Dimensional reduction of Einstein’s equation

Shun’ya Mizoguchi
2002.3.12.

1 The Einstein-Hilbert action
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2 Reduction to D(> 3) dimensions

Parameterize
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where E(P) = det E(D,)f‘, e = dete%,. Assume that the fields depend only on
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Therefore, up to a total derivative (denoted by ‘z’) we obtain
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which is derived from
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where we have used ,
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in the second expression. Plugging (21) into (15), we obtain
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Remark 1. The first line is equal to E(”) R(P) up to a(nother) total derivative
(Proposition 1).

Remark 2. (23) does not depend on the signature of the flat local Lorenz
metric nap. However, gpn’s expression in terms of E MA does. For example,
in the reduction from D + 1 to D dimensions, gpp = +e? depending on the
signature.

3 Reduction to two dimensions

In two dimensions the ‘dilaton’ factor cannot be removed by a rescaling of the
metric. Thus anticipating the application to the D = 2 case, we parameterize
the vielbein as
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Plugging them into Proposition 1, we have
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W(E)yap is the connection made from Ef. The second term cancels the second
term of the third line in (27), while the first term becomes a part of det £y R(E/})
together with the three cc terms in (27). In all, (27) is simplified to

Proposition 3. For D > 2 dimensions,
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Remark 3. Applying the Weyl rescaling formula to det £ -R(Eloj)7 (30) reduces
to Proposition 2.

‘We will now consider the D = 2 case.

Lemma 1. In D = 2 the Einstein-Hilbert action is a total derivative and is
given by
det B - R(ES) = —20,(det EY - G " ). (31)

Proof. The right hand side is the total derivative term of Proposition 1. There-
fore, we have only to check that the cc terms vanish. This can be easily shown
as
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Using Lemma 1 in Proposition 3 and integrating by parts, we obtain
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4 The Kramer-Neugebauer involution
In two dimensions det Eﬁ‘ - GM is invariant under the scale transformation
ES — AES (33)
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Therefore, the last term of Proposition 4 may be absorbed in the first term by
setting A = e2. Thus we obtain
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Corollary 1. For D = 2,
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Remark 4. Since g, = €% nawpe’ and dete?, = e, a 2x2 matrix with com-
ponents {n™*gi,} belongs to SL(2, R). If 1, = diag[+1,+1], (38) is an
SL(2, R)/SO(2) non-linear sigma model (positive definite), while if n,, = diag[+1, F1],
an SL(2,R)/SO(1,1) sigma model (indeifinite).
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