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Conformal Field Theory (CFT)

1. Critical theory of statistical model
For T #£T. (O(z)0(0)) ~ e—lxl/€ (exponential damping)

(power-law damping)

AT =T § =00 (0()00) = s

Critical pointGconformal inv.h38h %

Critical theory = CFT ScpT  [In general, action is unknown]
Critical phenomena (=small perturbation from critical point)

Scpr — Scpr + ta~ P / dPzO(x) t=(T-T.)/T. (< 1)

t .
Critical exponent (ais UV cutoff)

Be RIFZ D %8 =conformal field O D45 %8
(Ex.forO =¢, ta™ P =¢2P (¢ =at™)DA.=D—-1/v )




2. Background Free Quantum Gravity

Conformal invariance = gauge invariance (diff. inv.)

(cf. in usual CFT, vacuum is inv, but fields are variant)

¢ 2D Quantum gravity (Liouville gravity)
Polyakov, KPZ, DK, David
¢ 4D Quantum gravity
Riegert, Antoniadis-Mazur-Mottola, Hamada

BRST invariance =» physical state = " primary (composite) scalar”
[tensor state is forbidden]

i

AT—IAELGEANT—PLELMELY !
Primodial spectrum of the Universe
Hamada-Horata-Yukawa, PRD81(2010)083533
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CFT (on Euclidean Space)

Generators: P,, M,,,, D, K,

Translation, Lorentz transf., Dilatation, Special conformal transf.

spacetime dim.

Conformal Algebra SO(D+1,1)

[P,u-.- Rz = 0, [ﬂ'irpw: P};] = —1 (fﬁ_u,le — {ﬁrxlpp) )
[ﬁ'f,uy ’ *ﬂlir)\cr = —1 (6,@}\ ﬂ'irucr + {sfzcrﬂ'jrpk - ﬂﬁpcrﬂ'irp)\ — (sif)\ﬂ'irﬁo ) ,
D.P,] = —iP,, [D.M,]=0. [D.K,]=ik,.
Mo K\ = —i(0nK, — 0K, . [K.K,]=0,
K., P = 2i(0,D+M,,)
Hermiticity

Pl=K,  D'=-D GE Minkowski& X E%3)




Primary fields

Spin | fields = symmetric traceless tensors O, ...,,

Primary field conditions:

i[Pﬁ,O)\l...)” (l) — E)PLOM...M(;r),

] [ﬂ-irm,, O)\l"')i: (l) = (;1‘-“51, — ;1‘-1,,(::)]'_1,L — E'-ZPLL,) O),‘l...)” (T).

] [D,O)\l...)” (l) = (;1‘-“3“ —I—A) O}\l---}x,{(i"):

i K . O ()] = (:1::231&L — 22,2,0, — 2A7, + 2-3':1:1,21;“,) Ox,...\ ()

I
YuwOxnny, =10 ) ( ur;Ove — mﬁ;m) Oxidj10A 41N

2-point function =
1 1
(Opr iy (2)Oyyy (0)) = 25 |1 (Lprvn -+~ Lpyy + perms) — traces
/‘ Ly = 8 — 2551;5931/
Positive sign by unitarity 7




Spin | primary states:

M, AL = XA,
iD|IAI) = A|AD, ) Al = Oy, (0)]0)
K, Al) = 0
Descendant states:
Pvl Co Pffn A,, l> (<:> 8,,1 S 81/71 O,u-l"',ul(x))

Unitarity bounds:

D
A>——1 for [ = 0,
1Py B JADI2 >0 5 -

A>D—-2+1 forl>1
T

Ferrara-Gatto-Grillo, PRD9(1974)3564, : :
spacetime dim.

G. Mack, CMP55(1977)1




‘ 2 & 3-Point Functions

2m . 3mERARE D 2L conformal symmetry KUY LI T D KS5(ZiRES

2-point function (normalization) o5 oTuTy
| | 1 pr — Ypu IITQ
(Q(T)Q(D)} — |$|gd
1 [1
(Opy gy ()O0yy.0,(0)) = W T (Ly1vy -+ Ly, + perms) — traces

Unitarity =» positive overall sign & unitarity bounds

3-point function
ff}“i_f

ey )o(x)O,, ..., (0 = Ly o Ly, — traces
(E, (1 1)( (12} M1 ,u.!( )) |;1.-1 - J_,2|gd_5_|_,z|;1_,1|J5_j_f|a_,2|&_; ( M1 i I‘Eli‘eb)

(;1’1_)#, B (-"f--‘Q_)p:

2 2
l.Il 132

fa . @ structure const. Z, =

Unitarity =» fa. is real !




‘ Operator Product Expansion

ZCTIIRDEZDOPEEZZEZ 5

1 . e —
o) = e+ 3 S | S0, () + descendants|
[=2n
1
T o —y[? T Z K —fzjgd—a Calz -y, 6970&?{
I=2n I
BEOH =0 DEEDHESZ Opreo
(Ga)éw)O0()) = =225 Canle ~ .0, (0WOE))
f 1 1 Feynman/\5A—4
2> Caolz —v,0,) ly — z|%4 - |z — 2|8 |y — z|& B TETH]ZAS
1 ! A
Caole-1.9,) = Fm fﬂ drft(1 — 1)) 31
27 2




4-Point Functions (Conformal Blocks)

\

(O(x1)0(x2)d(23)0(24)) = : [1 +- Zpa,fga,f(’ii-a 1’)}
Al

‘$12‘2(£‘$34‘2d

2 .2 2 .2

_. _ r2 ria0 rT X
par = fa, =22t = 2
L3L54 L13Loy
Conformal block for 1 =0
Ay ‘ 1
ga0(u,v) = |z12|% 234> Ca0(212,92)CA 0(234, D) L
oo Ay /A A A
_ H% Z (?)n( 2 )n ( 9 )n—|—m( 2 )-n—|—mun(1 B 'I-T)m

n! (A+1— —jn m! (A)ontm

n.,m=>0

double series (Appell function)

| £ 0 DHZELRRICHETES (#ERXZL TTEE Dolan-Osborn 2001)
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Dolan-Osborn NPB629(2001)459

New variables Z

U = 7523 U = (1 — Z)(l — 2) (41’71 41;3 ‘
Gauss M B 2 ik &k \ /}
ks(x) = 2”21 (B/2,8/2,8:2)

D=even = conformal block LB [ #h# D & TEI(T5!
D=4 (—1)! =2z

gau(u, v)|p=1 =~ —— [hati(2)ka—1-2(2) — (2 < 2)]
D=2 —1 ! _ _
ga,(u,v)|p=2 = ( 25) kari(z)kai(2) + (2 < 2)]
D=odd & — T ELESN TLVEL (0<zz2<)

D=3 2 = Z OEIFEXAMHHBZANTECTESHRD
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— ey

FE=E
Positivity D & {4

Conformal blocks 3K FE>T=mM5&EWLN> T, BN IBETET-
DITTIILEW BEBRER. T 4GhbHEBIE. Z05ET HIZIX
structure constantDEEMNNETH D,



Positivity (zunitarity) Conditions
spin
2-point function =» conformal dim. of primary field Oﬁ![

D
Az 5 -1 fori=0, (=t &free field

Unitarity bounds = o
A>D—2+1 forl>1 DiZE)
3-point function =» structure constant

fa g isreal

4-point function

pal = f2,> 0| COEBEGCTHETS !
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Crossing symmetry Z ‘ D

19, O
¢ ¢

ut = vt =3 pay [vhga(usv) — ulga(v,u)]

ALl \ /

conformal blocks
From this relation,

Udg/_\.,l(uﬁ U) o udg/_\,l(vﬁ “UL)
U

Fd?ﬁ,,{(zjz) =

=

ZPAJFd,A,l(ZaZ) =1 u=2zz v = (1—2)(
ALl
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‘ Ex: D=4 free scalar ¢ (conformal dim.d =1)

OX = 0p; XPDy, -0y, 0+ (A=I[1+2, [ =even)
1 17

Structure const.: fA.1 X OA 1420120  Dit2q =2 B

1.0}

0.8

0.6} F)z=2=1/2

0.4 DT DULERTEH

Bl

0.2

check ofeq. » prioiFiiiei(z2) =1

[=even
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Y
_',\‘4 — 0 1
X2 Z = — X ZY A Z*
L 5 + X +1Y,
—0/ 0.5
AT AT AT
X1 X3 X F(X, Y) = F(X; _Y> — F(_Xa Y)

Consider following operation:

AFI = ) Aun 0RO Flx—y—o

m,n even
2<m+n<N \
Then, crossing symmetry means

ZPA,JA Fanil=0
Al

2 =7 =1/2 ClE%
SEf9 % (URERMEAS LY
LHETEDHD)
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Primary scalar ¢4 Rl x®OPER % Mconformal blockz#& 7z %

@dx%lerZOAJrZ Z OA

A> f >0  A>D—24]

l=even
T

ZCTlIhREIREEIZIR  Blowest scalar O A M conformal dim. A
[Zunitarity bound kYR \VHEIBRZE 52 5

Strategy

d ZEELT f DEZFZEZ T, ZOOPEA unitarity &4
pay > 0 EFETINEIDNEHD

H5 [ LETFETSHHESlowest scalard A\ DERYBBE (X

D

= -2SASf (ERAKRED)

LowesthViRFEN (LR [Lnext lowest scalar, higher spin~
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‘ Positivity D #I| 7 5 14

FFEATEMEZHRXDEGBEEZD
B = {A [Fdﬁﬁjg] > 0 for all A > f (Z = 0)

(d, [ [XEE)

/’ and for all A > D —2+1(1>0)}
CDEREDAERRZH/TE(Anm ) DEETIES
[linear programming® i F] “ERE

( * trivialZg

> > pasA[Fuad #0 because PAl =0 gaum
ALl

> -0 d, [ OB EDE [EpositivityZ TSt
=» forbidden!

W2 AERF T -TENETILallowed !
(* FBODEZTDELDIZHELLY)
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Linear programming (3 2 51E ;%)

B ETBE Linear Prograning) DR (BHSID, #RFFTFFANI00FE])
B yith(Dptinization):
B Fli=xtddy: Fli=xtléy+]! F} =—2dx-y+2' Fdi=dkr-Jy-3 Fhi=—Tdkg-ytl:
(D CTI, BAME P RS DOMERMAD] Fa0, ..., P 0T TEMET A EZAD,
[y Bi={F1)=0, F2y=0, F3)=0, F4)=0,F5)=0};
Bz {lex+ 2y Dex+dy+1, 022 0-3y-3,0¢-2x-y+17]
K Fi=gty; LPSolve(F,B);
Fiozoxv+ ¥
[0, 42857142857143, [x = 0.857142857142857094, y = -0.428571428571428380] ]
E) BT ARV BE IR BT L. PRI R,
COREFRIAELRT AT B R T A E 2 DHEFEATOAZ £ 5.
REOFERELLERL Tas.
[ §5:=-24x-y-2: B2:={F1)=0, F2)=0, F3)=0,F4)=0,85)=0}; LPSolve(F,B2);
Bl = 0ex+ 2y, Dex+3y+1, 022 x-3y-3,0c2x-y+2, 0c-2x-y-1]
Errar, (in Optinization:-LPSolve) no feasible solution found

TwmﬁﬁéﬁC@53H$%ﬁ$%ﬁk?ﬁﬁﬂu.
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EEDEFE
FEXRBOARIE

B = {A [Fd_’&’,r_] > 0 for all A > f ([ == U)
and for all A > D —2+1(1>0)}

BERRIE: A —A; (A1 =A40, Ap =D —2+1)
0 =0(0.01)  lpax = 0(50)  Apax = 0(50)
FEXDOH 0(10Y)
RKEFN, . DE N(N +6)/8 =0(100) (NAKEWZEFIPRAGELY)

{J:IZE: [ <l A< Ay forall l

A[F} — Z )‘m,n 8;\?8{}’F‘X:Y:0

2<m+4n<N
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FEUE

ATHEIGR

D=4: lowest scalarDH£ R RTIZHIEZXTEZ S (HEYEALLELY)
D=2: CFTD &% fi# (2D Ising) L LLEE T 5

D=3: 3D Ising®critical exponentsM it &



D=4 Results

Lowest scalar@®conformal dim.® _E[R
Gg X pg =1+ 0Oa+ ...
A<240.7(d—1)Y2 +2.1(d - 1) +0.43(d — 1)*/

5.5F _-

sof /” LPRIEDEHY

15 => positivity&F &

10f

35f

3.05

2 Eg LPEIZE DAL

2.0 > positivity& F FE LAY
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D=2 Results

2DCFTEZE@BEDE A, =1/8=0.125, A. =1 (Ising)

g X o=1 + £ Belavin-Polyakov-Zamolodchikov, NPB241(1984)333
Friedan-Qiu-Shenker, PRL52(1984)1575

20 RS ) e o S R . ) S o o S o s 6
. o e N
i X:minimal fzef;lfc%(mig) ¢ o i 1)
1.5f  forbidden l . T
772 2(m+1)
AE_’l.U' ’ AEIQ—L
| ]f m + 1
0.5 T (m=3 Ising)
allowed

0-0....I....I....I....I....I....I....I
000 005 0.10 TU.IS 020 025 030 0235
d
Ao WIB L ES 2R XY ORFICENS



Loest scalar® A Zallowed value®maxIZEEL T,
next lowest scalar® A" 2Ly TDallowed regionZiFEd

@(5><c>dw1+0ﬁ+ Y Oa+ > ) Oy

2D Ising
Ao =4
e =L_sL_5-1
(irrelevant op.)

— 4}

A= f

fIX

- Forbidden region
3 of A" (A — max)

150 A>D—24]

l=even

Allowed region
of A" (A — max)

=l
el
- =i
P

max of allowed A
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CDETEIZLowest A &next A’ DFEIZgaphH b LE

BELTLS

zZc. A" > 3 0FIBR%EEL THElowest scalar A D
allowed regionZi%E 9

A 1.2;—

10}
08/
06
0.4
02

A" >3

_—dllowed
/

2D lsing model

A, =1/8=0.125, A.=1
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D=3 Results
FlI#RDETEZD=3TIT7&
3DIsing A, = 0.5182(3), A. =1.413(1)

(Lattice Monte-Carlo simulation)

Allowed region

] 0 0 0 A0 ) 0 ) 0 0 000008 0 0 00 A0 0 0 A | 0 0 AN 80 A ﬁ
0.50 055 060 065 070 075 080 7
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&= lowest scalar A, &next lowest scalar Az DREIZ

gapMHAETEEICANTEHET S

Operator | Spin [ | Zg | A Exponent
o 0 — | 0.5182(3) |A=1/2+1n/2
o’ 0 — | 245 A =34+ wy
€ 0 + | 1.413(1) A=3-1/v
chicEE—+— € 0 + | 3.84(4) A=34+w
g 0 + | 4.67(11) A =34+ ws
T, 2 + |3 n/a
Clvrx 4 + | 5.0208(12) | A =3 4 wnr
Lattice Monte-Carlo simulation
ocxo = 1+(e+e&+--) oXe=04+0 + ...

+ (.Tﬁu/ + .. )
=+ (C,u.f/)\cr + )




Next |OW€S“:%”BE($E’ =~ 3, 3.4, 3.8 )E?JDZ'C(AU., Ag)m
allowed regionZ it &

Allowed Region Assuming A(e)=3 Allowed Region Assuming A(e)=3.4

1.4}

Ao’ 10- L o S T S A S ST T Y T TS S S SN ST S S W
050 055 060 065 070 075 0.80

_0--- L TR T T T TN TS N S Y S T N S S M S|
050 055 060 065 070 075 0.80 Ao’

Allowed Region Assuming A(e")=3.8 (Zoomed) Allowed Region Assuming A(e)=3.8
Ae
1.44¢

143F

1.42F o

1.40f A, = 0.5182(3), A, =1.413(1)
139} (MC result)

Ao
1'%)3510 0.515 0.520 0.525 0.530A0‘ :
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¢ D>2Mconformal blocks D fZ#TB7%:—fi% =X D F & (2001)
o Unitarity§&#4(structure constantmZE#) %89 &
72 R TTIZH B A3 <
o (BEVEMHEAETID ISingETILDEERIEHETHT-
A, = 0.5182(3), A. = 1.413(1)
CNFETDZDERIIAEED LLER

Wilson-Fisher 1972 (eexpansion) e /
S = / "z 5(6_)@5)2 + )\04] D=4—c¢
- 5 T A/ 272
2 2 /6y, 2
,d/\ = —€A -+ 9\ /211 /\*/2??2 ~ 6/9 <1
N . 2 ihe e
At fixed point Arp = (l — E/2J + € /l“?_‘w — (.51 | | )
| Ay =(2—¢€)+¢€/3—1.33 b X P~ P?
. ) . o X 7 4
C=3  pasHhE. ELEIZEMNHS ! o c

(Ag = 0.5180, Ay = 1.4102 at 0(65))
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CFTDF k&

1. 1909 Cunningham, Bateman: conformal inv. Z#38[ZE A

2. 1970 Polyakov: conformal inv.AScritical point TIN5 Z &5
3. 1973 Ferrara, Grillo, Gatto: conformal bootstrap®38FE Y

4. 1984 Belavin, Polyakov, Zamolodchikov: D=2 CFT® &% %

5. 2001 Dolan, Osborn: conformal blocks®—sFZDFER

SHBNLESE:
D>2 D RIEMMCFTHOHEERIN - DA !
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. | (cf. O} () = Oy (x) o0 Minkowski)
Hermitet® (Euclid CFT) o e

1
Ofu---;.u (.‘13) — Wfﬁlﬂl T IFEW OUI---U;(R'I)
. T LT,
Inversion: zu — Rz, = — L = 0wy — 2=

Out-state

-} A = (0[0],...,(0)
= lim (yz)&fmﬂl : “Iﬂ;!fi{movl---w (y)

y2—00

{pa -t AlP, =0 Kul{p -}, A) =0
Pl =K,

T
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2-point function

! 1 ! 1 —1 iP,x!
(O(z)0(z")) = L (O'(Rz)O(z')) = L (A]emFufinluetfimn | A)
where
O(m) _ EiP“$“O(0)€_iP“$“ OT(.’L‘) _ eiKpmpo(oo)e—iKpmp
Pl =K., (Al =(0[0(c0) |A) = 0(0)[0)
From this,
' m."ﬂ n/2 1
(O(z)O(z") (m) (.1:2) = (z — 2')22
Gegenbauer polynomlal
1 | D T T,
O = s ARy Ky P Bl

nCA =2(A4n—1)zC% , — (2A +n—2)C2

m
z=x- -2 [Vziz" L ZC"}‘

(1 -2zt 4122 =
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