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Einstein gravity

e On-shell renormalization

Einstein gravity

[
e Wilson

Superstring theory

N=8 supergravity
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Higher-derivative quantum gravity

=>»power-counting renormalizable

1 1 1

m2p2 +pt p2 p2 4+ m?
™ ghost mode

* Lee-Wick-Tomboulis approach
 Horava approach
« CFT approach

Regge DT (dynamical triangulation)

« Regge <€=> Einstein
« DT €= CFT approach



» Lee-Wick-Tomboulis approach :

resummed propagator

3= —0 g3
1 B 1
m2p? + Goptlog(p2/A2)  p2[m?2 + Byp? log(p2/A2)]
f
=> Ghost IR
e Horava approach :
Lorentz = ghost

 CFT approach (our model) :

(CFT)
=» ghost mode



CFT approach

60 Einstein

70
-> (Lee-Wick)
70-80 ( )
Hathrell 3
80-90 2 Polyakov
>4 Riegert
00 Riegert
>

(Wheeler-DeWitt = conformal algebra)



CFT

Conformal Field Theory on R x S”3 from Quantized Gravity,
arXiv:0811.1647[hep-th]



Einstein

>

Compton

Schwarzshild

>

Einstein

BH

BH)




= CFT




The Action (Weyl + Euler + Einstein)

1/ 1
I—fdaxx.,/—{__cjm—baﬁ ( R—A+£M)}

h\167wG
A\ ~ J \
conformally invariant (no R"2) Planck constant
Covre =0
Juv = ngﬁ. (Q;g.y + th“y + - - ) : t‘?‘(h) — ()
7 \

=N
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Wess-Zumino

bare action
Conformal variation of effective action (conf. anomaly)
(=path integral by conf. mode) /

01" = / d*z\/—guw {-anf:_U o T nzﬂiy +n3R? + V2R + miR + -m.g}
Integrability condition

Oy O ) T = 8(m1 + 12 + 3n3) X /diﬁv—gﬁd[lvng] =0

= Weyl action and Euler combination (no R"2)

y ‘ |
(C*, =R?, —2R? 4+ —R*

UV AT UV AT [ny 3

Gy = R?

L p Ao

2 2
— 4R +R
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Ht”

t — 0 C_u.y/\a — 0
. 2

(conformally flat)

Riemann

F,u.y_}o (Q_Q;'U)J

1
{ cf. gauge theory: —ET?“ (F2)

h — 0 Einstein
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7 = / dg- )y exp(il) G = €25,
s 1gexp(iS(9) + il

o Jacobian = Wess-Zumino

51(0.5?) - — - 5 /(i4i13\f —( (20540 + E4@) bl > ()

(Conformal Field Theory)
( )id = ot w

—>Z(e?¥§) = Z(g)
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(diffeomorphism inv.)

OcGu = g“,\vyé}‘ - gy},VH{f}‘ £H 1 gauge parameter

Mode decomposition traceless
/

— t
gj""y — 6295‘9#” gﬂ'” — (g'l eth),u.v — LE;IH-J‘ (51’ _|_ thlu _i_ i(hz)iy _|_ . ‘)

\ \

no coupling const. coupling const.

. 1 /- - 1. - A
( 05 h‘;u-v — ? (vu&v + vygﬁt- _ §gﬁ1.vv)\£/\) + ghv)\h'ﬂ-y
1 = FA =\ 1 = A =\ 2
< +§hm (vyg ~V gb,) + §h..y,\ (Vﬂg -V «5“_) + o(tEh”)

1 -
0cp = £20x¢ + Evﬂf’l
N

Conformal mode and traceless mode are decoupled ! s



cf.

rf =gl /t K

t— 0

5h:hp;u — @p}ﬁ:u + @yﬁﬁ” — —Qﬂy@,\hﬁ/\
[5h@ — 6&4}{ — §H.A_u. — U]
Weyl

A, =V,
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t=0 ( )

conformal Killing vector

g . |
6” — C“ V,LLCH an VUC,LL — §Q;LUVACA =0

=» Traceless tensor mode !

Conformal symmetry (on g, )

2 2

. 1 . . 1 . .

{ 5Ch,tw . C/\v/\hfﬂif + _hf,u)n. (VUC/\ — VACU) + —hya (V;LC/\ — VAC,LL)

e 1
et = CPVa + ZVACA

=>» fixed by physical state condition = Wheeler-DeWitt equation
Other fields:

. 1 . — .S N o
5 X = CVAX 4 XV X = X, 06X = S£o\X]|
— A, = C”@HAH + Ayﬁﬁﬁg”—tmfmw
dependence 17



‘ For example

oIy = — f d'ro" X8, (&aﬁJr %Xa‘}ﬁ&)
]. p = - , = r r = -
_ f fﬁx{_i (38,C0 4 9iC") 9y X 0y X + (8,C + o) 0y X' X

+ [—a?;gj + %&;j (=8¢0 + 3;;&)} FXNIX + é(aﬁ,ﬂﬂm&]x?}
= 0

by conformal Killing vectors on flat background

Weyl
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CFT

This model :

+ perturbations

e (8

g cf. 4

@ + perturbations

&

1% graviton picture
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Ay = —V?
E )
—_)—L/dz:ﬁ/ dor/—gR WZ
A 0

{ ‘ _ _

e

Liouville

4

9 <
E4 — G4 — gVER

V—9Ey=/~7 (4340 + E4)

| )
Ay=V*+2R"V,V, - SRV’

1
+ 3 VH RV m

bl

(47)?2

/dd‘:r-‘/'l do/—qgE,
0
bl

Riegert
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Renormalizable 4D Quantum Gravity as A Perturbed Theory from CFT,
arXiv:0907.3969[hep-th]



Dimensional regularization

all orders, diffeomorphism invariant «~—

dPN0) = [dPk =0

Q:> 4 D

/cf. DeWitt-Schwinger method

one-loop order

\ heat kernel

~

0H(0) = (x|e”P|2)|._y ==y conformal anomaly

_/
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D

Euclidean sign.

D dimensional integrability =» bare action

1 1 N V-
I = [aPayg{ 5020, +VGD + {FL + 3 i Dl — PR+ A}
j=1
( 2 . ITIZAN: S 4 LA 2 2
Crane = Huno Bt D2+ pT o
<
(D—=3)*(D—-4) _,
Gr =G R
L P DT ED - 9)

Renormalization factors

H Z4 =1
A= Z3PAN, = Z8, by, = Z3 7R,
e=Ze, t=Zd, (7, =2,"%)

Ward-Takahashi identity 23



WZ

T T residues x 1, x 2
Z = ]_ —I— —I— _I_ Ao — ’. _
’ D—4 " (D—4) = beta function
Bare action = vertices and counterterms
1
7 / Pz, /gF, F*

1
= 1% [ &Pz P FL R g0

1 D L1 L2 T [ TR 1, § .
~ 1 fd m{ (1 D2t oap T ) FouF3s9""9 € ordinary counterterms

xr
+(D —dbaid -)ng;ijag“J‘g“a

1 ) , . € new vertices and
+§((D 4+ (D -z 22 )ﬂ FuFie9"g new counterterms

i) 0

Bare Weyl action

Wess-Zumino action

1 o
= / Pz, /gC%,, = = / dPz/GeP~99C2, | for conformal anomaly
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Laurent expansion of b
bu = bu(tr, er) (n > 2)

1 = b,
b - 2 Z n /
(4ﬂ-) n=1 (D o 4) b]_ (tfr-; Efr) — b]_ —I_ bl (trr, GT)
Euler term Positive constant
y _ 1Ne 40
177360 T 9
b / dPz./gGp
1 D by by _ € counterterms
- (4fr)2/d m{(D_ﬁ (D — 4)2 +'”)G4

b N \
+(bl+ 2 +) E4¢+—R2) | |
D—4 18 . €= \Wess-Zumino action

1 _ _
+5 ((D—4)by + by +---)(26°Asp + Esp* +--+) + - } and new counterterms
J

Conformal mode
dynamics

25

Riegert




Hathrell

Hathrell, Ann.Phys.142(1982)34;
Ann.Phys.139(1982)136

Hathrell counterterm
aC? s +bGy+cH?>  H=R/(D-1)
1/t
3-loop b c
bg pm— 2[?1
D
., (D-3P(D-4),, _(D-3%D-9)
GD_G4+(D—1)?(D—2)R €> c= (D —2) b
(D — 3)2 1

|::> C1 = D_Q b2:§b2—|—0(D—4)
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diff. inv.

guantum gravity+QED

, np 10\ ¢ np et
B _ _(_ ) r L rer t5
. 0 3)@e 2 e o)
By = —fBot:
1 ' W i P kz ~T2
FW — {E — 2‘3{]@ =+ .-"j{] lOg (Pfr_z) } C,u.u/\cr
1 |
= 55—/ Clx k. - momentum defined
t,(p) on the flat metric
where |
t2(p) asymptotic freedom

N Bo log(p?/ *"%G)
© Aqa = prexp(—1/25t7)

2 12/ 2 &
p° = k*/a”"with a = ¢
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Zy =1

5T S
(Cg + = UV finite

bltr l%'ltlr‘ blt?,

/ \

(4)? (4r)?

2b; 2 (1 22 7 20y 4 [, t2
k [—3 (——log—Jr— k 3(4:”)2

z: small fictitious mass (IR regularization)
=» cancel out !

propagator 1/k* — 1/(k* + 22)?

1 1 22 n 7
— — |0 _ _
e BT

D=4—2¢
1/eE=1/e — v+ logdm
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‘ Two-point function of e”4

Vertex function (¢F?, ) of 6

. P
S - - - - - ne EE ﬂ ne E? t ng E? £ i
n;e?{:\:}ief— %eg ﬁ RPN > e

I
A
D)/2

e=(4—

And also, two-point function of e”6

g

TIF'E:E rIFE? !"IFE::rE I‘lFef ¢ I'IFEE

£ nFE? S E £ L

Zy=1

O
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Einstein

Mpe® (V¢ + t2hV?h + )

A

> 4 massive ghost
->
log (k*/M3) ™
Aqa  Planck Mop
C ->




Conformal Field Theory on R x S”3 from Quantized Gravity,
arXiv:0811.1647[hep-th]



1 ‘t’ 7
Weyl KM

Conformal Killing vector
Qc= [ d2uc*: T 15

0cd =i[Qc, 0] dcht =i[Qc, h']

Q¢|phys) = 0

¢
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. R x S3
Wess-Zumino

2by /. . . o\ |
Q—/dn/ dﬂg{ 1 o (a$—2D33§+D§+43§)¢}

— 3,]@ 2

fqa—fdn[ﬂ dﬂa{ |(8,%)% + 2x0ax — 4 + (030)°| + v(3,6 — x)}

=» Dirac quantization
Mode expansion

'E."';;' { (Q’ + P?}' }/IJ-D + a € —i2Jny 4 {1 o2y
2\/_ J;%; \/ 3‘J+1) ( S JM m)
+ bJME—a(EJ+E)J}}/}M 4+ bT | €2i2J+2m}fx }
;;\/J—|—1j(gj+l) ( IM J’U‘)
where
[(jj ﬁ] N ?r [ajliwl ? QTIZMIZ] - 5'}1 J2 5&111“'2’ [bilﬂffln bhﬂvfz] '5J1J2 6&11&12
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1
H¢ _ —-}32 + by + Z Z{QJ{ILM{IJM — (QJ + Q)birMbJM}

g J>0 M
/SU(Z)XSU(Z) Clebsch-Gordan

Q?I — ('v 20 Ep) (ln =+ T T T Jul __I_|_ Mo {n(J)E-'nl’flﬂirf—_-“rflaﬂ+%_-wg

J=0 My M,

‘I'.B(J)E_Ml birf—ﬂ»fle—l—%.-"rfg + € Mo (1:2,4_% M, E?__,r_.wl }

. i g3
[Qﬂf? QR] — QOﬂfNH -+ QRﬂfN —

.' ) 1 hr .
{Qﬁfr b}ﬂfl} = —2_emC i T+ J+ Mo

Mo

_. L +

— 5 (] — —) Z €M j’lflj—%—ﬂfgbj——’lf
' Mo
= \/2J(27 +2)
_ B(J) = —/(2J +1)(2J + 3)

Riegert Weyl v
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Confomal symmetry = diffeomorphism invariance
> = Wheeler-DeWitt

(H —4)|phys) = Qu|phys) = Ry |phys) =0

Rﬂ

vacuum state
[Qﬂf? Rn] — [Rﬂf_-"v’g Rn] = ()

Q) = e™2019)0)

then - - /3BT
|ph}*’5> — Rn (a'}ﬂf? b}ﬂf.‘-‘ o ) e'? 251@|£’2>

T _i- -"r"nffl)
= R, (a'Jﬂfr bhnrs - ) = |Q>

H=4 5y p=-tu/V2, % = 2 (1-y1-(@—n)/b)

pure imaginary = 4—n+o(l/b)

1) =0

>
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2

Physical states €=>» Diffeomorphism invariant fields
[phys) = lim,, ;o e 70(n, x)|2)

Scalar curvature operator (at large b_1)

vV—ghR ~ E.JQ';"}’(—(")Q{;i))

| 1
Using the correlation function (¢(2)o(y)) = T log(|z — y|?)
A 1
(V—gR(x)yv—gR(y)) = [z — y[|?Ar Ap =2+ ™
T — 1 )t

A>0€=> Db 1>0(right sign of WZ action)
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From CFT Spectra to CMB Multipoles in Quantum Gravity Cosmology,
arXiv:0908.0192[astro-ph] with S. Horata and T. Yukawa



,

AQ(:; ~ 1017(}8\/

En = 1/Aqa (> 1)

38



mpl =>> AQG
(WZ + Einstein)
—by 3+ Bwm2, 2 (026 + 0,00, ) = 0

L WZ action

Planck

>
!

=» Friedmann
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=>
d _ dn = a(7)dr
—7—1t.(7) = B(t+(7)) t
dr proper time
Wess-Zumino

by — by (1 —aff +---) =0 B(f,) (a1 > 0)

where B(r) 1 (0 < 1)
T) = = : <K =
1+ Z2(M)" ’
WZ
7= 1/Aqc (= 7a) o B

40



Hubble

B(r) (H +7THH + 4H? + 18H*H + 6H*) — 3H}, (H + 2H?) = 0
\

Einstein

Hubble
H = a(r)/a(r) = ¢(7)

Hp = mp\/7 /by

-70 ' ' ' i . : :
2 -1 0 1 2 3 (Mp =1/V8rG < Hp < myp = 1/\/5)

logola(r)/a(7a)]

41



B(r) (2HH — H* + 6H*H + 3H*) — 3HL H* + 87%p/by = 0

_ v I
e
B(t) — 0
p
_ 25 N N
=> Big bang ; p
i | Friedman ——
p=0(H = Hp) *
b1 2 172 . . | ' X
P = 38,“_2 HpH 0 20 40 60 80 100 120

proper time,t
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Einstein £ < Aqa
(derivative expansion)

Ilcmr — /dﬁlﬁ'_?ﬁf—g{ﬁz —|—£4 — }
1 \
tree + 1-loop tree

M2 : .
Lo = TP R+ ggﬂ cf. chiral perturbation theory
- - 2 L M
Einstein MgR,, =1,
¥
Ly = R R,
P oEm2
1-loop  : a(E) =g+ Clog(E*/Adq). (¢ > 0)

@dy Irrelevant
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e-foldings

N, = log

-> *""\QG ~ 101? GeV

10°°
1039 (& N, =70)

10%° (& 1017GeVv/2.7K)

- &L -
1 oFT |

inflation era

‘.--.&--__H‘_.'-

big bang &

radiat ion-dominated era

matter-dominated era

today

energyE
Mg +10%GeV
Ne +10"7GeV

X SDK

1/Hy (Hubble distance)

1/Hy ~ 10°€,
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‘ Bardeen’s gravitational potentials
ds® = a?[—(1 4+ 2W)dn* + (1 + 2®)dx?]
Evolution equation for gravitational potentials
B(r){_zaﬁ@ — 20,000® + (—88;5@ + % az) D

.10 16 ., 4 .\ .
4 (-128@ + ?aﬂ@&z) 0, ® + (gé’i@ - 5‘?2) P

. 52 0\ .. 10 .
420,605 + (8020 + 2 ) 020 + (12030 — =0,08°) 0,
16 N2 2 ‘2) 2 }
+HE {6020 + 189,00, — 447D — 60,60,V
+ (12026 + 120,00, — 28°) T} =0
Constraint equation
2 [ym2a  Aaoos oo Ez} T
= {4%@’— — 00— 420 + 29T initially ()

4. 28 . 8 , _
—I—B(T){Ea;f@ + 40,00, P + (?3,‘:0 _ Ean@ané — az) D :

4 4., 8 4
—3on0o Y+ (—gé‘-ﬁ@* + 505000 — 5 @2) 11-}
+HEe* {20 — 2T} =0

= )
—x_(tr 0O

= V()
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CFT ==y

1 Tf_ == 1/E3
(o(7i, x) (T3, X)) = T 4b, log (m2|X — Xf|2)) (E; > Hp)
In Fourier space m = a(7;)Hp
dBk 4 2 2
—log (m2|}(|2) = /k.:__E (27)? ;3 e — 10%5/2:;2)
@ ™ Delta function
In Fourier space
Plr k) = 2 3 ) = —
(T, k) = F(\@(Ti; %) = 2, by ~ 10

_ _ for GUT models
Harrison-Zel'dovich-Peebles spectrum
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® and ¥

0.25

0.15

0.05

-0.05

0.0008 |
0.0004

/

174 176 178

0
-0.0004

-2

-1

log,o(T/7p)

SR N

R~ 12HZ "~

107"

Bardeen Potential ®(b;=10, m=0.0156)

i 0.20
h 0.10
0.20
\\ 0.00

0.10 \ %%

0.00

-2

proper time, Ioglo(r/rp) 1 - :
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Non-Gaussianity in initial CFT spectrum
OR 1

_ _ 2¢ Il n — Dind
op = 92 = 9,2° (—d?,a w — O;pd p)
: ~ k?
In Fourier space  §x(k) = — N (k)
2m?

2

d*q ;
0+ | Gr? (6/2 - )¢ q+km(3 Ez)wm

||
‘Eu

=>» non-Gaussinity parameter is fnp ~ 1

diffeomorphism inv.




2

[T — 292021 TT + )

()
by 1., 4 N\ . 1., 8., .

[ 2 2 i ' 21 TT
+ (—Eanﬁ-?+ EO,?@&?@) a h’t’j }

Tensor Perturbation (b;=10, m=0.0156)

+WHD(’ ? {_Ear;hij - ar]‘f.-':’onhij + E@ héj } =)

2x10°

Initial CFT spectrum

1x10°

5% 10°®

proper time, 10g;(t/1,,)

k[Mpc™] 1o
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‘gﬁ — 1/AQG (>> lpl)

3

Age ~ 107 GeV

1/A ~ 4000 Mpc

A = a(Ti)AQG

running coupling

a(7) ~ 107

m/\ = 60

v/ log(k2/A2) 2 v = 0.0002

-t
\ 0.98 0.99 1 1.01 1.02 1.03 1.04 1.05
A k

Index running coupling
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TT power spectrum

6000
wnl;ap 5yrs ——+—
2008 o
- A = 0.00026 Mpe
4000 -
r = 0.06
2000 | T = 0.08
0 L
1 10 100 500 1500
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TE power spectrum

200

100 r

O L

-100 r

-200 r

-300 |

-400

[\?/dof = 0.977 (
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CFT

CFT
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CMB

AQG =~ 1017 GeV
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DT

y 1
";rffj =2 5 (5’1 + /b7 — 45}1)

Phase Diagram of 4D SQG + Matters(N,,N,)
N,=16K, Conﬂgratlons 10000.

Tr| Crltlcal Pomt (N, +62N 9(2))
Mﬂobs Branched Polymer

«{(4)>0
Dlmple?ﬁw@e'aﬁs,f
) ”)@ /4

100 |

1.20 1.30 1.50 1.60

Horata, Egawa, Yukawa (2002)

(4)

String susceptibility 7 ~ N,

-3

“exp(fteNy)

b

769
N 2Ny — —
( '5{‘|"b )‘l‘ 130 (llf

(4.27)

by = -

(0.0028)

® Grand—-Canonical Method
——— b =0.0030(3) (N, + 62 N, ) + 3.98(3)

100 150

N, +62N,

0 50 200






‘ Canonical Quantization on R x S*3

R x S*3 background metric (= mode-expansions become simple)

dﬁ’RxSﬂ

tjkf

dflz =

= Judrtdr’ = —dn® + 4;;dx'da’
1
= —dn’+ i(d.':u2 + df3* + dy* + 2 cos Bdady)

(P} ik ) jf

d3z\/A =

iﬁ"jk);

— 5111 BdadBdy

R=6

V3:

Isometry of S*3 = SU(2)xSU(2)

Tensor harmonics that belongs to rep. (J +¢,,J —¢,) Wwith &, = £n/2

OsY ey = {—2J(2J + 2) + n}Y i

e

AN

M = (m,m’)

exr = (_1)??1—'”1’

. i1 in% __ i1---in
Laplacian Yyt = (—1)"en Y i pie
ngYll ;1151 Kl...iﬂjz[M?g%) — aJng'ngMgds}lsﬁ
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‘Conformal Algebra on R x S"3

The generator of conformal algebra

. - - 2 Olcpr
= [ dQsC*: T, : — 4 THY — CHT
Q¢ [93 3? 10 0cX =1Q¢, X] 7% o

15 conformal Killing vectors on R x S*3
Time translation: ¢4 = (1,0,0,0)
Rotation on S"3: (& = (0,(R)  (G)mn = AL {YIMVIYIN YinViYiy |

Special conformal: ¢& = (&3, ¢3)

1 - . i o
() =5V V€™, (B = —5/Va€"VYTy,
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‘Conformal Algebra on R x S"3

Qc= [ d%C" T 6. X =i[Q¢, X]

Conformal algebra 15 generators

[QM,QH = 20unH +2RyN, ¢ H : Hamiltonian
H,Qn] = —Qu, R s n: S73 rotation
H,Byn] = [Qu,Qn] =0, Qm Q:ru
Qus Banv,] = Ot @ary — €nny€a 00— nr, Qs : Spefcial c;onf.
Banse, Basms] = Onynas Raesae, — € €150ty By \ [:4d32t:6’:g?: ;]Easnéf@)]

— 5Mg Ms RMl M,y T+ €My EMS d_ My M;y R_ MoMy

Ryun = —emenR noa, Ry = By = 6 generators of SU(2)xSU(2)
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‘ Traceless Tensor Fields

Traceless tensor mode is decomposed ?s
hoo = h, hoi = hs, h;; = hfjr + E':fijh
Take transverse gauge by using the four x* gauge parameters

Vi =V'hE =0 & h=hY,  h¥=h1"

Gauge-fixed Weyl action
L= fdn | dﬂg{_%hgﬂl‘ (0% — 20,02 + 02 + 807 — 405 + 4) hify

1
~=h (1605 + 27) Dgh}
|

|
v

Furthermore, we take radiation gauge+ h=h;|;_1 =0

=» residual gauge DOF = conformal symmetry
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Vector harmonics = (J +y.J — y) rep. with v = +1/2

. | arizat
Tensor harmonics = (.J + z,.J — ) rep. with » = +1 (polarizations)

Transverse-traceless tensor mode

’I#T — 1 Z Z {CJ(MIJE 12Jny J(Mz) T CJ(M i INHY”LI)}
451 \/J(QJ +1)
1
+22.> dj(mzye” o J+2)nY}jﬁ.’fI
J:»le\/J—I—l)(QJ—I—l){ ‘ (Mz)
—I_dJ(ﬂrII} I(EJHMY}&,T)}

Transverse vector mode

1

hye = — Z > esamye Y,
2 731 My \/ 2J —1)(2J + 1)(2J+3){ ! Y
i i Tk
~Cry)€ B J(My)}
Commutators
.I.
{CJI(MIEIJ?Cirfz[Mzﬂ}] - [dilﬁMlzl}rng[Mgzg)] — 5J1J26M1Mz§1'1rzj
[Eh(ﬂfflyﬂ: Eir.fz{szgj] — _5J1J26M1Mz§y1y2
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The generators of conformal algebra ( d¢chu, = i[QF, b))

H" = Z Z{QJCE{MI)CJ(MI) —(2J + Q)dir(M:.,—de(MI)} A(J) y"ll{z,r_ 1.§.‘|:;~.>J+3}‘

J>1 M,z
= 22J 4 2)

i B(J) —— —,
J=1 M.y . (20 = 12T + 12T + 22 + 4)
o \ 2.J(27 + 3)
1
h _ Ef'.«f t
M Z Z EJ{ﬂJlIl),J+%{ﬁfgzz) {&!(J)EﬁflCJ(—ﬂf3I1]CJ+%{ﬂ«fQIg)

J>1 My.xy,Ma,T9

+ﬁ(J)EMld];(—M1$1)dJ+%(Mzrz) + ﬂf(J)EMzchI+%{—M2-T2]dJ(MlIl}} SU(Z)AZ CG coeff.
iM

+ H 1) A(J)E 1'CJF —Miz € 2y2
;thwz 3 i) M) LA MY pty20)€I () B - STT type
H : STV type
—i‘B(J)EJMgeg(_JMZyZ)dj{fyfl.rﬂ} D - SV tillge

1
1M '
2
+ Z Z DJ(EI:Lyg].,J—i-%(szQ)C(J)EﬂffleJ(—ﬂ«fly;)EJ—I—%(ﬂJzyz)
J=1 My, y1,Ma,y2

Conformal symmetry mixes all tensor modes.

Emphasize that negative-metric modes are indispensable to form

the close algebra of conformal symmetry quantum mechanically
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