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STRING THEORY LANDSCAPE

•Many perturbative formulations:

• In each perturbative limit, many topologies:

• For a fixed topology, many choices of fluxes.



A Flux Landscape
• Quantized fluxes contribute to vacuum energy:

• A finely spaced discretuum [Bousso, Polchinski]:

• # solutions ~ (# flux quanta)#moduli ~mN~10500
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Figure 1: The allowed values of the four-form energy density are given by the

radius-squared of points in the grid, whose dimension is the number of four-forms

J . The spacing in direction i is qi. The negative of the bare cosmological constant

corresponds to a (J − 1)-dimensional sphere, and cancellation is possible if there

is at least one grid point sufficiently close to the sphere.

An important feature of this result is that that the qi need not be exceed-
ingly small if there are more than two four-form fields. In order to achieve
a small λ, it is sufficient that there be a discrepancy between the magnitude
of λbare and that of the charges. For fixed charges, the task of cancellation
actually becomes easier, the larger the bare cosmological constant. This can
be understood from Fig. 1. The larger the shell, the more points it will
contain.6 The results (2.24) to (2.26) treat the ni as essentially continuous,
and break down if any of the qi exceed J−1/2|2λbare|1/2. In this case the flux
associated with qi should simply be ignored.

6Note, however, that the radius of the shell in Fig. 1 represents not |2λbare|, but the
square root of |2λbare|. This is why one cannot recognize in Fig. 1 the need for the charges
qi to be incommensurate, a fact that is immediately clear from Eq. (2.21). It is also the
reason why increasing |λbare| has no beneficial effect in the case of J = 2. For fixed ∆λ,
the shell gets thinner as one increases its radius. If J = 2, this precisely compensates for
the increase of the shell radius, and the volume remains constant.
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Explicit Constructions

KKLT, LVS, ...

Classical dS



A Mini Landscape
✤# of unipotent 6D group spaces ~ O(50). Among them, only a 

handful have de Sitter critical points that are compatible with 
orbifold/orientifold symmetries. 

✤Each of these group spaces has O(10) left-invariant modes. 
Tadpole constraints restrict flux quanta on each cycle ≤ O(10).

✤A sample space of O(1010) solutions, no dS that is tachyon free.

✤Flux quantization:

Pictorially                                              

PROBLEM(2.((Flux(quantisation:(pictorally

For(the(SU2(X(SU2(solutions(we(
could(do(explicit(check:
quantisation of(fluxes(only(works(
outside(SUGRA(regime(�.

��	���������	��
���susy AdS�

PROBLEM(1.(((Always(at(least(1(tachyon.(Why?

PROBLEM(3.(Backreaction of(sources:(what(about(localised O(planes?

1. Douglas(&(Kallosh,(2010
2. arXiv !  &�!%$$�����	��	���	�����localised sources(in(flux(compactifications��
3. arXiv !! #�"%$&������	������	���
��backreaction of(SUSYT��	��
�������	���

For SU(2)xSU(2) examples, 
can explicitly check flux 
quant izat ion demands 
solutions outside SUGRA.



Probability Estimate

• Consider 

• Then Vmin(ϕ) = ∑j Vj,min(ϕj). If Vj has nj minima, then 
there are ∏ nj classical minima. For nj ~ n, # minima = 
nN [Susskind].This is implicit in BP.

• Say Vj has 2nj extrema, roughly half of which are minima. 

• Probability for an extremum to be a minimum is

• Still, there are P x (# extrema) = eN ln n minima.

V (�) =
NX

j=1

Vj(�j)

P = 1/2N = e�N ln2



Probability for de Sitter Vacua

• We are interested in dS vacua from string theory. 

• The various Φj interact with each other. It is difficult to 
estimate how many minima there are. 

• Explicit form of V is typically very complicated, e.g., in IIA:

the complex 3-form ⌦ = ⌦R + i⌦I can be constructed from such a spinor; they define an SU(3)

structure (and not an SU(3) holonomy in general) and are not necessarily closed:
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correspond to the expansion of the derivatives of J and ⌦ in
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4
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5
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An SU(3) structure (that is not also an SU(2) structure) manifold has no nowhere-vanishing

one-forms. If we restrict to such torsion classes, W
4

and W
5

must vanish.

When the internal space is a non-Ricci flat SU(3) structure manifold, there are some sub-

tleties with the identification of the light fields and the associated low-energy e↵ective ac-

tion [41, 42]. However, for group manifolds (and coset spaces) which we will focus on, we

can restrict to expansion forms that are left-invariant under the group action. This leads to a

4D theory that is a consistent truncation [43], i.e., a solution to the 4D equations of motion will

also be a solution to the 10D equations of motion. Under the orientifold symmetry, ⌦ ! �⌦⇤,

and J ! �J . Hence, we can expand J and ⌦ in terms of a representative basis of forms:

J =kiY
(2�)

i

⌦ =FKY
(3�)

K + iZKY
(3+)

K

(3.2)

where Y
(2±)
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� is a set of two-forms even (odd) under the orientifold parity, and

Y
(3±)

K , K = 1, . . . , h(2,1) + 1 is a set of three forms which are even (odd) under orientifolding.

Note that FK are functions of the ZK and therefore not independent.

The e↵ective 4D SUGRA resulting from reduction on an SU(3)-structure space is completely

specified by the superpotential W, the Kahler potential K, a set of gauge kinetic functions f↵,�,

and their associated D-terms D↵.
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is the sum of the RR fluxes. The 2-form Jc and 3-form ⌦c that

appear in the superpotential above are given by combinations with other supergravity fields,

9

the complex 3-form ⌦ = ⌦R + i⌦I can be constructed from such a spinor; they define an SU(3)

structure (and not an SU(3) holonomy in general) and are not necessarily closed:

dJ =� 3

2
Im(W

1

⌦) +W
4

^ J +W
3

d⌦ =W
1

J ^ J +W
2

^ J +W
5

^ ⌦
(3.1)

The torsion classes W
1

, . . . ,W
5

correspond to the expansion of the derivatives of J and ⌦ in

terms of SU(3) representations: W
1

is a complex scalar, W
2

is a complex primitive (1, 1) form,

W
3

is a real primitive (1, 2)+(2, 1) form, W
4

is a real one-form, and W
5

is a complex (1, 0) form.

An SU(3) structure (that is not also an SU(2) structure) manifold has no nowhere-vanishing

one-forms. If we restrict to such torsion classes, W
4

and W
5

must vanish.

When the internal space is a non-Ricci flat SU(3) structure manifold, there are some sub-

tleties with the identification of the light fields and the associated low-energy e↵ective ac-

tion [41, 42]. However, for group manifolds (and coset spaces) which we will focus on, we

can restrict to expansion forms that are left-invariant under the group action. This leads to a

4D theory that is a consistent truncation [43], i.e., a solution to the 4D equations of motion will

also be a solution to the 10D equations of motion. Under the orientifold symmetry, ⌦ ! �⌦⇤,

and J ! �J . Hence, we can expand J and ⌦ in terms of a representative basis of forms:

J =kiY
(2�)

i

⌦ =FKY
(3�)

K + iZKY
(3+)

K

(3.2)

where Y
(2±)

i , i = 1, . . . , h(1,1)
� is a set of two-forms even (odd) under the orientifold parity, and

Y
(3±)

K , K = 1, . . . , h(2,1) + 1 is a set of three forms which are even (odd) under orientifolding.

Note that FK are functions of the ZK and therefore not independent.

The e↵ective 4D SUGRA resulting from reduction on an SU(3)-structure space is completely

specified by the superpotential W, the Kahler potential K, a set of gauge kinetic functions f↵,�,

and their associated D-terms D↵.

K =� 2 ln

✓
�i

Z
e�2�⌦ ^ ⌦⇤

◆
� ln

✓
4

3

Z
J ^ J ^ J

◆
= 4�

4

� ln (8vol
6

) ,

p
2W =

Z ⇣
⌦c ^ (�iH + dJc) + eiJc ^ F̂

⌘

f↵� =� ̂i↵�t
i,

D↵ =� e�4

p
2vol

6

r̂K↵ FK ,

(3.3)

where �
4

is the 4D dilaton defined by e��4 = e��
p
vol

6

with ⌦^⌦⇤ = (4i/3)J ^ J ^ J = 8ivol
6

,

and F̂ = F̂
0

+ F̂
2

+ F̂
4

+ F̂
6

is the sum of the RR fluxes. The 2-form Jc and 3-form ⌦c that

appear in the superpotential above are given by combinations with other supergravity fields,

9

namely, the dilaton �, the Kalb-Ramond two-form B, and the RR three-form C
3

:

Jc =J � iB = tiY
(2�)

i

⌦c =e��Im(⌦) + iC
3

= NKY
(3+)

K

(3.4)

The triple intersection numbers which enter into the gauge kinetic function are defined in terms

of the basis forms:

ijk =

Z
Y

(2�)

i ^ Y
(2�)

j ^ Y
(2�)

k , ̂i↵� =

Z
Y

(2�)

i ^ Y (2+)

↵ ^ Y
(2+)

� , (3.5)

The D-terms contain information about the metric fluxes. The matrices riK and r̂K↵ are defined

as follows:

dY
(2�)

i = riKY
(3�)K , dY (2+)

↵ = r̂↵
KY

(3+)

K . (3.6)

On an SU(3) structure group/coset manifold (the type of SU(3) structure manifolds where

explicit examples have been constructed), there exist six global left-invariant one-forms ea,

a = 1, . . . , 6 and the metric fluxes fa
bc are introduced through dea = �1

2

fa
bce

b ^ ec. The matrices

riK and r̂K↵ are therefore linear functions of the metric fluxes.

The 4D scalar potential for the left-invariant modes then follows from the usual supergravity

expression:

V = eK
⇣
KijDtiWDtjW +KKLDNKWDNLW � 3|W |2

⌘
+

1

2
(Ref)�1

↵�

D↵D� (3.7)

where the derivatives DtiW = @tiW +W@tiK (and analogously for DNK ).

Even though the 4D e↵ective action of SU(3) structure compactifications may appear to

be more complicated in form than their Calabi-Yau counterpart, each individual term in the

action can be explicitly computed given the geometric and flux data. This is an advantage

over the more well studied Type IIB scenarios where non-perturbative instanton corrections

and the e↵ects of SUSY breaking localized sources are often not computed in explicit detail.

In particular, useful results can be readily obtained by analyzing how various contributions to

the 4D potential scale with the moduli. Most of such analysis was carried out for the universal
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Stability of Extrema

• The Hessian mass matrix H= Vij at an extremum Vi =0 
must be positive definite for (meta)stability.

• We can use Sylvester’s criterion to check whether there 
are tachyons, but time-consuming for a large Hessian H 
(c.f. last lecture).

• If the Hessian is large and complicated, how do we 
estimate the probability of an extremum to be a min.?



Random



Random Matrix Theory

• A tool to study a large complicated matrix statistically  
[Wigner, Tracy-Widom, ....]

• Given a random H, the theory of fluctuation of extreme 
eigenvalues allows one to compute the probability of 
drawing a positive definite matrix from the ensemble.

• Eigenvalue repulsion: probability for H to have no 
negative eigenvalue is Gaussianly suppressed.

• Some initial foray in applying these RMT results to 
cosmology was made [Aazami, Easther (2005)].



Wigner Ensemble

-2 -1 0 1 2 1 2 3 4

Figure 1: The eigenvalue spectra for the Wigner ensemble (left panel), and the Wishart ensem-
ble with N = Q (right panel), from 103 trials with N = 200.

As a Wishart matrix is the Hermitian square of another matrix, it is necessarily positive
semidefinite. The joint probability density of a complex Wishart matrix is (cf. e.g. [10])
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In the Coulomb gas picture, the non-negativity of a Wishart matrix corresponds to the presence
of a hard wall at � = 0.

The eigenvalue distribution in the Wishart ensemble is given by the Marčenko-Pastur law
[18], which takes the form

⇢(�) =
1

2⇡N�

2
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p
(4N�

2 � �)� , (3.7)

for the special case N = Q that will be relevant in our analysis, cf. Figure 1.
The probability density function of the smallest eigenvalue �

1

was first computed by Edel-
man [17], and for our purposes it su�ces to note that for N = Q and � = 1p

N
, its average

position h�
1

i scales as 1

N2 .

3.1.3 The Altland-Zirnbauer CI ensemble

The matrix M appearing in the critical point equation (2.4) has an eigenvalue spectrum that
is broadly reminiscent of the Wigner semicircle law, but the 2N eigenvalues of M come in
opposite-sign pairs ±�a, with 0  �

1

 . . .  �N . As observed in [2], matrices M of the form
(2.5) belong to the Altland-Zirnbauer CI ensemble [19]. For normally-distributed entries of M,
the joint probability density of the eigenvalues is

f(�
1

, . . . ,�N) = C exp
⇣
� 1

�

2

NX

i=1

�

2

i +
NX

i 6=j

ln|�2

i � �

2

j |+
NX

i=1

ln |�i|
⌘
. (3.8)
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3.1.1 The Wigner ensemble

One of the simplest and best-known ensembles of random matrices is the Wigner ensemble of
Hermitian matrices, also referred to as the Gaussian Unitary Ensemble [12, 13, 14]. Elements
of this ensemble, which we refer to as Wigner matrices, are N ⇥N Hermitian matrices M given
by

M = A+ A

†
, (3.1)

where Aij for i, j = 1, . . . , N are i.i.d. variables drawn from ⌦(0, �), and the dagger denotes
Hermitian conjugation.

The measure on the space of matrices is

dP (M) =
Y

1ijN

f(Mij) dMij , (3.2)

where f(Mij) denotes the probability density of observing Mij. For normally-distributed entries
of M , the joint probability density of the eigenvalues �

1

, . . . ,�N is obtained by a unitary change
of coordinates,

f(�
1

, . . . ,�N) = C exp
⇣
� 1

�

2

NX

i=1

�

2

i + 2
NX

i<j

ln|�i � �j|
⌘
, (3.3)

where C is an N -dependent normalization constant. As conceived in the famous work of Dyson
[15], this joint probability density can be given a physical interpretation in terms of a one-
dimensional Coulomb gas of N charged particles executing Brownian motion under the influ-
ences of a confining quadratic potential and of mutual electrostatic repulsion. This physical
picture has proved to be very fruitful in deriving exact results for a variety of properties of the
eigenvalue spectrum (see e.g. [4, 5]), and in §4 and §5 we will see that repulsion between pairs
of eigenvalues significantly impacts the stability of critical points in supergravity.

At large N , the eigenvalue spectrum of a Wigner matrix converges to the celebrated Wigner
semicircle law,

⇢(�) =
1

2⇡N�

2

p
4N�

2 � �

2

. (3.4)

where ⇢ is the eigenvalue density. Setting � = 1p
N
, the eigenvalue spectrum has support in the

interval [�2, 2], cf. Figure 1.

3.1.2 The Wishart ensemble

The second class of random matrices we will need are complex Wishart matrices, which take
the form

M = AA

†
, (3.5)

where A is an N ⇥Q complex matrix with entries drawn from ⌦(0, �), and Q � N . The study
of this ensemble dates back to Wishart’s investigation of sample covariance matrices [16], and
the universality evident in the Wishart ensemble provided some of the inspiration for Wigner’s
subsequent development of random matrix theory.
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Dyson

Wigner’s semi-circle

Elements of A are independent identically distributed 
variables drawn from some statistical distribution.

ρ(λ)

λ
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Large Deviations of Extreme Eigenvalues of Random Matrices

David S. Dean1 and Satya N. Majumdar2
1 Laboratoire de Physique Théorique (UMR 5152 du CNRS),

Université Paul Sabatier, 118, route de Narbonne, 31062 Toulouse Cedex 4, France
2 Laboratoire de Physique Théorique et Modèles Statistiques (UMR 8626 du CNRS),
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We calculate analytically the probability of large deviations from its mean of the largest (smallest) eigenvalue
of random matrices belonging to the Gaussian orthogonal, unitary and symplectic ensembles. In particular,
we show that the probability that all the eigenvalues of an (N × N) random matrix are positive (negative)
decreases for large N as ∼ exp[−βθ(0)N2] where the parameter β characterizes the ensemble and the exponent
θ(0) = (ln 3)/4 = 0.274653 . . . is universal. We also calculate exactly the average density of states in matrices
whose eigenvalues are restricted to be larger than a fixed number ζ, thus generalizing the celebrated Wigner
semi-circle law. The density of states generically exhibits an inverse square-root singularity at ζ.

PACS numbers: 02.50.-r, 02.50.Sk, 02.10.Yn, 24.60.-k, 21.10.Ft

Studies of the statistics of the eigenvalues of random ma-
trices have a long history going back to the seminal work
of Wigner [1]. Since then, random matrices have found ap-
plications in multiple fields including nuclear physics, quan-
tum chaos, disordered systems, string theory and number the-
ory [2]. Three classes of matrices with Gaussian entries have
played important roles [2]: (N × N) real symmetric (Gaus-
sian Orthogonal Ensemble (GOE)), (N × N) complex Her-
mitian (Gaussian Unitary Ensemble (GUE)) and (2N × 2N)
self-dual Hermitian matrices (Gaussian Symplectic Ensemble
(GSE)). A central result in the theory of random matrices is
the celebrated Wigner semi-circle law. It states that for large
N and on an average, the N eigenvalues (suitably scaled) lie
within a finite interval

[

−
√

2N,
√

2N
]

, often referred to as
the Wigner ‘sea’. Within this sea, the average density of states
has a semi-circular form (see Fig. 1) that vanishes at the two
edges −

√
2N and

√
2N

ρsc(λ, N) =

√

2

Nπ2

[

1 −
λ2

2N

]1/2

. (1)

(2N)1/2(2N)1/2− 0

ρ (λ, Ν)
sc

N−1/6

TRACY−WIDOM
WIGNER  SEMI−CIRCLE

λ

SEA

FIG. 1: The dashed line shows the semi-circular form of the aver-
age density of states. The largest eigenvalue is centered around its
mean

√
2N and fluctuates over a scale of width N−1/6. The proba-

bility of fluctuations on this scale is described by the Tracy-Widom
distribution (shown schematically).

Thus, the average of the maximum (minimum) eigenvalue
is
√

2N (-
√

2N ). However, for finite but large N , the maxi-
mum eigenvalue fluctuates, around its mean

√
2N , from one

sample to another. Relatively recently Tracy and Widom [3]
proved that these fluctuations typically occur over a narrow
scale of ∼ O(N−1/6) around the upper edge

√
2N of the

Wigner sea (see Fig. 1). More precisely, they showed [3]
that asymptotically for large N , the scaling variable ξ =√

2N1/6 [λmax −
√

2N ] has a limiting N -independent prob-
ability distribution, Prob[ξ ≤ x] = Fβ(x) whose form de-
pends on the value of the parameter β = 1, 2 and 4 char-
acterizing respectively the GOE, GUE and GSE. The func-
tion Fβ(x), computed as a solution of a nonlinear differential
equation [3], approaches to 1 as x → ∞ and decays rapidly
to zero as x → −∞. For example, for β = 2, F2(x) has the
following tails [3],

F2(x) → 1 − O
(

exp[−4x3/2/3]
)

as x → ∞

→ exp[−|x|3/12] as x → −∞. (2)

The probability density function dFβ/dx thus has highly
asymmetric tails. The distribution of the minimum eigen-
value simply follows from the fact that Prob[λmin ≥ ζ] =
Prob[λmax ≤ −ζ]. Amazingly, the Tracy-Widom distribu-
tion has since emerged in a number of seemingly unrelated
problems such as the longest increasing subsequence prob-
lem [4], directed polymers in (1 + 1)-dimensions [5], various
(1 + 1)-dimensional growth models [6], a class of sequence
alignment problems [7] and in finance [8]. Recently, it has
been shown that the statistics of the largest eigenvalue is also
of importance in population growth of organisms in fluctuat-
ing environments [9].

The Tracy-Widom distribution describes the probability of
typical and small fluctuations of λmax over a very narrow re-
gion of width ∼ O(N−1/6) around the mean 〈λmax〉 ≈

√
2N .

A natural question is how to describe the probability of atypi-
cal and large fluctuations of λmax around its mean, say over a
wider region of width ∼ O(N1/2)? For example, what is the
probability that all the eigenvalues of a random matrix are neg-

Study of the fluctuations of the smallest (largest) eigenvalue 
was initiated by Tracy-Widom, and generalized to large 

fluctuations by Dean and Majumdar (cond-mat/0609651).



Probability of Stability

If the probability is Gaussianly suppressed, while # extrema 
goes like ecN (recall 10500), unlikely to find metastable vacua.

The large N analytic result of Dean & Mujumdar
and further refinement by Borot et al:

2 3 4 5 6 7 8
N

10!7

10!5

0.001

0.1

P
a "!b N2!c N

tribution to model the statistical distribution of the diagonal elements at leading order. The

di↵erence between �A and �B = 1 introduces the hierarchy between the diagonal elements and

o↵-diagonal elements.

The basic idea for this modeling is the following: first we consider moduli stabilization at

AdS minima by some mechanism, and then add an uplifting potential(s) to attain a positive

cosmological constant. The diagonal mass matrix A is given at AdS and the real-symmetric

mass matrix B comes from the uplifting term since the stabilized moduli masses are generically

mixed in the presence of additional sources. In the previous section, we consider situations in

which the mixing term is comparable to the diagonal terms in the potential. Here, we consider

scenarios where the mixing is suppressed, such that the diagonal entries are more likely to be

positive.

We simulate the probabilities of positive definite mass matrix for N = 4� 20 while varying

the variance of diagonal matrix between �A = 10, 15, 20, · · · , 100. We choose the fitting function

to be still of the form

P = a e�bN2�cN , (2.3)

but now the b and c are both functions of �A. The motivation for this choice is as follows.

For random matrices that we studied in the previous subsection, the Wigner semicircle law

implies that the eigenvalues are mostly distributed within [�2
p
N, 2

p
N ]. Now we have added

some additional positive diagonal elements. If we fix the hierarchy between the diagonal and

o↵-diagonal terms, but increase the dimension N , the above range will keep increasing and

eventually swamp the fixed hierarchy we introduced. Namely we expect to recover the Gaussian

suppression in the large N limit. This is why we choose the leading term in the exponential to

be still proportional to N2. For smaller N , we expect it to be less Gaussian, and this is modeled

by the linear term.

For example, for �A = 10, we get

P = 0.950 e�0.00810N2�0.00442N ; (2.4)

for �A = 100, we get

P = 1.00 e�0.000111N2�0.00277N . (2.5)

The coe�cients b and c as functions of �A (or equivalently y ⌘ �B/�A) can be fitted by the

following formulae, (see figure 2),

b = 0.000395y + 1.05y2 � 2.39y3,

b

c
= 0.0120 + 2.99y � 12.2y2 + 1650y3.

(2.6)

The extrapolation of these fitting functions to larger values of N works quite well. For example,

for N = 30, y = 1/10, the expected probability from (2.4) is P
exp

= 0.00056, while the numerical
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Probability of the form: 

seems to work well, and agrees with:

Consider a Gaussian orthogonal ensemble

[Chen, GS, Sumitomo, Tye] 

P ⇡ e�
ln 3
4 N2

complete form of analytical expression was achieved recently in [11] 1. For GOE, the probability

function is given by

P =exp

"
� ln 3

4
N2 +

ln(2
p
3� 3)

2
N � 1

24
lnN � 0.0172

#

⇠0.983 e�0.275N2�0.384N�0.0417 lnN .

(2.2)

Therefore our numerical simulation mostly agrees with the analytical expression, not only for the

coe�cient of leading N2 term, but also for the linear dependence and constant term, although

we neglected lnN dependence which is actually small even between N = 2�7. For simplicity, if

we fit a form P = e�
ln 3
4 (N+d)2 , then the choice of d ' 0.7 provides a good fit for P for all N > 1.

2.2 A random matrix with suppressed o↵-diagonal components

As we start from an AdS vacuum with only positive mass-squared eigenvalues and raise the

vacuum energy in the search for a dS vacuum, couplings among the moduli introduces terms

into the Hessian, in particular o↵-diagonal terms. We like to estimate P as a function of the

relative size of the o↵-diagonal terms emerging in the Hessian. In particular, we like to see when

P , as a function of N , is Gaussianly suppressed versus exponentially suppressed. This leads us

to consider a mass-squared matrix in which the magnitudes of diagonal components is larger

than that of the o↵-diagonal components. We again introduce randomness to mimic some of

the features in the Hessian generically.

We consider the following mass-squared matrix:

M = A+B (2.3)

where the matrix A only has real diagonal components which obey half-normal distribution

(positive definite) with variance �A, while each component of a real-symmetric matrix B obeys

Gaussian orthogonal ensemble with variance 1, same as before. We use the half-normal dis-

tribution to model the statistical distribution of the diagonal elements at leading order. The

di↵erence between �A and �B = 1 introduces the hierarchy between the diagonal elements and

o↵-diagonal elements.

The basic idea for this modeling is the following: first we consider moduli stabilization at

AdS minima by some mechanism, and then add an uplifting potential(s) to attain a positive

cosmological constant. The diagonal mass matrix A is given at AdS and the real-symmetric

mass matrix B comes from the uplifting term since the stabilized moduli masses are generically

mixed in the presence of additional sources. In the previous section, we consider situations in

which the mixing term is comparable to the diagonal terms in the potential. Here, we consider

1 We would like to thank David Marsh and Timm Wrase for bringing our attention to the paper.
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Random Supergravities
• Consider the SUGRA potential:

and its Hessian, which is a function of DAW, DADBW, and 
DADBDCW, as well as W.

• Instead of randomizing elements of H, one can randomize 
K, W, and its covariant derivatives [Denef, Douglas];[Marsh, 
McAllister, Wrase]

• This approach is applicable to F-term breaking, but not to 
D-term breaking, and models with explicit SUSY breaking. 

• Also a different ansatz                    was used.  Quantitative 
details differ, but 𝒫  less likely than exponential also found.

V = eK
�
DAWDAW � 3|W |2

�

P = ae�bNc



Random Supergravities

-2 -1 0 1 2 1 2 3 4

Figure 1: The eigenvalue spectra for the Wigner ensemble (left panel), and the Wishart ensem-
ble with N = Q (right panel), from 103 trials with N = 200.

As a Wishart matrix is the Hermitian square of another matrix, it is necessarily positive
semidefinite. The joint probability density of a complex Wishart matrix is (cf. e.g. [10])

f(�
1

, . . . ,�N) = C exp
⇣
� 1

�

NX

i=1

�i + 2
NX

i<j

ln|�i � �j|+ (Q�N)
NX

i

ln�i

⌘
. (3.6)

In the Coulomb gas picture, the non-negativity of a Wishart matrix corresponds to the presence
of a hard wall at � = 0.

The eigenvalue distribution in the Wishart ensemble is given by the Marčenko-Pastur law
[18], which takes the form

⇢(�) =
1

2⇡N�

2

�

p
(4N�

2 � �)� , (3.7)

for the special case N = Q that will be relevant in our analysis, cf. Figure 1.
The probability density function of the smallest eigenvalue �

1

was first computed by Edel-
man [17], and for our purposes it su�ces to note that for N = Q and � = 1p

N
, its average

position h�
1

i scales as 1

N2 .

3.1.3 The Altland-Zirnbauer CI ensemble

The matrix M appearing in the critical point equation (2.4) has an eigenvalue spectrum that
is broadly reminiscent of the Wigner semicircle law, but the 2N eigenvalues of M come in
opposite-sign pairs ±�a, with 0  �

1

 . . .  �N . As observed in [2], matrices M of the form
(2.5) belong to the Altland-Zirnbauer CI ensemble [19]. For normally-distributed entries of M,
the joint probability density of the eigenvalues is

f(�
1

, . . . ,�N) = C exp
⇣
� 1

�

2

NX

i=1

�

2

i +
NX

i 6=j

ln|�2

i � �

2

j |+
NX

i=1

ln |�i|
⌘
. (3.8)
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3.1.1 The Wigner ensemble

One of the simplest and best-known ensembles of random matrices is the Wigner ensemble of
Hermitian matrices, also referred to as the Gaussian Unitary Ensemble [12, 13, 14]. Elements
of this ensemble, which we refer to as Wigner matrices, are N ⇥N Hermitian matrices M given
by

M = A+ A

†
, (3.1)

where Aij for i, j = 1, . . . , N are i.i.d. variables drawn from ⌦(0, �), and the dagger denotes
Hermitian conjugation.

The measure on the space of matrices is

dP (M) =
Y

1ijN

f(Mij) dMij , (3.2)

where f(Mij) denotes the probability density of observing Mij. For normally-distributed entries
of M , the joint probability density of the eigenvalues �

1

, . . . ,�N is obtained by a unitary change
of coordinates,

f(�
1

, . . . ,�N) = C exp
⇣
� 1

�

2

NX

i=1

�

2

i + 2
NX

i<j

ln|�i � �j|
⌘
, (3.3)

where C is an N -dependent normalization constant. As conceived in the famous work of Dyson
[15], this joint probability density can be given a physical interpretation in terms of a one-
dimensional Coulomb gas of N charged particles executing Brownian motion under the influ-
ences of a confining quadratic potential and of mutual electrostatic repulsion. This physical
picture has proved to be very fruitful in deriving exact results for a variety of properties of the
eigenvalue spectrum (see e.g. [4, 5]), and in §4 and §5 we will see that repulsion between pairs
of eigenvalues significantly impacts the stability of critical points in supergravity.

At large N , the eigenvalue spectrum of a Wigner matrix converges to the celebrated Wigner
semicircle law,

⇢(�) =
1

2⇡N�

2

p
4N�

2 � �

2

. (3.4)

where ⇢ is the eigenvalue density. Setting � = 1p
N
, the eigenvalue spectrum has support in the

interval [�2, 2], cf. Figure 1.

3.1.2 The Wishart ensemble

The second class of random matrices we will need are complex Wishart matrices, which take
the form

M = AA

†
, (3.5)

where A is an N ⇥Q complex matrix with entries drawn from ⌦(0, �), and Q � N . The study
of this ensemble dates back to Wishart’s investigation of sample covariance matrices [16], and
the universality evident in the Wishart ensemble provided some of the inspiration for Wigner’s
subsequent development of random matrix theory.
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interval [�2, 2], cf. Figure 1.

3.1.2 The Wishart ensemble

The second class of random matrices we will need are complex Wishart matrices, which take
the form

M = AA

†
, (3.5)

where A is an N ⇥Q complex matrix with entries drawn from ⌦(0, �), and Q � N . The study
of this ensemble dates back to Wishart’s investigation of sample covariance matrices [16], and
the universality evident in the Wishart ensemble provided some of the inspiration for Wigner’s
subsequent development of random matrix theory.
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The Hessian is well approximated by a sum of 
a Wigner matrix and two Wishart matrices.



IIA Flux Vacua

• An infinite family of AdS vacua are known to arise from flux 
compactifications of IIA SUGRA [Derendinger et al; Villadoro et al;    

De Wolfe et al; Camara et al].

• Attempts to construct IIA dS flux vacua often start with 
similar setups as SUSY AdS ones and then introduce new 
ingredients to uplift (e.g., negative curvature of internal space).

• We can model the Hessian as H = A + B where A= diagonal 
mass matrix at AdS min., B is uplift contribution.

• A does not have to be positive definite for stability, as long as 
the BF bound is satisfied. To play it safe, we start with a SUSY 
AdS vacuum with A=positive definite diagonal matrix.



IIA Flux Vacua

• We take B to be a randomized real symmetric matrix.

• A and B have variances σA and σB.  The relative ratio y= 
σB/σA determines the amount of uplift.

• The ansatz                        works well when the mass 
matrix is not completely random, but has a hierarchy:
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0.10
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0.15

1.50

0.70

bêc

Chen, GS, Sumitomo, Tye

Gaussianly suppressed
when y ~ 0.025 for N=10

tribution to model the statistical distribution of the diagonal elements at leading order. The

di↵erence between �A and �B = 1 introduces the hierarchy between the diagonal elements and

o↵-diagonal elements.

The basic idea for this modeling is the following: first we consider moduli stabilization at

AdS minima by some mechanism, and then add an uplifting potential(s) to attain a positive

cosmological constant. The diagonal mass matrix A is given at AdS and the real-symmetric

mass matrix B comes from the uplifting term since the stabilized moduli masses are generically

mixed in the presence of additional sources. In the previous section, we consider situations in

which the mixing term is comparable to the diagonal terms in the potential. Here, we consider

scenarios where the mixing is suppressed, such that the diagonal entries are more likely to be

positive.

We simulate the probabilities of positive definite mass matrix for N = 4� 20 while varying

the variance of diagonal matrix between �A = 10, 15, 20, · · · , 100. We choose the fitting function

to be still of the form

P = a e�bN2�cN , (2.3)

but now the b and c are both functions of �A. The motivation for this choice is as follows.

For random matrices that we studied in the previous subsection, the Wigner semicircle law

implies that the eigenvalues are mostly distributed within [�2
p
N, 2

p
N ]. Now we have added

some additional positive diagonal elements. If we fix the hierarchy between the diagonal and

o↵-diagonal terms, but increase the dimension N , the above range will keep increasing and

eventually swamp the fixed hierarchy we introduced. Namely we expect to recover the Gaussian

suppression in the large N limit. This is why we choose the leading term in the exponential to

be still proportional to N2. For smaller N , we expect it to be less Gaussian, and this is modeled

by the linear term.

For example, for �A = 10, we get

P = 0.950 e�0.00810N2�0.00442N ; (2.4)

for �A = 100, we get

P = 1.00 e�0.000111N2�0.00277N . (2.5)

The coe�cients b and c as functions of �A (or equivalently y ⌘ �B/�A) can be fitted by the

following formulae, (see figure 2),

b = 0.000395y + 1.05y2 � 2.39y3,

b

c
= 0.0120 + 2.99y � 12.2y2 + 1650y3.

(2.6)

The extrapolation of these fitting functions to larger values of N works quite well. For example,

for N = 30, y = 1/10, the expected probability from (2.4) is P
exp

= 0.00056, while the numerical
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be still proportional to N2. For smaller N , we expect it to be less Gaussian, and this is modeled

by the linear term.

For example, for �A = 10, we get

P = 0.950 e�0.00810N2�0.00442N ; (2.4)

for �A = 100, we get

P = 1.00 e�0.000111N2�0.00277N . (2.5)

The coe�cients b and c as functions of �A (or equivalently y ⌘ �B/�A) can be fitted by the

following formulae, (see figure 2),

b = 0.000395y + 1.05y2 � 2.39y3,

b

c
= 0.0120 + 2.99y � 12.2y2 + 1650y3.

(2.6)

The extrapolation of these fitting functions to larger values of N works quite well. For example,

for N = 30, y = 1/10, the expected probability from (2.4) is P
exp

= 0.00056, while the numerical
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A Type IIA Example

Chen, GS, Sumitomo, Tye

• Return to the SU(2)xSU(2) group manifold studied earlier 
in the systematic search of [Danielsson, Haque, Koerber, GS, Van 
Riet, Wrase] 

• This model evades the no-goes for dS extrema and stability 
in the universal moduli subspace. There are 14 moduli.

• Evaluating the variance:                                   >> 0.025. 

• There is no surprise that tachyon appears.

• Tachyon appears in a 3x3 sub-Hessian.

• In this model, η = V’’/V ≲ -2.4 at the extremum, so the 
tachyon becomes more tachyonic as the CC increases.

In this 14 moduli system which consists of ti = ki � ibi and N I = uI + icI , a positive

extremum was found by [8]

m1 = m2 = m3 = L, m = 2L�1, p = 3L2,

k1 = k2 = k3 ⇠ 0.8974L2, b1 = b2 = b3 ⇠ �0.8167L2,

u1 ⇠ 2.496L3, u2 = �u3 = u4 ⇠ �0.5667L3,

c1 ⇠ �2.574L3, c2 = �c3 = c4 ⇠ 0.3935L3,

(3.14)

where L is a parameter assigned for the solution. The solution contains one tachyonic direction

which shows up after diagonalizing the mass matrix. It turns out that all 2 ⇥ 2 and 3 ⇥ 3

sub-matrices have positive determinants. The tachyon first appears in the 4⇥ 4 sub-matrix for

the real parts of the complex moduli.

Let us compare the mass matrix of this model with the random matrix considered in section

2.2. Changing the basis of the mass matrix to the canonical one: X i,I , Y i,I through the relations

dX i = 1/2ki(dki+dbi), dXI = 1/2uI(duI+dcI), dY i = 1/2ki(dki�dbi), dY I = 1/2uI(duI�dcI)

at the extrema, we see that only the overall factor of the mass matrix depends on the parameter

L. After calculating the deviations of the mass matrix MAB assuming the center value to be

zero, we get 6

y ⇠
 

1

14⇥13/2

P
A<B M2

AB

1

14

P
14

A=1

M2

AA

!
1/2

= 0.274. (3.15)

The numerical value of the relative ratio b/c obtained from (2.6) may not be applicable here

since y = 0.274 is already outside the domain of our random matrix estimation for small y.

However, we know that the probability P is Gaussianly suppressed already at y = 0.1 in (2.6),

where b/c ' 1.8. So we expect that, for y = 0.274, P is Gaussianly suppressed even around

small N > 1. Thus it is not so surprising to have a tachyon at N = 14 in this model.

Let us make a couple of comments here :

• The axionic directions with oscillating type potentials typically will have many minima.

This tends to provide stability along those directions. So one may exclude the number of

axions in the e↵ective N used in the estimate of P . In the above model with 4 complex

moduli, we may include the real parts of the Kahler (and dilation) moduli and both the

real and imaginary parts of the complex moduli: N = 3 + 2(4) = 11, instead of N = 14.

• The inflationary slow-roll parameter ⌘ of the above model is given in [8]. For the potential

V > 0,

⌘ = (min eigenvalue)⇥ rA@AV

V
. �2.4 (3.16)

6The relative ratio calculated here is slightly di↵erent from the ratio y considered in section 2.2. This is

because the uplifting matrix B also includes diagonal entries, therefore deviation of diagonal components in the

total matrix is not the one for A. However, since the deviation of B is smaller than that of A, this is not a bad

approximation.
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CC and Stability
• As we lift the CC, the off-diagonal terms become bigger 

and the extremum becomes unstable.

• In general, we expect some moduli to be very heavy and 
essentially decouple from the light sector, so N= NH + NL. 

• The # of extrema is controlled by N, while the fraction of 
stable critical points is controlled by NL.

• Example: a 2-sector SUGRA where some moduli have 
very large SUSY masses while SUSY is broken in a 
decoupled sector involving only the light moduli.

• As we go to higher energies, more moduli come into play 
(larger eff. N) ➱ probability more Gaussianly suppressed.



Less Democratic Landscape

37 

CC = 0 

Before After Stabilization: 

[Bousso, Polchinski, 00] 

Raising the CC destabilizes the classically stable vacua.



Implications to the Landscape?

















Detectable Primordial Gravity Waves
without Large Field Inflation

[when having tachyons is a good thing]



Gravitational Waves
✦ A consequence of General Relativity, predicted by 

Einstein in 1916. 

✦ Remains a Holy Grail of Observational Cosmology.

✦ Indirect evidence: e.g., Hulse-Taylor binary.

✦ Direct detection has so far come up empty. Present 
and future interferometers include LIGO, VIRGO, 
Einstein Telescope, LISA, TAMA, KAGRA, Decigo, ...



Primordial Gravity Waves

• Besides astrophysical sources of GW,  even more 
interesting are perhaps “echoes” from the Big Bang.

• Spacetime metric undergoes quantum fluctuations 
during inflation leading to production of GW           
➪ B-mode polarization of CMB.



Tensor Modes & Large Field Inflation

• Tensor to scale ratio: r=PT/PS

• Current bound (WMAP+SPT+H0+BAO):  r<0.17, while 
r≃0.01 may be detectable in future missions.

• Lyth Bound:

• Detectable tensors ⇔ Large field inflation

• Need to control an infinite set of operators in the 
EFT of inflation; a UV completion is necessary.
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Fig. 20.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

the power spectrum of LRGs derived from SDSS (Reid
et al. 2010a, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2010, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the
WMAP-only constraints on the cosmological parameters
presented in Larson et al. (2010) on physically-motivated
extensions of the standard model.

We summarize the most significant findings from our
analysis (also see Table 2, 3, and 4):

1. Gravitational waves and primordial power
spectrum. Our best estimate of the spectral index
of a power-law primordial power spectrum of curva-
ture perturbations is ns = 0.968±0.012 (68% CL).
We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.41 There is no evidence for
the running spectral index, dns/d ln k = −0.022 ±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of
Komatsu et al. (2009a). Also see Kinney et al.
(2008), Peiris & Easther (2008) and Finelli et al.
(2010) for more recent surveys of implications for
inflation. In Figure 20, we compare the 7-year
WMAP+BAO+H0 limits on ns and r to the pre-
dictions from inflation models with monomial po-
tential, V (φ) ∝ φα.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
∑

mν < 0.58 eV (95% CL), and the effective num-
ber of neutrino species, Neff = 4.34+0.86

−0.88 (68% CL),

41 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

both of which are derived from WMAP+BAO+H0
without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find

∑

mν < 0.44 eV (95% CL), and
the effective number of neutrino species, Neff =
4.25+0.76

−0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3σ, a change in
the Silk damping on small angular scales (l ! 500)
due to the effect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z ∼ 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating effects. Our best limit is
∆α = −1.1◦± 1.4◦ (statistical)± 1.5◦ (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, α0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10−2

would require a fine-tuning of parameters such as
the misalignment angle, θ < 3× 10−9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
γ < 0.9 × 10−9, a super-Planckian axion decay
constant, fa > 3 × 1032 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009a). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is α−1 < 0.0047 (95% CL).

6. Dark energy. With WMAP+BAO+H0 but with-
out high-redshift Type Ia supernovae, we find
w = −1.10 ± 0.14 (68% CL) for a flat uni-
verse. Adding the supernova data reduces the er-
ror bar by about a half. For a curved universe,
addition of supernova data reduces the error in
w dramatically (by a factor of more than four),
while the error in curvature is well constrained by
WMAP+BAO+H0. In Figure 13, we show the 7-
year limits on a time-dependent equation of state
in the form of w = w0 + wa(1 − a). We find

WMAP7
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Fig. 20.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

the power spectrum of LRGs derived from SDSS (Reid
et al. 2010a, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2010, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the
WMAP-only constraints on the cosmological parameters
presented in Larson et al. (2010) on physically-motivated
extensions of the standard model.

We summarize the most significant findings from our
analysis (also see Table 2, 3, and 4):

1. Gravitational waves and primordial power
spectrum. Our best estimate of the spectral index
of a power-law primordial power spectrum of curva-
ture perturbations is ns = 0.968±0.012 (68% CL).
We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.41 There is no evidence for
the running spectral index, dns/d ln k = −0.022 ±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of
Komatsu et al. (2009a). Also see Kinney et al.
(2008), Peiris & Easther (2008) and Finelli et al.
(2010) for more recent surveys of implications for
inflation. In Figure 20, we compare the 7-year
WMAP+BAO+H0 limits on ns and r to the pre-
dictions from inflation models with monomial po-
tential, V (φ) ∝ φα.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
∑

mν < 0.58 eV (95% CL), and the effective num-
ber of neutrino species, Neff = 4.34+0.86

−0.88 (68% CL),

41 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

both of which are derived from WMAP+BAO+H0
without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find

∑

mν < 0.44 eV (95% CL), and
the effective number of neutrino species, Neff =
4.25+0.76

−0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3σ, a change in
the Silk damping on small angular scales (l ! 500)
due to the effect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z ∼ 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating effects. Our best limit is
∆α = −1.1◦± 1.4◦ (statistical)± 1.5◦ (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, α0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10−2

would require a fine-tuning of parameters such as
the misalignment angle, θ < 3× 10−9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
γ < 0.9 × 10−9, a super-Planckian axion decay
constant, fa > 3 × 1032 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009a). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is α−1 < 0.0047 (95% CL).

6. Dark energy. With WMAP+BAO+H0 but with-
out high-redshift Type Ia supernovae, we find
w = −1.10 ± 0.14 (68% CL) for a flat uni-
verse. Adding the supernova data reduces the er-
ror bar by about a half. For a curved universe,
addition of supernova data reduces the error in
w dramatically (by a factor of more than four),
while the error in curvature is well constrained by
WMAP+BAO+H0. In Figure 13, we show the 7-
year limits on a time-dependent equation of state
in the form of w = w0 + wa(1 − a). We find
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Fig. 20.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

the power spectrum of LRGs derived from SDSS (Reid
et al. 2010a, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2010, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the
WMAP-only constraints on the cosmological parameters
presented in Larson et al. (2010) on physically-motivated
extensions of the standard model.

We summarize the most significant findings from our
analysis (also see Table 2, 3, and 4):

1. Gravitational waves and primordial power
spectrum. Our best estimate of the spectral index
of a power-law primordial power spectrum of curva-
ture perturbations is ns = 0.968±0.012 (68% CL).
We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.41 There is no evidence for
the running spectral index, dns/d ln k = −0.022 ±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of
Komatsu et al. (2009a). Also see Kinney et al.
(2008), Peiris & Easther (2008) and Finelli et al.
(2010) for more recent surveys of implications for
inflation. In Figure 20, we compare the 7-year
WMAP+BAO+H0 limits on ns and r to the pre-
dictions from inflation models with monomial po-
tential, V (φ) ∝ φα.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
∑

mν < 0.58 eV (95% CL), and the effective num-
ber of neutrino species, Neff = 4.34+0.86

−0.88 (68% CL),

41 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

both of which are derived from WMAP+BAO+H0
without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find

∑

mν < 0.44 eV (95% CL), and
the effective number of neutrino species, Neff =
4.25+0.76

−0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3σ, a change in
the Silk damping on small angular scales (l ! 500)
due to the effect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z ∼ 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating effects. Our best limit is
∆α = −1.1◦± 1.4◦ (statistical)± 1.5◦ (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, α0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10−2

would require a fine-tuning of parameters such as
the misalignment angle, θ < 3× 10−9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
γ < 0.9 × 10−9, a super-Planckian axion decay
constant, fa > 3 × 1032 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009a). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is α−1 < 0.0047 (95% CL).

6. Dark energy. With WMAP+BAO+H0 but with-
out high-redshift Type Ia supernovae, we find
w = −1.10 ± 0.14 (68% CL) for a flat uni-
verse. Adding the supernova data reduces the er-
ror bar by about a half. For a curved universe,
addition of supernova data reduces the error in
w dramatically (by a factor of more than four),
while the error in curvature is well constrained by
WMAP+BAO+H0. In Figure 13, we show the 7-
year limits on a time-dependent equation of state
in the form of w = w0 + wa(1 − a). We find
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Large field inflationarises at second order in slow-roll), and can be estimated to be Ne↵ ⇠ O(30�60) [84]. Taking
the conservative lower bound, one then finds [83, 84]26
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A tensor-to-scalar ratio bigger than 0.01 therefore correlates with super-Planckian field varia-
tion between �cmb and �end. As explained in detail below, this would provide definite informa-
tion about certain properties of the ultraviolet completion of quantum field theory and gravity,
and hence yield perhaps the first experimental clue about the nature of quantum gravity. An
upper limit of r < 0.01 would also be very important as it would rule out all large-field models
of inflation.

It is essential to recognize that CMB polarization experiments have almost unique potential to
provide these two clues about physics at the highest scales.27

4.2 Sensitivity to Symmetries and to Fundamental Physics

General relativity is strongly coupled at high energies: in particular, graviton-graviton scattering
becomes ill-defined at the Planck scale, Mpl ⌘ (8⇡G)�1/2 = 2.4 ⇥ 1018 GeV. Some other structure
must provide an ultraviolet completion of general relativity and quantum field theory. Inflation is
sensitive to this ultraviolet completion of gravity in several important ways, which is the origin of
much of the di�culty in inflationary model-building, and at the same time is responsible for the
great excitement about experimental probes of inflation among high-energy theorists who study the
physics of the Planck scale. At a phenomenological level, an inflationary model consists of an e↵ective
action for one or more scalar fields, together with couplings of those scalars to known particles. A
more fundamental description of the same system would include a derivation of the inflaton e↵ective
action from some reasonable set of premises that are consistent with our understanding of quantum
field theory and gravity. The central challenge and opportunity is this: any such derivation depends
crucially on the assumptions made about the ultraviolet completion of gravity.

String theory is by far the best-understood example of a theory of quantum gravity, but the
considerations described below are more general and rely only on the firmly-established Wilsonian
approach to e↵ective field theory, which allows systematic incorporation of the e↵ects of high-scale
physics into an e↵ective Lagrangian valid at lower energies. Given the symmetry structure of the
high-energy theory, as well as a choice of cuto↵ ⇤, the corresponding e↵ective Lagrangian below the
cuto↵ contains a generally infinite series of higher-dimension operators, suppressed by appropriate
powers of ⇤, that are allowed by the symmetries of the ultraviolet theory.

26More recently, a Monte Carlo study of single-field slow-roll inflationary models which match recent data
on ns and its first derivative revealed an even stronger bound ��

Mpl
& 10⇥ �

r?
0.01

�
1/4 [85].

27A futuristic direct-detection gravitational wave experiment like the Big Bang Observer (BBO) might
someday complement the observations of CMB polarization [86, 87, 88, 89].
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Fig. 20.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

the power spectrum of LRGs derived from SDSS (Reid
et al. 2010a, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2010, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the
WMAP-only constraints on the cosmological parameters
presented in Larson et al. (2010) on physically-motivated
extensions of the standard model.

We summarize the most significant findings from our
analysis (also see Table 2, 3, and 4):

1. Gravitational waves and primordial power
spectrum. Our best estimate of the spectral index
of a power-law primordial power spectrum of curva-
ture perturbations is ns = 0.968±0.012 (68% CL).
We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.41 There is no evidence for
the running spectral index, dns/d ln k = −0.022 ±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of
Komatsu et al. (2009a). Also see Kinney et al.
(2008), Peiris & Easther (2008) and Finelli et al.
(2010) for more recent surveys of implications for
inflation. In Figure 20, we compare the 7-year
WMAP+BAO+H0 limits on ns and r to the pre-
dictions from inflation models with monomial po-
tential, V (φ) ∝ φα.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
∑

mν < 0.58 eV (95% CL), and the effective num-
ber of neutrino species, Neff = 4.34+0.86

−0.88 (68% CL),

41 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

both of which are derived from WMAP+BAO+H0
without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find

∑

mν < 0.44 eV (95% CL), and
the effective number of neutrino species, Neff =
4.25+0.76

−0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3σ, a change in
the Silk damping on small angular scales (l ! 500)
due to the effect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z ∼ 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating effects. Our best limit is
∆α = −1.1◦± 1.4◦ (statistical)± 1.5◦ (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, α0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10−2

would require a fine-tuning of parameters such as
the misalignment angle, θ < 3× 10−9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
γ < 0.9 × 10−9, a super-Planckian axion decay
constant, fa > 3 × 1032 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009a). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is α−1 < 0.0047 (95% CL).

6. Dark energy. With WMAP+BAO+H0 but with-
out high-redshift Type Ia supernovae, we find
w = −1.10 ± 0.14 (68% CL) for a flat uni-
verse. Adding the supernova data reduces the er-
ror bar by about a half. For a curved universe,
addition of supernova data reduces the error in
w dramatically (by a factor of more than four),
while the error in curvature is well constrained by
WMAP+BAO+H0. In Figure 13, we show the 7-
year limits on a time-dependent equation of state
in the form of w = w0 + wa(1 − a). We find
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Large field inflationarises at second order in slow-roll), and can be estimated to be Ne↵ ⇠ O(30�60) [84]. Taking
the conservative lower bound, one then finds [83, 84]26
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A tensor-to-scalar ratio bigger than 0.01 therefore correlates with super-Planckian field varia-
tion between �cmb and �end. As explained in detail below, this would provide definite informa-
tion about certain properties of the ultraviolet completion of quantum field theory and gravity,
and hence yield perhaps the first experimental clue about the nature of quantum gravity. An
upper limit of r < 0.01 would also be very important as it would rule out all large-field models
of inflation.

It is essential to recognize that CMB polarization experiments have almost unique potential to
provide these two clues about physics at the highest scales.27

4.2 Sensitivity to Symmetries and to Fundamental Physics

General relativity is strongly coupled at high energies: in particular, graviton-graviton scattering
becomes ill-defined at the Planck scale, Mpl ⌘ (8⇡G)�1/2 = 2.4 ⇥ 1018 GeV. Some other structure
must provide an ultraviolet completion of general relativity and quantum field theory. Inflation is
sensitive to this ultraviolet completion of gravity in several important ways, which is the origin of
much of the di�culty in inflationary model-building, and at the same time is responsible for the
great excitement about experimental probes of inflation among high-energy theorists who study the
physics of the Planck scale. At a phenomenological level, an inflationary model consists of an e↵ective
action for one or more scalar fields, together with couplings of those scalars to known particles. A
more fundamental description of the same system would include a derivation of the inflaton e↵ective
action from some reasonable set of premises that are consistent with our understanding of quantum
field theory and gravity. The central challenge and opportunity is this: any such derivation depends
crucially on the assumptions made about the ultraviolet completion of gravity.

String theory is by far the best-understood example of a theory of quantum gravity, but the
considerations described below are more general and rely only on the firmly-established Wilsonian
approach to e↵ective field theory, which allows systematic incorporation of the e↵ects of high-scale
physics into an e↵ective Lagrangian valid at lower energies. Given the symmetry structure of the
high-energy theory, as well as a choice of cuto↵ ⇤, the corresponding e↵ective Lagrangian below the
cuto↵ contains a generally infinite series of higher-dimension operators, suppressed by appropriate
powers of ⇤, that are allowed by the symmetries of the ultraviolet theory.

26More recently, a Monte Carlo study of single-field slow-roll inflationary models which match recent data
on ns and its first derivative revealed an even stronger bound ��
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27A futuristic direct-detection gravitational wave experiment like the Big Bang Observer (BBO) might
someday complement the observations of CMB polarization [86, 87, 88, 89].
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Fig. 20.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ) ∝ φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).
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We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.41 There is no evidence for
the running spectral index, dns/d ln k = −0.022 ±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of
Komatsu et al. (2009a). Also see Kinney et al.
(2008), Peiris & Easther (2008) and Finelli et al.
(2010) for more recent surveys of implications for
inflation. In Figure 20, we compare the 7-year
WMAP+BAO+H0 limits on ns and r to the pre-
dictions from inflation models with monomial po-
tential, V (φ) ∝ φα.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
∑

mν < 0.58 eV (95% CL), and the effective num-
ber of neutrino species, Neff = 4.34+0.86

−0.88 (68% CL),

41 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

both of which are derived from WMAP+BAO+H0
without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find
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mν < 0.44 eV (95% CL), and
the effective number of neutrino species, Neff =
4.25+0.76

−0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3σ, a change in
the Silk damping on small angular scales (l ! 500)
due to the effect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z ∼ 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating effects. Our best limit is
∆α = −1.1◦± 1.4◦ (statistical)± 1.5◦ (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, α0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10−2

would require a fine-tuning of parameters such as
the misalignment angle, θ < 3× 10−9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
γ < 0.9 × 10−9, a super-Planckian axion decay
constant, fa > 3 × 1032 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009a). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is α−1 < 0.0047 (95% CL).

6. Dark energy. With WMAP+BAO+H0 but with-
out high-redshift Type Ia supernovae, we find
w = −1.10 ± 0.14 (68% CL) for a flat uni-
verse. Adding the supernova data reduces the er-
ror bar by about a half. For a curved universe,
addition of supernova data reduces the error in
w dramatically (by a factor of more than four),
while the error in curvature is well constrained by
WMAP+BAO+H0. In Figure 13, we show the 7-
year limits on a time-dependent equation of state
in the form of w = w0 + wa(1 − a). We find
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A tensor-to-scalar ratio bigger than 0.01 therefore correlates with super-Planckian field varia-
tion between �cmb and �end. As explained in detail below, this would provide definite informa-
tion about certain properties of the ultraviolet completion of quantum field theory and gravity,
and hence yield perhaps the first experimental clue about the nature of quantum gravity. An
upper limit of r < 0.01 would also be very important as it would rule out all large-field models
of inflation.

It is essential to recognize that CMB polarization experiments have almost unique potential to
provide these two clues about physics at the highest scales.27

4.2 Sensitivity to Symmetries and to Fundamental Physics

General relativity is strongly coupled at high energies: in particular, graviton-graviton scattering
becomes ill-defined at the Planck scale, Mpl ⌘ (8⇡G)�1/2 = 2.4 ⇥ 1018 GeV. Some other structure
must provide an ultraviolet completion of general relativity and quantum field theory. Inflation is
sensitive to this ultraviolet completion of gravity in several important ways, which is the origin of
much of the di�culty in inflationary model-building, and at the same time is responsible for the
great excitement about experimental probes of inflation among high-energy theorists who study the
physics of the Planck scale. At a phenomenological level, an inflationary model consists of an e↵ective
action for one or more scalar fields, together with couplings of those scalars to known particles. A
more fundamental description of the same system would include a derivation of the inflaton e↵ective
action from some reasonable set of premises that are consistent with our understanding of quantum
field theory and gravity. The central challenge and opportunity is this: any such derivation depends
crucially on the assumptions made about the ultraviolet completion of gravity.

String theory is by far the best-understood example of a theory of quantum gravity, but the
considerations described below are more general and rely only on the firmly-established Wilsonian
approach to e↵ective field theory, which allows systematic incorporation of the e↵ects of high-scale
physics into an e↵ective Lagrangian valid at lower energies. Given the symmetry structure of the
high-energy theory, as well as a choice of cuto↵ ⇤, the corresponding e↵ective Lagrangian below the
cuto↵ contains a generally infinite series of higher-dimension operators, suppressed by appropriate
powers of ⇤, that are allowed by the symmetries of the ultraviolet theory.

26More recently, a Monte Carlo study of single-field slow-roll inflationary models which match recent data
on ns and its first derivative revealed an even stronger bound ��
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someday complement the observations of CMB polarization [86, 87, 88, 89].
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Challenges for Large Field Inflation
• N-flation [Dimopoulos, Kachru, McGreevy, Wacker]

assisted inflation with N~O(500) axions; backreaction on MP.

• Axion-monodromy inflation [McAllister, Silverstein, Westphal]

• Issues on backreaction and entropy bound [Conlon]

• Seems to be statistically disfavored [Westphal]
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Figure 2: Schematic of tadpole cancellation. Blue: Two-real-parameter family of two-
cycles ⌃

1

, drawn as spheres, extending into warped regions of the Calabi-Yau. Red: We have
placed a fivebrane in a local minimum of the warp factor, and an anti-fivebrane at a distant
local minimum of the warp factor. In the lower figure, ⌃

1

is drawn as the cycle threaded by
C(2), and global tadpole cancellation is manifest.

Moduli stabilization is essential for any realization of inflation in string theory, and we
must check its compatibility with inflation in each class of examples. In type IIB compactifi-
cations on Calabi-Yau threefolds, inclusion of generic three-form fluxes stabilizes the complex
structure moduli and dilaton [19]. A subset of these three-form fluxes – imaginary self-dual
fluxes – respect a no scale structure [19, 18]. This su�ces to cancel the otherwise dangerous
flux couplings described in §3.2.1.

4.2 An Eta Problem for B

In this class of compactifications, however, the stabilization of the Kähler moduli leads to an
⌘ problem in the b direction. This problem arises because the nonperturbative e↵ects (e.g.

19



Summary of Our Work

• Tachyonic production of gauge fields induced by axion 
couplings during (even small field) inflation can lead to 
detectable tensors [Barnaby, Moxon, Namba, Peloso, GS, Zhou]

• Our scenario may find a natural home in string theory.

• Studied also scalar, fermion, vector particle production 
during inflation due to a non-adiabatic change of mass.

• Particle production sources not only GW but scalar 
spectrum; only axion model leads to detectable tensors 
while consistent with constraints on scalar spectrum.



Vector Production by Axion

• A simple model (φ=inflaton,	
  𝜓=axion):

• Time dependence of axion leads to particle production:

• One helicity (with tachyonic mass) gets copiously produced:

• Vector particles produced source GW & scalar spectrum.
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The spatial part of the energy momentum tensor contain dominant terms that scale as Tij ⇠ M2AiAj in the M � p
limit (we recall that p and M are, respectively, the momentum and mass of the quanta sourcing the gravity waves).
One could therefore conclude that P� /

R
dp p2 M4; however we showed that the dominant terms cancel against each

other; also the next to leading term in a p2

M2 Taylor expansion of the integral cancel, and one is left with P� /
R
dp p6,

see eq. (70).
In Appendix D we performed the analogous computation using fermion fields rather than vector fields as sources.

In this case the spatial part of the energy-momentum tensor has terms of the type Tij ⇠ �̄�ipj�̄, and one may
conclude that P� /

R
dp p4 M2 (the factor M2 coming from the di↵erent normalization of the fermion wave function

with respect to the vector one, compare the function f in (28) and in (D6)). Also in this case there is however a
cancellation, resulting in h�2i / p2, see eq. (D15), and in P� /

R
dp p6, see eq. (D16).

These two scalings agree with that obtained if the source is a scalar particle. In this case, Tij / pipj�2, and one
immediately has P� /

R
dp p6 without any cancellation. In fact, from our results (70) and (D16), and from the result

for the analogous computation with a scalar source given in [15], we obtain a very general expression for the power
spectrum:
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where s is the spin of the sourcing field, and gs is the number of degrees of freedom of that field: gs = 1 for a scalar,
gs = 2 for a vector if the longitudinal mode is produced in a negligible amount (gs = 3 if it is produced in the same
amount as each transverse mode), and gs = 4 for a Dirac fermion.

We see that, apart from the di↵erence in the number of degrees of freedom, and a small di↵erence due to the spin
statistics, the di↵erent fields in the nonrelativistic regime M � p have a comparable quadrupole moment (transverse
and traceless projection of Tij) and generate a comparable amount of gravity waves.

IV. MODEL II: VECTOR PRODUCED BY A PSEUDO-SCALAR INTERACTION

In this section we consider the following model

S =

Z
d4x

p
�g


M2

p

2
R� 1

2
(@')2 � V (')

| {z }
inflaton sector

� 1

2
(@ )2 � U( )� 1

4
F 2 �  

4f
F F̃

| {z }
hidden sector

�
. (87)

In addition to a standard inflationary sector, we have introduced a “hidden” sector consisting of a light pseudoscalar,
 , and a U(1) gauge field, Aµ, whose energy density is small as compared to that of the inflaton (so that the Friedmann
equation takes the usual form 3H2M2

p ⇡ V (�)). As in section III, the hidden sector in (87) has been introduced so that
the production of gauge field fluctuations can provide a new source of inflationary gravitational waves, complementary
to the usual quantum vacuum fluctuations of the tensor part of the metric. Unlike the model of section III, however,
we will see that particle production in the theory (87) occurs continuously during inflation, leading to broad-band
signatures rather than localized features in the scalar and tensor n-point correlation functions.

The coupling  (0)(t)FF̃ of the gauge field to the time-dependent pseudoscalar condensate leads to an exponential
production of fluctuations, �Aµ. This e↵ect has already been discussed at length in the literature – see Refs. [33–
35], for example – and here we only review the key features that will be necessary for our analysis. Employing the
decomposition (1) we find the following linearized equation of motion of the gauge field mode functions


@2⌧ + k2 ± 2k⇠

⌧

�
A±(⌧, k) = 0 , ⇠ ⌘  ̇(0)

2Hf
. (88)

If the pseudoscalar is in an overdamped regime then the parameter ⇠ can be treated as a constant. Moreover, we
assume that  ̇(0) > 0 so that the “+” helicity state of the gauge field gets copiously produced while the “�” state
remains in the vacuum and its e↵ect is renormalized away.16 The properly normalized solutions of (88) can be written
as [33]
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16 None of our result for the scalar or tensor correlation functions will depend on the choice  ̇(0) > 0.
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see eq. (70).
In Appendix D we performed the analogous computation using fermion fields rather than vector fields as sources.

In this case the spatial part of the energy-momentum tensor has terms of the type Tij ⇠ �̄�ipj�̄, and one may
conclude that P� /

R
dp p4 M2 (the factor M2 coming from the di↵erent normalization of the fermion wave function

with respect to the vector one, compare the function f in (28) and in (D6)). Also in this case there is however a
cancellation, resulting in h�2i / p2, see eq. (D15), and in P� /

R
dp p6, see eq. (D16).

These two scalings agree with that obtained if the source is a scalar particle. In this case, Tij / pipj�2, and one
immediately has P� /

R
dp p6 without any cancellation. In fact, from our results (70) and (D16), and from the result

for the analogous computation with a scalar source given in [15], we obtain a very general expression for the power
spectrum:
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(86)

where s is the spin of the sourcing field, and gs is the number of degrees of freedom of that field: gs = 1 for a scalar,
gs = 2 for a vector if the longitudinal mode is produced in a negligible amount (gs = 3 if it is produced in the same
amount as each transverse mode), and gs = 4 for a Dirac fermion.

We see that, apart from the di↵erence in the number of degrees of freedom, and a small di↵erence due to the spin
statistics, the di↵erent fields in the nonrelativistic regime M � p have a comparable quadrupole moment (transverse
and traceless projection of Tij) and generate a comparable amount of gravity waves.

IV. MODEL II: VECTOR PRODUCED BY A PSEUDO-SCALAR INTERACTION

In this section we consider the following model
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Z
d4x

p
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hidden sector

�
. (87)

In addition to a standard inflationary sector, we have introduced a “hidden” sector consisting of a light pseudoscalar,
 , and a U(1) gauge field, Aµ, whose energy density is small as compared to that of the inflaton (so that the Friedmann
equation takes the usual form 3H2M2

p ⇡ V (�)). As in section III, the hidden sector in (87) has been introduced so that
the production of gauge field fluctuations can provide a new source of inflationary gravitational waves, complementary
to the usual quantum vacuum fluctuations of the tensor part of the metric. Unlike the model of section III, however,
we will see that particle production in the theory (87) occurs continuously during inflation, leading to broad-band
signatures rather than localized features in the scalar and tensor n-point correlation functions.

The coupling  (0)(t)FF̃ of the gauge field to the time-dependent pseudoscalar condensate leads to an exponential
production of fluctuations, �Aµ. This e↵ect has already been discussed at length in the literature – see Refs. [33–
35], for example – and here we only review the key features that will be necessary for our analysis. Employing the
decomposition (1) we find the following linearized equation of motion of the gauge field mode functions


@2⌧ + k2 ± 2k⇠

⌧

�
A±(⌧, k) = 0 , ⇠ ⌘  ̇(0)

2Hf
. (88)

If the pseudoscalar is in an overdamped regime then the parameter ⇠ can be treated as a constant. Moreover, we
assume that  ̇(0) > 0 so that the “+” helicity state of the gauge field gets copiously produced while the “�” state
remains in the vacuum and its e↵ect is renormalized away.16 The properly normalized solutions of (88) can be written
as [33]
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1/2

A
+

(⌧, k) . (89)

16 None of our result for the scalar or tensor correlation functions will depend on the choice  ̇(0) > 0.
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• Energy density of gauge fields & axion must be subdominant:

which can be satisfied if the axion decay constant:

• The parameter ξ is adiabatically evolving if
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This solution is valid only in the phase space interval 1

8⇠ ⌧ �k⌧ ⌧ 2⇠, where the production of gauge fluctuations
is most important. By restricting ourselves to this regime we e↵ectively cut-o↵ an ultra-violet divergence associated
with the usual quantum vacuum fluctuations of the gauge field on sub-horizon scales; see [35] for more discussion.
We have also assumed that ⇠ >⇠ O(1), so that the phase space of produced fluctuations is non-trivial and each mode
experiences a significant exponential enhancement, e⇡⇠ � 1, near horizon crossing. (For ⇠ < 1 there is no interesting
particle production in the model.)

We are interested in a scenario where inflation is driven by the potential energy of the ' field, so that 3H2M2

p ⇡ V (');
the “hidden” sector in (87) instead should give a small contribution to the total energy density of the universe. This
requirement imposes several constraints on the model parameters, which we now discuss. We must first require that
the energy density in the produced gauge field fluctuations is smaller than the kinetic energy of  ,

1

2
h ~E2 + ~B2i ⌧  ̇(0)2

2
, (90)

where the “electric” and “magnetic” fields are Ei ⌘ � 1

a2A0
i, Bi ⌘ 1

a2 ✏ijl@jAl. Using the solution (89) to evaluate the
expectation value [35], the condition (90) can be written as:
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We also require that the energy density of the rolling pseudoscalar can be neglected with respect to that of the inflaton:
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Throughout our analysis we will require that the conditions (91) and (92) are simultaneously satisfied.
The background equation for the pseudoscalar reads:

 ̈(0) + 3H ̇(0) + U 0
⇣
 (0)

⌘
=

1

f
h ~E · ~Bi . (93)

It is interesting to note that the condition (91) guarantees right hand side of this equation can be disregarded. Indeed
[35]:
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⌘
| � 1

f
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⌧ 82⇠3/2e�⇡⇠ . (94)

which is implied by (91).
The quantity D(�) introduced in (13) characterizes the two-point function of the produced gauge field fluctuations.

This function, and its derivative, can be written explicitly in terms of the c-number mode functions as
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Considering only the “+” helicity state and using the approximate solution (89) we have
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A. Scalar perturbations sourced by the vector modes

1. The master equation

The hidden sector in (87) decouples from the inflaton in the limit Mp ! 1. However, at finite Mp, gravitational
couplings will transmit the e↵ects of particle production in the hidden sector to the inflaton perturbations, modifying
the usual predictions for the observable curvature fluctuations. To see this e↵ect we follow closely the analysis of
subsection IIIA and derive a master equation for the inflaton perturbations in the model (87). At linear order in
perturbation theory we have recovered the standard result

�
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�
'
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+ 2H'0
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= 0 , (97)
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FIG. 4: Red/solid lines: Predictions for r vs �� in the model (87); each line is obtained for a fixed value of ✏, and for varying ⇠,
with greater ⇠ corresponding to greater particle production, and therefore larger signal. Black/dotted lines: 1� detection lines
for the Planck (P), SPIDER (S), CMB-Pol (C), and a cosmic-variance limited (CV) experiment. The signal needs to be above
a line to be detectable at 1� by that experiment. These experimental forecasts are an approximate copy of the lines shown in
Figure 2 of [60].

some value of parameters, the parity-volation could be detected (at least at 1�) already by the ongoing / forthcoming
Planck and SPIDER experiments.

Before concluding this section, we comment on the constraints (91) and (92) which are necessary for the consistency
of our calculation. We find:

0.074

p
✏Pe⇡⇠

⇠5/2
⌧ f

Mp
⌧ 1.2

⇠

s

1� U ( )

V (')
(114)

where the first condition, obtained from (91), ensures that the energy density of the produced gauge quanta is smaller
than the kinetic energy of  , while the second condition, obtained from (92), ensures that the energy density of  is
smaller than that of the inflaton.

The interval in (114) exists for any reasonable choice of model parameters, therefore we can always choose f/Mp

such that that various backreaction constraints are satisfied. The lower bound on the inflationary scale becomes
simpler in the limit in which the sourced part of the gravity wave signal dominates over the vacuum one (which is the
regime of most interest for our work). Using (110) in this regime, the lower limit in (114) can be expressed as:

f

Mp
� 3.7 · 10�3 r1/4

⇠
⇠ O

�
10�4

�
, r

v

< r
s

⇠ 0.01� 0.1 (115)

where r has been chosen so that the gravity wave signal is observable in the near future (we note that this requires
⇠ ⇠ 4� 5).

V. CONCLUSION

Starting idea GW; many experiments for their detection, but not a guarantee. conventionally, r = 16✏, so visible
(r > 0.01) only in large scale inflation; can we hope to see r also if epsilon is too small ?

Idea of GW from particle production advanced by Silverstein and by Sorbo, with the main application to LIGO
scales. the problem is that in general one expects particle production to modify also scalar perturbations; less of a
problem at LIGO scales, where the bounds on scalar perturbations are weak. However, not clear on CMB scales; this
was our initial motivation

Simplest possibility is to have particle production due to the motion of the inflaton. In this case however there is
a direct coupling, typically stronger than gravitational, and the main signatures at CMB scales are from the scalar
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remains in the vacuum and its e↵ect is renormalized away.15 The properly normalized solutions of (88) can be written
as [43]
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This solution is valid only in the phase space interval 1

8⇠ ⌧ �k⌧ ⌧ 2⇠, where the production of gauge fluctuations
is most important. By restricting ourselves to this regime we e↵ectively cut-o↵ an ultra-violet divergence associated
with the usual quantum vacuum fluctuations of the gauge field on sub-horizon scales; see [45] for more discussion.
We have also assumed that ⇠ >⇠ O(1), so that the phase space of produced fluctuations is non-trivial and each mode
experiences a significant exponential enhancement, e⇡⇠ � 1, near horizon crossing. (For ⇠ < 1 there is no interesting
particle production in the model.)
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the “hidden” sector in (87) instead should give a small contribution to the total energy density of the universe. This
requirement imposes several constraints on the model parameters, which we now discuss. We must first require that
the energy density in the produced gauge field fluctuations is smaller than the kinetic energy of  ,
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where the “electric” and “magnetic” fields are Ei ⌘ � 1
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a2 ✏ijl@jAl. Using the solution (89) to evaluate the
expectation value [45], the condition (90) can be written as:
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We also require that the energy density of the rolling pseudoscalar can be neglected with respect to that of the inflaton:
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Finally, we require that ⇠ is adiabatically evolving,
˙⇠

H ⇠ =
¨ (0)

H ˙ (0) � ˙H
H2 ⌧ 1, so that it is appropriate to treat it as

nearly constant during the time interval in which each mode of A is relevant (namely, close to horizon crossing, when

the mode is produced, and a↵ect cosmological perturbations). As | ˙H
H2 | ⌧ 1 during inflation, we need to require

 ̈(0)

H  ̇(0)

⌧ 1 , m ⌧ 3H

2
(93)

where in the last condition we have approximated U ( ) as a quadratic potential, and we have required the evolution
of  (0) to be in the overdamped regime. Throughout our analysis we will require that the conditions (91), (92), and
(93) are simultaneously satisfied (these conditions are discussed at the end of Subsection IVC).

The background equation for the pseudoscalar reads:

 ̈(0) + 3H ̇(0) + U 0
⇣
 (0)

⌘
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1

f
h ~E · ~Bi . (94)

It is interesting to note that the condition (91) guarantees right hand side of this equation can be disregarded. Indeed
[45]:
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which is implied by (91).

15 None of our result for the scalar or tensor correlation functions will depend on the choice  ̇(0) > 0.



Scalar Spectrum

• Particle production contribute additionally to power spectrum:

where                             and 

• Super-horizon regime: -kτ<<1, and for ξ≿O(1),

• Numerically evaluating integral gives:
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2. Two-point and three-point correlation functions

We now proceed to compute the two-point and three-point correlation functions of the gauge invariant curvature
perturbation, ⇣. We are only interested in contributions that are sourced by particle production e↵ects, since the
vacuum fluctuations in the model (87) are standard. The sourced contribution to the power spectrum of ⇣ is given by
(19). As discussed above, we only consider the � = + contributions in the sum over helicity states. Using the explicit
expression (102) for the operator Ô, along with the identity (14), we find that (19) can be written as
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Next we insert our previous result (97) for D(+)

(1,1). Since we are interested in computing the spectrum at late times,

the explicit expression (10) for the Green function can be employed. The sourced power spectrum takes the form
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as
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(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (105) has

most of its support in the region z ⌧ 1 where we can approximate sin z � z cos z ⇡ z3
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Finally, the momentum integral in (104) must be performed numerically, giving the final result

P⇣,s(k) ⇡ 4 · 10�10
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [44, 45].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum

~q ⌘ ~p/k, k̂ ⌘ ~k/k
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [44, 45].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum
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2. Two-point and three-point correlation functions

We now proceed to compute the two-point and three-point correlation functions of the gauge invariant curvature
perturbation, ⇣. We are only interested in contributions that are sourced by particle production e↵ects, since the
vacuum fluctuations in the model (87) are standard. The sourced contribution to the power spectrum of ⇣ is given by
(19). As discussed above, we only consider the � = + contributions in the sum over helicity states. Using the explicit
expression (102) for the operator Ô, along with the identity (14), we find that (19) can be written as
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Next we insert our previous result (97) for D(+)

(1,1). Since we are interested in computing the spectrum at late times,

the explicit expression (10) for the Green function can be employed. The sourced power spectrum takes the form
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as
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(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (105) has

most of its support in the region z ⌧ 1 where we can approximate sin z � z cos z ⇡ z3
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Finally, the momentum integral in (104) must be performed numerically, giving the final result
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H4

M4

p

e4⇡⇠

⇠6
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [44, 45].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum
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2. Two-point and three-point correlation functions

We now proceed to compute the two-point and three-point correlation functions of the gauge invariant curvature
perturbation, ⇣. We are only interested in contributions that are sourced by particle production e↵ects, since the
vacuum fluctuations in the model (87) are standard. The sourced contribution to the power spectrum of ⇣ is given by
(19). As discussed above, we only consider the � = + contributions in the sum over helicity states. Using the explicit
expression (102) for the operator Ô, along with the identity (14), we find that (19) can be written as
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Next we insert our previous result (97) for D(+)

(1,1). Since we are interested in computing the spectrum at late times,

the explicit expression (10) for the Green function can be employed. The sourced power spectrum takes the form
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as
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(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (105) has

most of its support in the region z ⌧ 1 where we can approximate sin z � z cos z ⇡ z3
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Finally, the momentum integral in (104) must be performed numerically, giving the final result

P⇣,s(k) ⇡ 4 · 10�10

H4

M4

p

e4⇡⇠

⇠6
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [44, 45].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum
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2. Two-point and three-point correlation functions

We now proceed to compute the two-point and three-point correlation functions of the gauge invariant curvature
perturbation, ⇣. We are only interested in contributions that are sourced by particle production e↵ects, since the
vacuum fluctuations in the model (87) are standard. The sourced contribution to the power spectrum of ⇣ is given by
(19). As discussed above, we only consider the � = + contributions in the sum over helicity states. Using the explicit
expression (102) for the operator Ô, along with the identity (14), we find that (19) can be written as
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Next we insert our previous result (97) for D(+)

(1,1). Since we are interested in computing the spectrum at late times,

the explicit expression (10) for the Green function can be employed. The sourced power spectrum takes the form
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as
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(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (105) has

most of its support in the region z ⌧ 1 where we can approximate sin z � z cos z ⇡ z3
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Finally, the momentum integral in (104) must be performed numerically, giving the final result

P⇣,s(k) ⇡ 4 · 10�10
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [44, 45].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum



GW and Scalar Spectrum

• Power Spectrum:

☞ Particle production contribution is subdominant.

• Gravity Wave:

• Standard “consistency condition” is violated

• r interpolates between 16ε and 218, observable signal can be 
obtained for any ε in this model.
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as
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(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (104) has
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Finally, the momentum integral in (103) must be performed numerically, giving the final result
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The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:
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The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [34, 35].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum
fluctuations from inflation.17 The computation of the gravitational wave spectrum in the model (87) follows closely
what we had for the the curvature perturbation. Moreover, this computation has in fact already been performed in
[35, 36]. Therefore we simply state the final result:
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The first term in the square braces corresponds to the usual contribution from the quantum vacuum fluctuations of the
graviton, and the two helicities have equal power. The second term, on the other hand, corresponds to gravitational
wave perturbations that have been sourced by particle production e↵ects in the hidden sector. The production is
much more significant for the h

+

mode.

C. Phenomenology

In this subsection we explore the phenomenology of the scalar and tensor cosmological fluctuations in the model
(87). We first consider the spectrum of curvature fluctuations. The total observable power spectrum is the sum of

17 At second order in cosmological perturbation theory tensor fluctuations can also be sourced by bi-linear combinations of the first
order scalar fluctuations, �' and � . Neither of these exhibit the exponential enhancement that characterizes the linear gauge field
perturbations – see equation (89) – therefore we can safely neglect this e↵ect in what follows.
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(106) and the standard result for the vacuum fluctuations (see the general result in eq. (19)). Explicitly we have
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where the first term in the square braces is the usual spectrum from quantum vacuum fluctuations, while the second
term is the sourced contribution coming from gauge field production in the model (87).

Next, we consider the spectrum gravitational wave fluctuations. From (108) and (109) we can write the tensor-to-
scalar ratio as
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When both the tensor and scalar spectra are dominated by the vacuum fluctuations we recover the standard result,
r ⇡ 16✏. On the other hand, if the sourced contributions to (108) and (109) dominate then we have r ⇡ 218,
independently of model parameters. The current observational limit is r <⇠ 0.17 [56], while r ⇠ 0.01 might be
detectable with future missions [1]. Since the expression (110) interpolates between 16✏ and 218, it follows that an
observable signal can be obtained for any value of ✏.

Let us now discuss the phenomenology of the scalar perturbations. From (109) and (110) we get

P⇣,s

P⇣,v
' r � 16 ✏
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(111)

We therefore see that the scalar power spectrum is dominated by the vacuum part (P⇣ ' P). Concerning the scalar
bispectrum, the e↵ective nonlinearity parameter is immediately obtained from (25) and (107):
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The current CMB bound is �214 < f equil

NL < 266 [57] while fNL ⇠ O(10) might be accessible with Planck [58].
To obtain the correct amplitude of density flucuations, we must impose the normalization condition P⇣ = 2.5 · 10�9

on CMB scales. We can use this condition to eliminate the parameter P in favour of ⇠ and ✏. Having done so, the
key observables r and f equil.e↵

NL then depend only on the model-dependent quantities ⇠ and ✏, which in turn depend
on the inflationary potential and the dynamics of the hidden sector fields. In Fig. 2 we plot our results for r and fNL

as a function of ⇠, for various representative choices of ✏.
The observational bound on the tensor-to-scalar ratio forces us into a region of parameter space where non-

Gaussianity is undetectably small. Therefore gravitational wave fluctuations constitute the most interesting phe-
nomenology associated with the model (87). This is shown in Fig. 3 where we plot contours in the ⇠� ✏ plane leading
to various phenomenologically interesting scenarios.

As discussed in [35, 36, 41], the sourced contribution to the tensor spectrum is chiral; only one helicity state is
e�ciently sourced by the gauge field fluctuations (89). This e↵ect may be detected through TB and EB correlations
in the CMB [59, 60]. This was first explored by [36] in the case in which the inflaton is the pseudo-scalar sourcing
the vector modes; in this case, the direct inflaton-gauge field coupling is so strong that, typically, the main bound
on the gauge field production is given by the sourced scalar perturbations (non-gaussianity [34, 35] and, depending
on the inflaton potential, increased power at small scales [17, 39]). To overcome this, ref. [36] assumed the presence
of ⇠ 1000 sourcing gauge fields (this decreases the amount of non-gaussianity), or the curvaton mechanism for the
generation of the scalar perturbations. For some values of parameters, the signal can be above the 1� detection line
for a cosmic-variance limited experiment [36]. As we shall now discuss, a more optimistic conclusion is reached if one
assumes that the gauge field production occurs in a sector gravitationally only coupled to the inflaton, as we have
studied here.

A measure of the net handedness of the tensor modes is the following quantity:
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which interpolates between zero (at small ⇠, when the vacuum fluctuations dominate the tensor mode spectrum) and
unity (at large ⇠ when the sourced GW dominate the tensor mode spectrum). In the final approximation we have
used the fact that, for r < 0.1, the scalar power spectrum in this model is dominated by the vacuum modes.
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fluctuations from inflation.16 The computation of the gravitational wave spectrum in the model (87) follows closely
what we had for the the curvature perturbation. Moreover, this computation has in fact already been performed in
[44–46]. Therefore we simply state the final result:

P
+

= P
+,v + P

+,s '
H2

⇡2M2

p


1 + 8.6 · 10�7

H2

M2

p

e4⇡⇠

⇠6

�

P� = P�,v + P�,s '
H2

⇡2M2

p


1 + 1.8 · 10�9

H2

M2

p

e4⇡⇠

⇠6

�
(109)

The first term in the square braces corresponds to the usual contribution from the quantum vacuum fluctuations of the
graviton, and the two helicities have equal power. The second term, on the other hand, corresponds to gravitational
wave perturbations that have been sourced by particle production e↵ects in the hidden sector. The production is
much more significant for the h

+

mode, due to the fact that the source consists of only A
+

modes.

C. Phenomenology

In this subsection we explore the phenomenology of the scalar and tensor cosmological fluctuations in the model
(87). We first consider the spectrum of curvature fluctuations. The total observable power spectrum is the sum of
(107) and the standard result for the vacuum fluctuations (see the general result in eq. (19)). Explicitly we have
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where the first term in the square braces is the usual spectrum from quantum vacuum fluctuations, while the second
term is the sourced contribution coming from gauge field production in the model (87).

Next, we consider the spectrum gravitational wave fluctuations. From (109) and (110) we can write the tensor-to-
scalar ratio as
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When both the tensor and scalar spectra are dominated by the vacuum fluctuations we recover the standard result,
r ⇡ 16✏. On the other hand, if the sourced contributions to (109) and (110) dominate then we have r ⇡ 218,
independently of model parameters. The current observational limit is r <⇠ 0.17 [69], while r ⇠ 0.01 might be
detectable with future missions [1]. Since the expression (111) interpolates between 16✏ and 218, it follows that an
observable signal can be obtained for any value of ✏.

Let us now discuss the phenomenology of the scalar perturbations. From (110) and (111) we get
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We therefore see that the scalar power spectrum is dominated by the vacuum part (P⇣ ' P). Concerning the scalar
bispectrum, the e↵ective nonlinearity parameter is immediately obtained from (25) and (108):
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NL ⇡ 1.5 · 10�9✏3
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The current CMB bound is �214 < f equil

NL < 266 [70] while fNL ⇠ O(10) might be accessible with Planck [71].
To obtain the correct amplitude of density fluctuations, we must impose the normalization condition P⇣ = 2.5 ·10�9

on CMB scales. We can use this condition to eliminate the parameter P in favour of ⇠ and ✏. Having done so, the
key observables r and f equil.e↵

NL then depend only on the model-dependent quantities ⇠ and ✏, which in turn depend

16 At second order in cosmological perturbation theory tensor fluctuations can also be sourced by bi-linear combinations of the first
order scalar fluctuations, �' and � . Neither of these exhibit the exponential enhancement that characterizes the linear gauge field
perturbations – see equation (89) – therefore we can safely neglect this e↵ect in what follows.



Non-Gaussianity

• Non-Gaussianity (bispectrum) is peaked at equilateral limit

because the source at any moment is dominated by modes 
with wavelength comparable to horizon at that moment. 

• To quantify the size of non-Gaussianity:

• Current bound: 
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(106) and the standard result for the vacuum fluctuations (see the general result in eq. (19)). Explicitly we have
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where the first term in the square braces is the usual spectrum from quantum vacuum fluctuations, while the second
term is the sourced contribution coming from gauge field production in the model (87).

Next, we consider the spectrum gravitational wave fluctuations. From (108) and (109) we can write the tensor-to-
scalar ratio as

r ⌘
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When both the tensor and scalar spectra are dominated by the vacuum fluctuations we recover the standard result,
r ⇡ 16✏. On the other hand, if the sourced contributions to (108) and (109) dominate then we have r ⇡ 218,
independently of model parameters. The current observational limit is r <⇠ 0.17 [56], while r ⇠ 0.01 might be
detectable with future missions [1]. Since the expression (110) interpolates between 16✏ and 218, it follows that an
observable signal can be obtained for any value of ✏.

Let us now discuss the phenomenology of the scalar perturbations. From (109) and (110) we get

P⇣,s

P⇣,v
' r � 16 ✏

218
(111)

We therefore see that the scalar power spectrum is dominated by the vacuum part (P⇣ ' P). Concerning the scalar
bispectrum, the e↵ective nonlinearity parameter is immediately obtained from (25) and (107):

f equil.e↵
NL ⇡ 1.5 · 10�9✏3

P3

P 2

⇣

e6⇡⇠

⇠9
. (112)

The current CMB bound is �214 < f equil

NL < 266 [57] while fNL ⇠ O(10) might be accessible with Planck [58].
To obtain the correct amplitude of density flucuations, we must impose the normalization condition P⇣ = 2.5 · 10�9

on CMB scales. We can use this condition to eliminate the parameter P in favour of ⇠ and ✏. Having done so, the
key observables r and f equil.e↵

NL then depend only on the model-dependent quantities ⇠ and ✏, which in turn depend
on the inflationary potential and the dynamics of the hidden sector fields. In Fig. 2 we plot our results for r and fNL

as a function of ⇠, for various representative choices of ✏.
The observational bound on the tensor-to-scalar ratio forces us into a region of parameter space where non-

Gaussianity is undetectably small. Therefore gravitational wave fluctuations constitute the most interesting phe-
nomenology associated with the model (87). This is shown in Fig. 3 where we plot contours in the ⇠� ✏ plane leading
to various phenomenologically interesting scenarios.

As discussed in [35, 36, 41], the sourced contribution to the tensor spectrum is chiral; only one helicity state is
e�ciently sourced by the gauge field fluctuations (89). This e↵ect may be detected through TB and EB correlations
in the CMB [59, 60]. This was first explored by [36] in the case in which the inflaton is the pseudo-scalar sourcing
the vector modes; in this case, the direct inflaton-gauge field coupling is so strong that, typically, the main bound
on the gauge field production is given by the sourced scalar perturbations (non-gaussianity [34, 35] and, depending
on the inflaton potential, increased power at small scales [17, 39]). To overcome this, ref. [36] assumed the presence
of ⇠ 1000 sourcing gauge fields (this decreases the amount of non-gaussianity), or the curvaton mechanism for the
generation of the scalar perturbations. For some values of parameters, the signal can be above the 1� detection line
for a cosmic-variance limited experiment [36]. As we shall now discuss, a more optimistic conclusion is reached if one
assumes that the gauge field production occurs in a sector gravitationally only coupled to the inflaton, as we have
studied here.

A measure of the net handedness of the tensor modes is the following quantity:
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which interpolates between zero (at small ⇠, when the vacuum fluctuations dominate the tensor mode spectrum) and
unity (at large ⇠ when the sourced GW dominate the tensor mode spectrum). In the final approximation we have
used the fact that, for r < 0.1, the scalar power spectrum in this model is dominated by the vacuum modes.
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where we have introduced dimensionless variables ~q ⌘ ~p/k and k̂ ⌘ ~k/k. The dimensionless time integral is defined as

I [a, b] ⌘
Z 1

�k⌧

dz
sin z � z cos z

z1/2
e�2

p
2⇠z[

p
a+

p
b] , (104)

(notice that z ⌘ �k⌧ 0). In the super-horizon regime, �k⌧ ⌧ 1, we can set the lower bound of integration to zero.
Moreover, particle production e↵ects are most interesting in the regime ⇠ >⇠ O(1), in which case the integral (104) has

most of its support in the region z ⌧ 1 where we can approximate sin z � z cos z ⇡ z3

3

. Hence, we have the following
analytical approximation
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p
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p
b] =

15

32
p
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p
b
⌘
7

⇠7/2
. (105)

Finally, the momentum integral in (103) must be performed numerically, giving the final result

P⇣,s(k) ⇡ 4 · 10�10

H4

M4

p

e4⇡⇠

⇠6
. (106)

The computation of the three-point correlation function is completely analogous to the derivation that we have
outlined for the source power spectrum. Here we simply state the final result for the bispectrum in the equilateral
configuration:

B⇣ (k1 = k
2

= k
3

⌘ k) ⇡ 2.6 · 10�13

H6

M6

p

e6⇡⇠

⇠9
1

k6
. (107)

The reason for considering the equilateral configuration is that, in this model, the source at any moment is dominated
by modes with wavelength comparable to the horizon at that moment. This generates mostly correlations between
scalar perturbations of comparable size [34, 35].

B. Gravity waves sourced by the vector modes

The produced gauge field fluctuations that are described by the mode solution (89) carry anisotropic stress/energy
and provide a source of gravitational wave fluctuations that is complimentary to the standard quantum vacuum
fluctuations from inflation.17 The computation of the gravitational wave spectrum in the model (87) follows closely
what we had for the the curvature perturbation. Moreover, this computation has in fact already been performed in
[35, 36]. Therefore we simply state the final result:

P
+

= P
+,v + P

+,s '
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⇡2M2

p


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M2

p
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�

P� = P�,v + P�,s '
H2

⇡2M2

p


1 + 1.8 · 10�9

H2

M2

p

e4⇡⇠

⇠6

�
(108)

The first term in the square braces corresponds to the usual contribution from the quantum vacuum fluctuations of the
graviton, and the two helicities have equal power. The second term, on the other hand, corresponds to gravitational
wave perturbations that have been sourced by particle production e↵ects in the hidden sector. The production is
much more significant for the h

+

mode.

C. Phenomenology

In this subsection we explore the phenomenology of the scalar and tensor cosmological fluctuations in the model
(87). We first consider the spectrum of curvature fluctuations. The total observable power spectrum is the sum of

17 At second order in cosmological perturbation theory tensor fluctuations can also be sourced by bi-linear combinations of the first
order scalar fluctuations, �' and � . Neither of these exhibit the exponential enhancement that characterizes the linear gauge field
perturbations – see equation (89) – therefore we can safely neglect this e↵ect in what follows.
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C. Phenomenology

From the two point scalar correlator we obtain the power spectrum
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The two solutions (9) are incoherent and therefore their power spectra add up. Recalling the standard slow roll result
for the vacuum mode, and using the two expressions (11) and (15), we obtain
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For the tensor mode, we show below that modes of di↵erent polarizations are uncorrelated. Starting from the
decomposition (5), the power in each polarization is
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Also in this case, the power of the vacuum and the sourced modes add up
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The tensor-to-scalar ratio r is defined as

r =

P
� P�

P⇣
(22)

If the sourced term is absent, one recovers the standard vacuum slow roll result r
v

= 8 '̇(0)2

H2 M2
p
= 16✏. However, we see

that the sourced contribution can modify this result.
Finally, we are interested in the bi-spectum of the scalar modes, defined as
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(106) and the standard result for the vacuum fluctuations (see the general result in eq. (19)). Explicitly we have
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�
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8⇡2✏M2

p

, (109)

where the first term in the square braces is the usual spectrum from quantum vacuum fluctuations, while the second
term is the sourced contribution coming from gauge field production in the model (87).

Next, we consider the spectrum gravitational wave fluctuations. From (108) and (109) we can write the tensor-to-
scalar ratio as

r ⌘
P

� P�

P⇣
⇡ 16✏

1 + 3.4 · 10�5✏P e4⇡⇠

⇠6

1 + 2.5 · 10�6✏2P e4⇡⇠

⇠6

. (110)

When both the tensor and scalar spectra are dominated by the vacuum fluctuations we recover the standard result,
r ⇡ 16✏. On the other hand, if the sourced contributions to (108) and (109) dominate then we have r ⇡ 218,
independently of model parameters. The current observational limit is r <⇠ 0.17 [56], while r ⇠ 0.01 might be
detectable with future missions [1]. Since the expression (110) interpolates between 16✏ and 218, it follows that an
observable signal can be obtained for any value of ✏.

Let us now discuss the phenomenology of the scalar perturbations. From (109) and (110) we get

P⇣,s

P⇣,v
' r � 16 ✏

218
(111)

We therefore see that the scalar power spectrum is dominated by the vacuum part (P⇣ ' P). Concerning the scalar
bispectrum, the e↵ective nonlinearity parameter is immediately obtained from (25) and (107):

f equil.e↵
NL ⇡ 1.5 · 10�9✏3

P3

P 2

⇣

e6⇡⇠

⇠9
. (112)

The current CMB bound is �214 < f equil

NL < 266 [57] while fNL ⇠ O(10) might be accessible with Planck [58].
To obtain the correct amplitude of density flucuations, we must impose the normalization condition P⇣ = 2.5 · 10�9

on CMB scales. We can use this condition to eliminate the parameter P in favour of ⇠ and ✏. Having done so, the
key observables r and f equil.e↵

NL then depend only on the model-dependent quantities ⇠ and ✏, which in turn depend
on the inflationary potential and the dynamics of the hidden sector fields. In Fig. 2 we plot our results for r and fNL

as a function of ⇠, for various representative choices of ✏.
The observational bound on the tensor-to-scalar ratio forces us into a region of parameter space where non-

Gaussianity is undetectably small. Therefore gravitational wave fluctuations constitute the most interesting phe-
nomenology associated with the model (87). This is shown in Fig. 3 where we plot contours in the ⇠� ✏ plane leading
to various phenomenologically interesting scenarios.

As discussed in [35, 36, 41], the sourced contribution to the tensor spectrum is chiral; only one helicity state is
e�ciently sourced by the gauge field fluctuations (89). This e↵ect may be detected through TB and EB correlations
in the CMB [59, 60]. This was first explored by [36] in the case in which the inflaton is the pseudo-scalar sourcing
the vector modes; in this case, the direct inflaton-gauge field coupling is so strong that, typically, the main bound
on the gauge field production is given by the sourced scalar perturbations (non-gaussianity [34, 35] and, depending
on the inflaton potential, increased power at small scales [17, 39]). To overcome this, ref. [36] assumed the presence
of ⇠ 1000 sourcing gauge fields (this decreases the amount of non-gaussianity), or the curvaton mechanism for the
generation of the scalar perturbations. For some values of parameters, the signal can be above the 1� detection line
for a cosmic-variance limited experiment [36]. As we shall now discuss, a more optimistic conclusion is reached if one
assumes that the gauge field production occurs in a sector gravitationally only coupled to the inflaton, as we have
studied here.

A measure of the net handedness of the tensor modes is the following quantity:
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which interpolates between zero (at small ⇠, when the vacuum fluctuations dominate the tensor mode spectrum) and
unity (at large ⇠ when the sourced GW dominate the tensor mode spectrum). In the final approximation we have
used the fact that, for r < 0.1, the scalar power spectrum in this model is dominated by the vacuum modes.



Signatures & Constraints

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 1000

 3  3.5  4  4.5  5  5.5

r

ξ

ε = 10-3

ε = 10-4

ε = 10-5

r=0.1

 50

 100

 150

 200

 250

 300

 350

 3.8  4  4.2  4.4  4.6  4.8  5  5.2

f N
Leq

ui
l

ξ

ε = 10-3

ε = 10-4

ε = 10-5

WMAP

 3

 3.5

 4

 4.5

 5

 1e-05  0.0001  0.001
ξ

ε

fNL
equiv = 266

r=0.1
r=0.01

10�4 <<
f

MP
. 10�2

For detectable tensor, 
consistency of model requires:



 0.1

 1

 0.001  0.01  0.1

6
 r

r

P

S

C

CV

¡ = 10-5

¡ = 10-4 ¡ = 10-3

23

(106) and the standard result for the vacuum fluctuations (see the general result in eq. (19)). Explicitly we have
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where the first term in the square braces is the usual spectrum from quantum vacuum fluctuations, while the second
term is the sourced contribution coming from gauge field production in the model (87).

Next, we consider the spectrum gravitational wave fluctuations. From (108) and (109) we can write the tensor-to-
scalar ratio as
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When both the tensor and scalar spectra are dominated by the vacuum fluctuations we recover the standard result,
r ⇡ 16✏. On the other hand, if the sourced contributions to (108) and (109) dominate then we have r ⇡ 218,
independently of model parameters. The current observational limit is r <⇠ 0.17 [56], while r ⇠ 0.01 might be
detectable with future missions [1]. Since the expression (110) interpolates between 16✏ and 218, it follows that an
observable signal can be obtained for any value of ✏.

Let us now discuss the phenomenology of the scalar perturbations. From (109) and (110) we get

P⇣,s

P⇣,v
' r � 16 ✏

218
(111)

We therefore see that the scalar power spectrum is dominated by the vacuum part (P⇣ ' P). Concerning the scalar
bispectrum, the e↵ective nonlinearity parameter is immediately obtained from (25) and (107):

f equil.e↵
NL ⇡ 1.5 · 10�9✏3
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P 2

⇣

e6⇡⇠

⇠9
. (112)

The current CMB bound is �214 < f equil

NL < 266 [57] while fNL ⇠ O(10) might be accessible with Planck [58].
To obtain the correct amplitude of density flucuations, we must impose the normalization condition P⇣ = 2.5 · 10�9

on CMB scales. We can use this condition to eliminate the parameter P in favour of ⇠ and ✏. Having done so, the
key observables r and f equil.e↵

NL then depend only on the model-dependent quantities ⇠ and ✏, which in turn depend
on the inflationary potential and the dynamics of the hidden sector fields. In Fig. 2 we plot our results for r and fNL

as a function of ⇠, for various representative choices of ✏.
The observational bound on the tensor-to-scalar ratio forces us into a region of parameter space where non-

Gaussianity is undetectably small. Therefore gravitational wave fluctuations constitute the most interesting phe-
nomenology associated with the model (87). This is shown in Fig. 3 where we plot contours in the ⇠� ✏ plane leading
to various phenomenologically interesting scenarios.

As discussed in [35, 36, 41], the sourced contribution to the tensor spectrum is chiral; only one helicity state is
e�ciently sourced by the gauge field fluctuations (89). This e↵ect may be detected through TB and EB correlations
in the CMB [59, 60]. This was first explored by [36] in the case in which the inflaton is the pseudo-scalar sourcing
the vector modes; in this case, the direct inflaton-gauge field coupling is so strong that, typically, the main bound
on the gauge field production is given by the sourced scalar perturbations (non-gaussianity [34, 35] and, depending
on the inflaton potential, increased power at small scales [17, 39]). To overcome this, ref. [36] assumed the presence
of ⇠ 1000 sourcing gauge fields (this decreases the amount of non-gaussianity), or the curvaton mechanism for the
generation of the scalar perturbations. For some values of parameters, the signal can be above the 1� detection line
for a cosmic-variance limited experiment [36]. As we shall now discuss, a more optimistic conclusion is reached if one
assumes that the gauge field production occurs in a sector gravitationally only coupled to the inflaton, as we have
studied here.

A measure of the net handedness of the tensor modes is the following quantity:
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which interpolates between zero (at small ⇠, when the vacuum fluctuations dominate the tensor mode spectrum) and
unity (at large ⇠ when the sourced GW dominate the tensor mode spectrum). In the final approximation we have
used the fact that, for r < 0.1, the scalar power spectrum in this model is dominated by the vacuum modes.

Parity Violating Effects in GW

P=Planck, S=SPIDER, C=CMB-Pol, CV=cosmic-variance limited expt.



Comments

• Many axion-like fields in string theory, e.g., 

• Typically f ~ MGUT, sits comfortably in our allowed window.

• Pseudoscalar coupling comes from, e.g.,

• ∃ inflation candidates that couple only gravitationally to 
hidden sector, e.g., another axion with: 

or D-brane moduli that do not couple to the axion and the 
D-brane on which the U(1) lives. 
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Comments

• Detection of GW probes not the scale of inflation, but the 
nature and dynamics of axions.

• GW sourced by scalar particle production during inflation 
has recently been explored ([Cook, Sorbo];[Senatore, 
Silverstein, Zaldarriaga]), though constraints from backreaction 
on scalar spectrum and bispectrum were not known. Thus, 
effects on LIGO scales were instead considered.

• We computed the backreaction due to particle production 
on the power spectrum and bispectrum of such models.



Comments
• We derived a universal formula for GW sourced by scalar, 

fermion, vector production due to non-adiabatic change of mass: 

where s=spin of source, gs= # of dof of a spin-s field

• We found the GW signal too small on CMB scales.
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D. Comparison with GW sourced by modes of di↵erent spins

In Subsection III B, we have computed the power in gravity waves sourced by vector fields produced in the model
(26). Schematically, the sourced part of the power spectrum is P� /

R
d3p hTT i, where T is the traceless-transverse

spatial part of the energy-momentum tensor of source (the gauge fields, in this case) with appropriate contraction.
The spatial part of the energy momentum tensor contain dominant terms that scale as Tij ⇠ M2AiAj in the M � p
limit (we recall that p and M are, respectively, the momentum and mass of the quanta sourcing the gravity waves).
One could therefore conclude that P� /

R
dp p2 M4. However, we showed that the dominant terms cancel against each

other. Also the next to leading term in a p2

M2 Taylor expansion of the integral cancel, and one is left with P� /
R
dp p6,

see eq. (70).
In Appendix D we performed the analogous computation using fermion fields rather than vector fields as sources.

In this case the spatial part of the energy-momentum tensor has terms of the type Tij ⇠ �̄�ipj�, and one may
conclude that P� /

R
dp p4 M2 (the factor M2 coming from the di↵erent normalization of the fermion wave function

with respect to the vector one, compare the function f in (28) and in (D6)). Also in this case there is however a
cancellation, resulting in h�2i / p2, see eq. (D15), and in P� /

R
dp p6, see eq. (D16).

These two scalings agree with that obtained if the source is a scalar particle. In this case, Tij / pipj�2, and one
immediately has P� /

R
dp p6 without any cancellation. In fact, from our results (70) and (D16), and from the result

for the analogous computation with a scalar source given in [21], we obtain a very general expression for the power
spectrum:

P�,s '
2 gs k3

15⇡4a2M4
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k

Z
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⇣
|↵p|2 + (�1)2s |�p|2

⌘
(86)

where s is the spin of the sourcing field, and gs is the number of degrees of freedom of that field: gs = 1 for a scalar,
gs = 2 for a vector if the longitudinal mode is produced in a negligible amount (gs = 3 if it is produced in the same
amount as each transverse mode), and gs = 4 for a Dirac fermion.

We see that, apart from the di↵erence in the number of degrees of freedom, and a small di↵erence due to the spin
statistics, the di↵erent fields in the nonrelativistic regime M � p have a comparable quadrupole moment (transverse
and traceless projection of Tij) and generate a comparable amount of gravity waves.

IV. MODEL II: VECTOR PRODUCED BY A PSEUDO-SCALAR INTERACTION

In this section we consider the following model
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In addition to a standard inflationary sector, we have introduced a “hidden” sector consisting of a light pseudoscalar,
 , and a U(1) gauge field, Aµ, whose energy density is small as compared to that of the inflaton (so that the Friedmann
equation takes the usual form 3H2M2

p ⇡ V (�)). As in section III, the hidden sector in (87) has been introduced so that
the production of gauge field fluctuations can provide a new source of inflationary gravitational waves, complementary
to the usual quantum vacuum fluctuations of the tensor part of the metric. Unlike the model of section III, however,
we will see that particle production in the theory (87) occurs continuously during inflation, leading to broad-band
signatures rather than localized features in the scalar and tensor n-point correlation functions.

The coupling  (0)(t)FF̃ of the gauge field to the time-dependent pseudoscalar condensate leads to an exponential
production of fluctuations Aµ. This e↵ect has already been discussed at length in the literature – see Refs. [43–45],
for example – and here we only review the key features that will be necessary for our analysis. Employing the
decomposition (1) we find the following linearized equation of motion of the gauge field mode functions
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If the pseudoscalar is in an overdamped regime then the parameter ⇠ can be treated as a constant. Moreover, we
assume that  ̇(0) > 0 so that the “+” helicity state of the gauge field gets copiously produced while the “�” state
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(in the last equality we have used the fact that a (⌧⇤) = 1) we find, in the super-horizon �k⌧ ⌧ 1 limit (in practice,
we introduce the integration variable y0 = �k⌧ 0, and we integrate it from 0 to �k⌧⇤, rather than from �k⌧ to �k⌧⇤),
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27H3

2

F
3

✓
3

2
,
3

2
;
5

2
,
5

2
,
5

2
;
�k2

4H2

◆
(56)
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Since ṁ⇤ � H, the term in curly parenthesis is rapidly oscillating unless y ⌘ ⌧ 0

⌧⇤
' 1. This however means that the

integrand is peaked at the moment in which the particle production is taking place. In our computation we used the
asymptotic values (29) for ↵, � (valid once particle production has completed). Therefore we only provide an upper
bound on Ek. It is easy to verify that instead the integrand of Tk is dominated by times at which (29) hold.

Provided that k ⌧
p
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for the upper bound. We indeed see that |Ek|
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This confirms that the oscillatory terms in (52) - or (53) - provide a negligible contribution to the final result.
Performing the momentum integral we finally obtain
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while the result is exponentially suppressed and uninteresting at larger momenta. The exponential suppression of the
spectrum is due to the fact that the occupation numbers of the vector particles are exponentially suppressed at such
large momenta, see eq. (29). We discuss this result in Subsection III C.

3. Scalar bispectrum

We now evaluate the formal expression (24) for the bispectrum in this model. This expression contains various
intermediate quantities that have been given above. Explicitly, we write the green functions in eq. (10), the projection
operators in eq. (14), the operator O' in eq. (50), and the correlators in eqs. (34) and (36). The computation follows
the same steps presented in the previous Subsection for P⇣ . Also in this case we use the approximation k ⌧ p ⌧ M ,
and we find that the terms with a fast oscillating phase in the final time integral can be disregarded. We obtain
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m (⌧) = ṁ⇤ (t� t⇤) =
ṁ⇤
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We disregard the contribution from the vacuum modes, as it is unobservable for standard slow roll inflation. Using
(16) and (17) we obtain
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Ô',no

⇣
⌧
3

, ~k
3

, ~p� ~k
1

⌘
D(�)

(0,0) [⌧1, ⌧2; p] D
(�0

)

(0,0)

h
⌧
1

, ⌧
3

; |~p� ~k
1

|
i
D(�00

)

(0,0)

h
⌧
2

, ⌧
3

; |~p+ ~k
2

|
i

(24)

In the following sections, we compute the bispectrum for equilateral configurations (which is where it is peaked in
the models that we consider), and use it to define an equilateral nonlinear parameter [45]
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III. MODEL I: VECTOR PRODUCED BY NON-ADIABATIC CHANGE OF ITS MASS

We consider a model where the sector in which particle production takes place has a local U(1) invariance sponta-
neously broken by the expectation value of a complex scalar  :
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The field ' is the inflaton field, which is assumed to be only gravitationally coupled to the  � Aµ sector. We work
in the unitary gauge  =  p

2

, where  is real. We assume that the background value  (0) (t) crosses zero at the time

t⇤ during inflation. Close to this time, the gauge field mass can be approximated by
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For definiteness, we take ṁ⇤ > 0. The (comoving) frequency of a gauge mode, ! =
p
k2 + a2 m2 varies nonadiabatically

(!0 > !2) when the mass vanishes. As we will show later, the gauge field modes that dominate the observational
signatures have k ⇠

p
ṁ⇤. For such modes, the frequency changes nonadiabatically in the time interval ⇠ t⇤ ± 1p

ṁ⇤
,

provided that the expansion of the universe can be disregarded in this time interval. This is the case for 1p
ṁ⇤

⌧ 1

H . In

the remainder of this Subsection we concentrate on the production during this interval, and disregard the expansion
of the universe (we use physical and conformal time interchangeably). We can eliminate any reference to the scale
factor by normalizing a (t⇤) = 1. In the following Subsections the expansion is taken into account.

The non-adiabatic change of the frequency causes non-perturbative production of the gauge modes. To compute
this, we decompose the vector field as in (1). We further decompose the mode functions in positive and negative
frequency modes
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(the second line is the decomposition of the modes of the conjugate momentum to Ai). The decomposition (1)
disregards the longitudinal vector mode; we compute this mode in Appendix A, and we discuss its e↵ects below in
this section. We have suppressed the index � in this decomposition, since the Bogolyubov coe�cients are the same
for both helicities. For t ⌧ t⇤, the mode is in the adiabatic vacuum ↵ = 1 (up to an arbitrary phase); the quantity
|�|2 is the occupation number of the gauge modes.

The gauge field modes satisfy A00 + !2A = 0. With the approximated expression (27), this equation can be
analytically solved in terms of two parabolic cylinder functions. The linear combination satisfying the proper initial
condition ↵ = 1 gives (up to an arbitrary phase) [17, 21]
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2 ṁ⇤ (29)

8

We disregard the contribution from the vacuum modes, as it is unobservable for standard slow roll inflation. Using
(16) and (17) we obtain
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In the following sections, we compute the bispectrum for equilateral configurations (which is where it is peaked in
the models that we consider), and use it to define an equilateral nonlinear parameter [45]
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