

,νβ +
1
4
Gµν∂µgmn∂νgmn

)
, (36)

where

E A
M =

[
e−

1
2 E α

µ 0
0 e a

m

]
. (37)

Corollary 2. For D = 2,

ER
∇= edetEα

µ

(
2Gµνe−1∂µe · cβ

,νβ +
1
4
Gµν∂µĝmn∂ν ĝmn

)
, (38)

where

E A
M =

[
e−

1
4 E α

µ 0
0 e a

m

]
, (39)

and
ĝmn = e−1gmn. (40)

Remark 4. Since gmn = ea
mηabe

b
n and det ea

m = e, a 2×2 matrix with com-
ponents {ηmkgkn} belongs to SL(2,R). If ηab = diag[±1,±1], (38) is an
SL(2,R)/SO(2) non-linear sigma model (positive definite), while if ηab = diag[±1,∓1],
an SL(2,R)/SO(1, 1) sigma model (indeifinite).
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