Coherent Synchrotron Radiation
and Microwave Instability in

Electron Storage Rings

&

Demin Zhou

Department of Accelerator Science

School of High Energy Accelerator Science

The Graduate University for Advanced Studies

A thesis submitted for the degree of
Doctor of Philosophy

September 2011


mailto:dmzhou@post.kek.jp
http://www.soken.ac.jp/en/

11



Abstract

This thesis work was dedicated to investigating coherent synchrotron
radiation (CSR) and microwave instability (MWI) in electron rings.
CSR is an important issue in modern electron/positron storage rings,
where short bunch length and/or low emittance are usually desired

for particle physics or to produce light.

To better understand the physics of CSR, we developed a new code,
CSRZ, for calculating CSR impedance for an arbitrarily curved cham-
ber. The chamber has rectangular cross section. The CSR impedance
can be calculated with boundary conditions of perfectly conducting
walls or resistive walls. With low-level numerical noises and minimal
numerical damping, the code is well suitable for the task of calcu-
lating CSR impedance in a series of bending magnets. With a tiny
approximation on the geometry of the chamber, which was assumed
to be wiggling in the code, CSRZ can also be used to calculate the
longitudinal impedance due to coherent radiation in a wiggler (CWR).
Therefore, CSRZ does fulfill another mission of calculating the CWR
impedance in the wiggler sections of KEKB and SuperKEKB.

An analytic eigenfunction expansion method was available to calculate
the longitudinal impedance due to CWR with rectangular chamber.
The method used dyadic Green’s functions in electromagnetic theory
and was rigorous for the case of straight chamber. Substantial al-
terations were performed in order to make it applicable to calculate
the imaginary part of CWR impedance related to the beam self-fields.
Therefore we re-derived the theory and did find the full expressions for
CWR impedance. With shielding of chamber, the CWR impedance

indicates resonant properties which were not seen in the theory for



CWR in free space. The analytic work also provides excellent bench-
marking to the CSRZ code.

The last part of this thesis addresses microwave instability (MWTI)
in the KEKB low energy ring (LER) and the SuperKEKB positron
damping ring (DR). Code development for simulating MWI was dis-
cussed first. For the KEKB LER, the impedances of various com-
ponents, including CSR, were collected and used to survey the MWI.
The CSR instability in the SuperKEKB DR was studied using existing

theories of instability analysis.



This thesis is dedicated to my family, especially ...

to my parents for bringing me to this world and for always

encouraging me to follow my dreams,

to my wife, Mingyu Han, for her love, unlimited support and

understanding.



Acknowledgements

This thesis would not have been possible without the support of many
people. I would like to take this opportunity to thank all who sup-

ported, commented and encouraged me during my thesis period.

First and foremost, I would like to sincerely express my gratitude and
appreciation to my thesis advisor, Prof. Kazuhito Ohmi, who has
provided continuous support and guidance throughout my doctoral
study. I am always indebted to his constant trust and wonderful ad-
vice with full of wisdom. It is only with his patient encouragement
that I was able to enjoy carrying out investigations in the field of
accelerator physics. Meanwhile, many of his values in life have in-
fluenced my ways of thinking, being and doing. His consistent help

enabled me to enjoy the life in Japan as a foreigner.

I would like to thank the members of my thesis committee, Prof.
Yong Ho Chin, Prof. Ryoichi Hajima, Prof. Susumu Kamada, Prof.
Norio Nakamura, and Prof. Kaoru Yokoya, for their careful reviews,
as well as valuable comments and suggestions for improvement of my
dissertation. In particular, Yong Ho’s collaboration was essential to
achieving the breakthrough in the work of coherent wiggler radiation
(CWR). Enlightening discussions with Kaoru have been invaluable to
clarify my ideas and to improve my work on coherent synchrotron
radiation (CSR).

At KEK, I have had the privilege of working with many talented pro-
fessionals, who have made contributions to my research experience.
My sincere thanks go to Prof. Katsunobu Oide, for his untiring sup-
port and collaboration. His visionary ideas and invaluable insights

have been a constant source of inspiration to me. The help from



Tomonori Agoh is deeply appreciated. His doctoral thesis and pub-
lished papers set an excellent starting point for my work on CSR.
I would like to thank the members of KEKB commissioning group,
Tetsuo Abe, Kazunori Akai, John Flanagan, Hitoshi Fukuma, Takao
Ieiri, Naoko lida, Hitomi Ikeda, Mitsuo Kikuchi, Haruyo Koiso, Miko
Masuzawa, Toshihiro Mimashi, Yukiyoshi Ohnishi, Yuji Seimiya, Kyo
Shibata, Yusuke Suetsugu, Masafumi Tawada, Makoto Tobiyama,
Mitsuhiro Yoshida, and others, for their collaboration on many of
my subjects and useful discussions. Also, with many of them, I have
enjoyed the collaboration on badminton and ping-pong games. I am
grateful to Kohji Hirata and Etienne Forest for giving lectures to me
on accelerator physics. Particularly, I would like to thank Yusuke
Aizawa, Shigeo Hasegawa, Misa Miyai and Noriko Omura of the SO-
KENDALI office at KEK for their consistent support.

My special thanks are due to Dr. Yunhai Cai, Dr. Gennady Stu-
pakov, Prof. Alex Chao from SLAC and Dr. Mikhail Zobov from
INFN. Their insightful comments at various stages of my research
have been very valuable. It was Yunhai who first introduced me to
study microwave instability when he visited KEK in the end of 2008.
Since then, he has patiently given me innumerable hours of his time
and attention, whenever we met each other, to discuss my work. He
also generously hosted my several visits to SLAC. Gennady’s collab-
oration has made it possible for me to execute my research on both
CSR and CWR smoothly. I am extremely thankful to Alex for his
kind help and valuable advices towards developing my scientific ca-
reer. Mikhail has always been interested in my work and has been

willing to lend his insight and expertise.

I could not omit to thank my master thesis advisor, Prof. Jiuqing
Wang, to whom I have always been grateful for introducing me to the
field of accelerator physics. He also has had a key role in shaping my
own thinking about academic life. I would like to acknowledge the

numerous individuals, Prof. Jie Gao, Prof. Qing Qin, Prof. Jingyu



Tang, Prof. Shuhong Wang, Prof. Guoxi Pei, Prof. Gang Xu, and
others, who have also directly or indirectly affected my scientific career
at IHEP, Beijing.

Many of my friends are deserving of acknowledgements for their help
and encouragement: Yuan Chen, Lihong Cheng, Changdong Deng,
Yuantao Ding, Xiaowei Dong, Zheqgiao Geng, Qingkai Huo, Yudong
Liu, Puneet Jain, Yi Jiao, Teguh Panca Putra, Yipeng Sun, Puneet
Veer Tyagi, Lanfa Wang, Na Wang, Guohui Wei, Guoxing Xia, Dao
Xiang, Qingjin Xu, Yuan Zhang, Wei Zheng, and many others. Many
thanks to all those who have shared their lives and struggles with me,
to those who stayed with me and enriched my life in so many ways:

badminton, basketball, hiking, Go, and so on, during the past years.

Finally, I want to give my warmest thanks to my family for their love
and endless encouragement. My love goes out to my wife Mingyu, who
has been supporting me in every aspect of my life and encouraging

me to be the best individual I can be.



Contents

List of Figures fix]
List of Tables pretti
1 Introduction il
1.1 Electron storage rings . . . . . . . . . . ... ... il
1.2 Electromagnetic theory of wake fields and impedance . . . . . . .
1.2.1 Maxwell’'s equations . . . . . . .. .. ... ... ... .. Bl
1.2.2  Wake fields and impedance . . . . . . . ... ... ... ..
1.2.3 Properties of wake functions and impedance . . . . . . .. 11
1.2.4 Paraxial approximation . . . . . . . ... ... ... 14

1.3 Incoherent and coherent synchrotron radiation in electron storage
TINGS . o o v
1.4 Scope of this thesis . . . . . . . .. ... ... 21l
2 Coherent synchrotron radiation 23
2.1 Imtroduction . . . . . . . . . ... 23]
2.2 Field theory . . . . . . . . . 28]
2.3 Formalism for numerical calculations of longitudinal CSR impedance [32
2.3.1 Parabolic differential equation . . . . . . . . ... ... .. 32
2.3.2 Geometry of the beam chamber . . . . . . ... ... ...
2.3.3 Field separation . . . . . ... ... ... L. 35
2.3.4 Initial conditions . . . . . . .. ... ... .. 38}
2.3.5 Boundary conditions . . . . .. .. ... 38}
2.3.6 Field in the straight chamber . . . . . .. . ... ... .. 391



CONTENTS

2.4 Finite difference technique . . . . . . . .. ... ... (4T
2.5 Numerical results . . . . . . . ... ... ... 45}
2.5.1 Singledipole . . . . . . ... 45]
2.5.2 Interference in a series of bending magnets . . . . . . . .. 53]
2.5.3 Application to the compact-ERL at KEK . . . . . ... .. ¥
254 CSRinawiggler . . .. .. ... ... ... ... ... .. 631
3 Coherent wiggler radiation 69
3.1 Imtroduction . . . . . . . ... 69l
3.2 General theorems and formulas . . . . .. ... ... ... .... [0l
3.2.1 Eigenfunction expansion method to solve inhomogeneous
differential equation . . . . . . .. ..o L 70}
3.2.2 FEigenmodes of a uniform waveguide . . . . . . . . ... .. [73
3.2.3 Dyadic Green’s function and vector potential . . . . . . .. [77
3.3 Fields of a point charge moving with constant velocity in a rect-
angular waveguide . . . .. .. oL Lo 82]
3.4  Coherent wiggler radiation . . . . . . .. .. .. ... ... ... 8]
3.4.1 Beam spectrum . . . . . ... ... oo 88|
3.4.2  Electric fields in a finite-length wiggler . . . . . . . .. .. 92]
3.4.3 Wake potential and impedance . . . .. .. ... .. ... 94]
3.4.4  Simplification of the solutions . . . . .. ... .. .. ... Q9]
3.4.5 CWR impedance due to imaginary frequencies . . . . . . .
3.4.6  An infinite long wiggler . . . . . . .. ..o T08]
4 Microwave instability 11
4.1 Introduction . . . . . . . ... 11l
4.2 Deviations from steady-state models . . . . . ... .. ... ... 114
4.3 Code development for simulations of microwave instability . . . . [LI6l
4.3.1 Operator splitting . . . . . . . .. .. ... ... ... ... 117
4.3.2 Discrete operator . . . . . .. .. .. ... K
4.4 Microwave instability in the KEKB low energy ring . . . . . . .. 119
4.4.1 Quasi Green’s function of wake potential . . . . . . .. .. 1201
4.4.2  Simulation results and comparison with measurements . . [123]

vi



CONTENTS

4.5 Microwave instability in the SuperKEKB

positron damping ring . . . .. ... [126]
4.5.1 Instability analysis based on broad-band CSR

impedance . . . . . . .. ... 128

4.5.2 Instability analysis in the presence of narrow-band CSR
impedance . . . . . .. ..o 1201
5 Summary and outlook
5.1 Summary ... ... 133
5.1.1 Coherent synchrotron radiation . . . . . .. ... ... .. 133
5.1.2  Coherent wiggler radiation . . . . . . . . . ... ... ... 134
5.1.3 Microwave instability . . . . . .. ... ... ... ...
5.2 Directions for future work . . . . ... ..o
5.2.1 Numerical method based on the parabolic equation . . . . [130l
5.2.2  Analytical method of eigenfunction expansion . . . . . . . 130
References 139

Vil



CONTENTS

viil



List of Figures

1.1
1.2
1.3

2.1
2.2
2.3

2.4

2.5
2.6

2.7
2.8
2.9
2.10
2.11
2.12

2.13
2.14

Layout of KEKB low energy ring. . . . . .. .. .. ... .....
Coordinates of the point charges ¢; and ¢o. . . . . . . . . . .. ..
Beam orbit and spherical polar coordinates for a charged particle

traversing a bending magnet. . . . . ... ...

The geometry of the curved chamber for a single bending magnet.
The geometry of the curved chamber for a wiggler. . . . . . . ..
Staggered grid definition with ghost points outside the boundary
of the chamber. . . . . . . . .. .o

Horizontal radiation field established by a beam in a straight cham-

CSR impedance for a single bending magnet with R = 1 m.

CSR impedance and wake potential for a single bending magnet
with R=5m. . . ... ... .
CSR reflected by the outer wall of the beam pipe. . . . . . . . ..

Contour plots for the profiles of the radiation field with k& = 1230 m~*.
Contour plots for the profiles of the radiation field with k& = 4930 m~*.
Contour plots for the profiles of the radiation field with & = 9100 m~*.

Contour plots for the field patterns of a rectangular toroidal pipe.
CSR impedance and wake potential for 4 bending magnets inter-
leaved with equidistant drift chambers. . . . . . . . . .. ... ..
Layout of SuperKEKB positron damping ring. . . . . .. .. ...
Bending radius as a function of s for one arc cell of SuperKEKB

positron damping ring. . . . . . ... .o

X



LIST OF FIGURES

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22
2.23

2.24
2.25

2.26

3.1
3.2
3.3
3.4

3.5
3.6
3.7

3.8

CSR impedance and wake potential of the arc section in the Su-
perKEKB positron damping ring. . . . . . .. ... ... ... ..
CSR impedance for a single bend in the cERL return loop - Rela-
tivisticeffect. . . . . . .o
CSR wake potentials for a single bend in the cERL return loop -
Relativistic effect. . . . . . . . . . ...
CSR wake potentials for a single bend in the cERL return loop -
Without drift CSR. . . . . . . ... ...
CSR impedance for a single bend in the cERL return loop - Drift
effect. . . . .
CSR wake potentials for a single bend in the cERL return loop -
Drift effect. . . . . . . ...
CSR wake potentials for a single bend in the cERL return loop -
Drift CSR. . . . . . .
CSR impedance and wake potential of a wiggler. . . . . . . .. ..
CSR impedance and wake potential of a wiggler with various cham-
ber heights. . . . . . . ...

03]

09

60

CSR impedance and wake potential of a wiggler with various lengths.

Bending radius as function of s for one super-period in the wiggler

section of SuperKEKB low energy ring. . . . . . . ... ... ... 671
CSR impedance and wake potential of the wiggler section in the

SuperKEKB low energy ring. . . . .. ... ... ... ...... 671
Parabolic dispersion relation of waves propagating in a waveguide.
Dispersion relation of imaginary-frequency waves in a waveguide. .  [70]
Contour for the complex integration over 5. . . . . . . . ... .. 78
Dispersion relation for the waves excited by a point charge moving

along a perfectly conducting waveguide. . . . . . . . . .. ... .. 851
The geometry of the straight rectangular chamber for a wiggler. 88
The beam orbit inside a wiggler. . . . . . . . . .. ... ... ... 89
Dispersion relation for the waves excited by a point charge moving

along a perfectly conducting waveguide sandwiched by a wiggler. . [93]
CWR impedance of a wiggler. . . . . . .. ... ... ... ... [104]



LIST OF FIGURES

3.9 CWR impedance of a wiggler with high order modes considered. .
3.10 Imaginary part of the CWR impedance. . . . . ... ... . ... 108}
3.11 Imaginary part of the CSR impedance of an infinitely long wiggler.

4.1 Ratio of the thresholds of coasting beam model to the bunched

beam model. . . . . . ... 113
4.2 Calculated geometrical wake potentials of 0.5 mm bunch for KEKB

LER. . . . 1120
4.3 Calculated geometrical, resistive wall and CSR wake potentials of

0.5 mm bunch for KEKB LER. . ... ... ... .. ....... 21

4.4  Calculated loss factor as a function of bunch length for KEKB LER.[122]

4.5 Comparison of calculated and measured loss factor as a function

of bunch length for KEKB LER. . . . . . .. .. ... ... .... 123
4.6 Bunch length as function of bunch current at KEKB LER. . . . .
4.7 Energy spread as function of bunch crrent at KEKB LER. . . . . [120
4.8 The CSR threshold as a function of the wavelength in SuperKEKB

DR. . . 11 291

4.9 Quality factor and shunt impedance as a function of number of cells. T3]

X1



LIST OF FIGURES

patl



List of Tables

4.1 Main parameters of KEKBLER. . . ... ... ... ....... 1241
4.2  Main parameters used in tracking simulations for the SuperKEKB
DR . . e [127]

4.3 Some critical parameters related to CSR for the SuperKEKB DR [127

xiil



LIST OF TABLES

Xiv



1

Introduction

1.1 Electron storage rings

In the past few decades, there have been increasing storage rings built as collid-
ers or powerful synchrotron radiation sources which are essential research tools
applied in diverse fields of science, such as physics, chemistry, biology, etc. A
storage ring is a type of circular charged-particle accelerator in which charged
beam may be stored for a long period of time at a constant energy. Modern
electron storage rings work at ultra-relativistic energies and the electron’s speed
becomes extremely close to the speed of light.

The most common components in a storage ring are a circular evacuated pipe,
a series of magnets, RF cavities, etc. The evacuated pipe provides the necessary
vacuum to avoid beam-gas collisions which can cause gradual loss of particles.
Dipole magnets are used to confine the beam in a closed orbit. As an example,
Fig. shows the layout of the KEKB low energy ring [I], where the dipoles keep
the beam circulating along a closed orbit which looks like a racetrack. Interleaving
the dipole magnets with an appropriate arrangement of quadrupole and sextupole
magnets can give a suitable focusing system to keep small beam sizes. RF cavities
are used to replace energy lost through synchrotron radiation and other processes.

When the charged beam passes through the dipole magnets, radiation is emit-
ted in the direction tangential to the beam trajectory. In an electron or positron

storage ring, the dynamics of the charged beam is significantly affected by the
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radiation from the beam itself. The quality and stability of the beam in storage

rings may be limited by the synchrotron radiation.

This study focuses on the beam physics involving synchrotron radiation in
electron storage rings (for fundamental principles of beam physics in circular ac-
celerators, for examples, see Refs. [2, [B] 4. 5]), where the electron beams are
bunched. It is trivial to apply the same theories to positron storage rings because
the only difference is the sign of charge. In storage rings of colliders or light
sources, the overall machine performance essentially depends on the bunch cur-
rent of the circulating beam. In addition to the single-particle beam dynamics,
collective beam instability due to various sources can be essential in limiting the
machine performance. The scope of the topic is narrowed and focused on the col-

lective effects due to the beam interacting with its self-induced electromagnetic

fields.

Figure 1.1: Layout of KEKB low energy ring. Only dipole magnets (main dipoles,
correctors and wigglers), which form the closed orbit for the electron beam, are

marked in the plot.
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1.2 Electromagnetic theory of wake fields and

impedance

1.2.1 Maxwell’s equations

Conventionally, the interaction between the beam and the beam-induced fields
is described as wake fields and coupling impedance. Therefore, it is natural to
start from introducing the fundamental electromagnetic theory. This subsection
follows Ref. [6] to derive the field equations based on the Maxwell’s equations.
These field equations will build up the basis of this thesis.

Consider a charged beam traveling with velocity ¢ along a prescribed trajec-
tory inside a vacuum chamber. The resulting electromagnetic fields € and B are

governed by the Maxwell’s equations. In differential form these equations are

. 0B
= 1.1
VxE& 5 (1.1a)
. o€ .
V xB-— [LQE()@— = uoﬂ, (11b)
t
V-B=0, (1.1c)
v.E=2 (1.1d)
€o
~ 9o
g _Y¢ 1.1
Vg 5 (1.1e)

Here, o is the charge density, and J is the current density. The parameters
1o and €y are the permeability and permittivity of free space, respectively. The
equation of continuity Eq. gives J = ov. In the presence of boundaries,
extra conditions for fields on the boundaries should be satisfied. Consider a

perfectly conducting surface, in general, the boundary conditions take the form
of

—

ix€&=0, ©-B=0, (1.2)

where 77 is the unit vector normal to the surface.
In the vacuum, the magnetic induction B is proportional to the magnetic field
H with a simple relation of B = Moﬁ- From Eq. 1} the magnetic induction
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is always solenoidal and may be expressed by the curl of a vector potential A as

follows

B=VxA (1.3)

Since V-V x A = 0, this makes V - B = 0 as well. The vector A is called the
magnetic vector potential and may have both a solenoidal and a lamellar part. At
this stage of the analysis the lamellar part is entirely arbitrary since V x ffl =0.
Substituting Eq. into the curl equation for e gives

Y

Vox (€40 =0, (1.4)

where ¢ = —2

is the light speed in vacuum. Since V x V& = 0, the above

VE0€o
result may be integrated to give
Y
E=——77--Vo 1.5
at ) ( )

where ® is called the electric scalar potential. So far two of Maxwell’s equations

are satisfied, i.e. Egs. (1.1a) and ([1.1¢)), and it remains to find the relation between
® and A and the condition on ® and A so that the two remaining equations 1’
and (1.1d) are satisfied. The curl equation for B gives

VXVXxA=VV-A—VA

SR
= Ho€o It Ho

1 (P4 0% .
= —g (W + Va) +/~L03- (16)

Since ® and the lamellar part of A are as yet arbitrary, one is free to choose a

relationship between them. For purpose of simplification, one can choose

> 1 0®
V-A=—5— 1.7
c? ot (17)
which is called the Lorentz gauge condition. Using Eq. (1.7), one finds that

Eq. (1.6]) reduces to

L 10%A »
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Using the Lorentz condition to eliminate V - A gives the following equation to be

satisfied by the scalar potential ®:

1 0%® 0
2 - 2 =& 1.
v c? Ot? € ( 9)

Equations (|1.8) and ([1.9) are the vector and scalar inhomogeneous wave equa-
tions, respectively. Using the Lorentz condition, the field may be written in terms

of the vector potential alone as follows

B=VxA, (1.10a)
1 t
€ :—%—“jJrc? VV - A. (1.10b)

Many times it is more convenient to work with field quantities in the frequency
domain rather than in the time domain. Since any physically realizable time-
varying function can be decomposed into a spectrum of waves by means of Fourier
integral, there is little loss of generality [6]. The Fourier transform may be defined
as

1

F(t) = py /oo F(w)e ™" dw, (1.11)

—0
and

F(w) = /OO F(t)e™" dt, (1.12)

o
where w is the radian frequency. The time variation in the form of Eq.
implies that the time differentiations can be replaced by —iw. In our notation,
the field quantities in the frequency domain will be denoted in roman type or
tilded variables. With the time-varying factor e~ dropped, the wave equations

for potentials change to the versions of inhomogeneous Helmholtz equations

V2A+ A= —pod (1.13)
and
V2o + k2 = — L, (1.14)
€o

where k = w/c is the wavenumber. The Lorentz gauge condition Eq. ([1.7) reads

2

b="V-A (1.15)

1w
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The magnetic induction and electric field are given by

—

B=VxA, (1.16a)

2
E=iwA—Vd=iwA- S vv. A (1.16b)

w
One can also derive the wave equations of electric fields and magnetic induc-

tion directly from the time-domain Maxwell’s equations. The equations are

- 10? 1 od
2 = — 1.1
v c? Ot? eovg +Ho ot’ (1.17)
and .
- 10%B -
V2B — Tz = MV <3 (1.18)
The corresponding equations in the frequency domain are
— — 1 -
V2E + k*E = —Vp —ipgked, (1.19)
€0
and
V2B + kB = —11,V x J. (1.20)

The flux density of electromagnetic energy, i.e. Poynting vector, is defined as

§— L& 3, (1.21)
Ho
1.2.2 Wake fields and impedance
In particle accelerators, the charged beam generates electromagnetic fields when
traveling inside the vacuum chamber. The beam-induced fields are usually re-
ferred to as wake fields in the literature because they mainly remain behind the
source charge at high beam energy. This terminology is followed in this thesis,
but one should note that wake fields can also overtake the source beam in the
cases of a beam moving at the velocity of v < ¢, or along a curved trajectory.

A general description of wake fields and impedance theory by Palumbo, et
al. [7] is followed here. The generality lies in no assumption of cylindrical sym-

metry for the vacuum chamber. It will be more convenient for discussing the wake
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fields and impedance due to coherent synchrotron radiation (CSR) in a rectangu-
lar vacuum chamber as to be shown in next chapters. Consider a point charge ¢,
traveling with constant velocity v inside a region with prescribed trajectory (see
Fig. . The region can be a vacuum chamber and is considered to be passive.
That is, the vacuum chamber can only absorb energy from, not generate energy
to, the charged particle. The particle trajectory is usually a straight line parallel
to the axis of the vacuum chamber. The Cartesian coordinate system of (z,y, s)
is chosen tentatively, while s-axis denotes the direction of beam motion. Let
1 = (x1,y1, s1) be the position of ¢;. Due to constant velocity, the longitudinal
position can be defined as s; = vt. It is assumed that the transverse coordinates
(x1,y1) will not vary with time. The corresponding charge and current densities

are described by the Dirac delta function, i.e.
01(7,t) = qio(F — 1), (1.22)

and

97, 1) = o1 (7, 1)7. (1.23)
Applying Egs. ((1.22) and ((1.23) to the Maxwell’s equations, i.e. Eqgs. (|1.1)), one

can obtain the time-varying electromagnetic fields € and B generated by g¢;.

B v

s

Figure 1.2: Coordinates of the point charges ¢; and gs. The charge ¢ follows ¢

for z > 0 and vice versa for z < 0.
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Imagine that a virtual point charge go has coordinates 7 = (3, ¥z, S2). The
charge ¢, follows ¢; entering the same region with the same velocity but at a
time delay of 7 = z/v, which implies that sy = v(t — 7) (see Fig. [1.2)). The

electromagnetic fields generated by ¢; exerts Lorentz force on ¢y by
3_;(7:’2, Fl, t) = ({2 g(FQ’ 'f’i, t) + '17 X ﬁ(FQ, ’f’i, t)i| . (124)

To formulate the theory of wake fields and impedance, two approximations

are introduced as a basis by following Ref. [§]:

1. The rigid-beam approximation: This approximation defines the status
of the charged beam when it traverses the region considered. It says that
the beam is rigid and its motion will not be affected by the wake fields
during the traversal of the region. Namely, the motions of ¢; and ¢y in our
model will not be affected by the wake fields.

2. The impulse approximation: This approximation defines the effect of
the wake fields. It says that the wake effect is only considered as an impulse
perturbation applied to the test particle when it completes the traversal;
during traversing the region, the wake force will not change the motion of
the test particle (rigid-beam approximation). The impulse is defined as the

integral of the wake force with respect to time.

With the above approximations, one can calculate the impulse kick applied

to g2 by integrating the Lorentz force along the region

= T+% —
F(Fpr, 1) = / dt vF (i, Fst),  with s — ot and sy = v(t — 7). (1.25)

T

The subscripts L in Eq. represent the transverse coordinates, i.e. 75, =
(z2,y2) and 711 = (z1,y1). The integration interval (7,7 + £) indicates the
range of the region along s-axis. Sometimes the interval can be replaced by
(=00, 00) without ambiguity if the region considered extends to infinite length.
The quantity F is called the wake potential, which is a function of 7 and the
transverse coordinates of source and test particles. When writing down Eq. ,
the rigid-beam and impulse approximations have already been used. And one

notices that 75, and 77, are independent of time.
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The wake potential 57“ can be decomposed into two parts: the longitudinal
component F | which is parallel to the beam trajectory and the transverse com-
ponent 57“ | which is perpendicular to the beam trajectory. Correspondingly, the
longitudinal and transverse wake functions Wy (ry,,7.;7) and WL(@ 1,715 T)

are defined as follows

— — 1
I/V”(’I"QL,’IHL;T) == ——?“(TQL,TlL,T), (126&)
4142
S . 1 =
WL(72L7T1L;T) = _S:L(TQL,TlL, ) (1.26b)
4192

Note that here the longitudinal and transverse wake functions are defined as
scalar and vector functions respectively. The longitudinal wake function indicates
the energy loss of the test particle per unit of both charges ¢; and ¢,. The
transverse wake function indicates the transverse momentum kick acted on the
test particle per unit of both charges ¢; and ¢s.

Using Fourier transform, one can calculate the spectrum of the wake functions,

so called impedance, as

Z)(For, 15 w) :/ dr Wy(Far, 711 7)e™7, (1.27a)
S o i OO - iwr
Z) (o, T w) = v_/c/ dr W (7,7, ;7)e. (1.27Db)
Then the wake functions expressed by inverting the above Fourier transforms
are .
W”(FQJ_,/’?]_J_;T):%/ dw Z”(??QJ_,/FlJ_;(JJ)e_iWT, (128&)
S o e S —iwT
Wi (roy,T1157T) = %/ dw Z | (Th, , 711 w)e ) (1.28b)

The imaginary constant ¢ appears in Egs. (1.27b]) and ([1.28b]) due to a historical
convention. There is a monograph by Zotter and Kheifets [9] on calculations of

wakes and impedances from various sources in high-energy particle accelerators.
Assume that the test particle g2 has a distribution with charge density oo(7, 7, t—
7), and the Lorentz force Eq. (1.24) can be equivalently written as

T2,7"1, ///dV 0o(T, o, t — T) [g( 1) + U X ﬁ(?,ﬂ;t) . (1.29)
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where 75 denotes the center of the distribution of ¢». It is more appropriate to
formulate the longitudinal wake potential as

L

7'+v .
?”(FQJ_,F]_J_,T) = / dt U - ?(7?2,7_')1725) (130)

Substituting Eq. (1.29)) into Eq. (1.30]), one gets

T+%
gr(FZLaFu;T):/ dt ///dV 097, To, t — T)U -

The term of oo(7, 72, t — 7)T = H}(F, 75,1 — T) is recognized to be the current

My

(7 7;t). (131

density. Therefore, the longitudinal wake potential can be expresses by

T—i—% . .
§F”(Fu’ﬂi37):/ dt ///dV do(7, 75,1 — 7) - E(7, 715 1)
:/U dt ///dV 0o(F, o, 1) - E(F, 7t + 7)), (1.32)
0

The second equality is justified by changing the integration variable ¢ — ¢ 4 7.

Then, the longitudinal wake function reads

VVH(T_”QJ_,Fu_;T) —_ dt ///dVHg (7’ Tl,t—f—T) (133)

4142
Substituting the Fourier transform of the electric field into the above equation, one

can find the longitudinal impedance as follows by comparing it with Eq. (1.28al):

ZH(T_”QJ_,T_”U_;CU) - - dt ///dV 32 (T T’U_, ) _Mt. (134)

4142
The above equation tells that the longitudinal impedance is obtained once the
electric field generated by a beam was found by solving Maxwell’s equations in
the frequency domain. In particular, for a point charge with constant velocity,
i.e. Jo(F, 7, t) = qu8(F — 7%)7, one has [10]
L

Z(Tor, 115 w) = —% /U dt v - E(Fg,FlL;w)e_i”t, with so = vt. (1.35)
If one is only interested in the monopole impedance (or wake function), which is
usually the dominant term, both the source and test charges can be put on the

aXiS, i.e. FQJ_:'/?lJ_:O.

10



1.2 Electromagnetic theory of wake fields and impedance

The theory discussed so far about wake fields and impedance is general and is
applicable to the cases of vacuum chambers with arbitrary shapes. If the chamber
considered is cylindrically symmetric, the whole theory can be discussed under
the framework of cylindrical coordinate system. The relevant detailed discussions
can be found in Ref. [I1].

In the above discussions, it has been assumed that the beam trajectory is along
a straight line. Thus the point charges are in rectilinear motion. In practice, the
direction of beam motion may vary with time. The region considered can also
be free space instead of vacuum chamber. For instance, in some cases one must
consider a curved trajectory due to external fields inside components such as
bending magnets or separators. Then the above discussions have to be extended
in proper ways. One possibility is to choose the local curvilinear coordinate
system, and this case will be discussed in Chapter 2} If one adopts Cartesian
coordinate system for a curved beam trajectory, both coordinates and velocity of
the beam will vary with time. This case will be studied in detail in Chapter [3]

Once the longitudinal impedance of a structure is determined, one can use it

to calculate the energy change of a bunched beam of charge ¢ by
AU = —kr)¢°, (1.36)

where k) is the loss factor defined by

o= /0 " Rez) (k) \mf dk., (1.37)
with S\(k) the spectral density of the bunch. The symbol Re denotes taking the
real part of the quantity concerned. On the other hand, if the spectral density of
the energy loss is readily known, one can use Eq. to calculate the real part
of the longitudinal impedance, i.e.

T dU (k)
2 odk

ReZ”(k) = — (1.38)

)

q*c

1.2.3 Properties of wake functions and impedance

The wake functions and impedance reflect the fundamental properties of a system

and are independent of the charged beam, though they are derived from the

11



1. INTRODUCTION

response of the system to a point-charge excitation. From the fact that the
wake functions are always real, it can be concluded that Z(—w) = Zj(w) and
Z,(—w) = —Z7 (w). Here the superscript * denotes taking the conjugate of a
complex number. In many cases, the test particle moving ahead of the source
particle does not feel forces, therefore the wake functions are causal, i.e. W (1) =
0 if 7 < 0. This is always true when the charged particle is moving along a
straight line with the velocity v = ¢, because relativistic causality requires that
no signal can propagate faster than the speed of light in vacuum. Causality is a
fundamental principle in the physical world. Basically, it states that the effect
cannot precede the cause. Here the causality is introduced in a mathematical
way. And it is only for purpose of convenience in discussing the properties of wake
functions. The reader may find that it is not connected to the causality which
appears in physical phenomena. There exist various definitions of causality, an
interesting discussion can be found in Ref. [12].

For the causal wake functions, the real and imaginary parts of their impedance
are intimately related to each other. The relation can be described based on
Titchmarsh theorem in mathematics (for instance, see Ref. [12]), which says that

the three statements as follows are mathematically equivalent:

1. W(r) = 0if 7 < 0 and W(7) is a function belonging to the space of the

square-integral functions L2.

2. Let Z(w) € L? be the Fourier transform of W(7), if w is real and if
Z(w) = hmo Z(w +iw'), (1.39)
w!'—

then Z(w + w’) is holomorphic in the upper half-plane where w’ > 0.

3. Hilbert transforms [I3] connect the real and imaginary part of Z(w) as

follows:
Re{Z(w) PV / Imjz_ s, (1.40a)
Im{Z(w)}:—%P.V. / wc&u’, (1.40D)

where the symbol P.V. indicates taking the principal value of the relevant

integral.

12



1.2 Electromagnetic theory of wake fields and impedance

The causality of W (7) implies that its Fourier transform Z(w) is analytic in the
upper complex w-plane. The real and imaginary parts of Z(w) are correlated via
the Hilbert transforms. In the literature, Eqs. are also called the Kramers-
Kronig (K-K) relations [14], [15]. Alternative forms of K-K relations may be useful
for practical calculations. Using the property of the impedance Z(—w) = Z*(w),

one alternative by eliminating the negative frequency parts can be derived as

follows
Re{Z(w)} %P.v. / h %d@’, (1.41a)
Im{Z(w)} = —Z%P.V. /OO %dﬁ. (1.41D)

It is possible to remove the trouble of divergence at w’ = w and improve the
convergence of Eqgs. (1.40) and (1.41). This results in another alternative as

follows

Re(Z(w)) = — /0 Yo (ImiZ <:2}_—w12m{2 N g (1.42)
m{Z(w)} = —2?‘” / ¥ Re{Z (”2,}2’ — Ej{z W} 1 (1.42D)

It is noteworthy that there is no need to take the principal values of the relevant

integrals in the above equations. The K-K relations provide the convenience of
determining the imaginary part impedance from the real part, or vice versa. For
example, they are very useful when the impedance is calculated using power spec-
trum method in the electromagnetic theory. In this case, one always calculates
real functions of the electromagnetic fields, thus only real part impedance could
be found, according to Eq. .

It should be emphasized that the previous discussions only apply for causal
wake functions. For non-causal wake functions, such as those of the space charge
and coherent synchrotron radiation, the above theories have to be extended. A
simple application of K-K relations may fail to determine the correct answer. The
readers will see that most of this thesis is dedicated to the study of non-causal

wake functions and impedance.

13



1. INTRODUCTION

1.2.4 Paraxial approximation

In many cases, the paraxial approximation of the full Maxwell’s equations can
be used for field calculations. In the optics theory, it is valid in the limit of
small angles from the optical axis. It is also very useful for calculations of high-
frequency coupling impedance in accelerators. This subsection is to illustrate the
paraxial approximation of the wave equations obtained previously. Suppose that

the source charge density has the form of
o1(7t) = qo (7, 711)d(s — vt), (1.43)

where o (7,7 ) is the distribution in the x — y plane in a general form. 77,
denotes the center of the distribution. The quantities 7| and 7, are assumed to
be independent of time. Thus the corresponding spectra of charge and current

densities are

p(rw) = / dt o1(7, t)ewt = ﬂa(fl,f’u)eiws/”, (1.44)
o v
and B
T(7w) = Lo (7, 7 e, (1.45)
v

Applying Eqs. (1.44]) and (1.45) to Eq. (1.19)), one has the equations for the

Cartesian components of electric field in the frequency domain

&eiws/v aU(FJJ FU—)

V2E, + K*E, = , 1.46
+ €U ox ( 2)
; 80(71 FlL)

V2E, + k2B, = L eiws/p PO L T1L) 1.46b

vt Y eove Oy ’ ( )
ol

V2B, 4 k2B, = RO sy (1.46¢)

€ocf*y?
where = v/c is the relative velocity and v = 1/4/1 — 32 is the Lorentz factor.
And it is assumed that the current density only has longitudinal component, i.e.
7 = (0,0,v). Notice that there is a common phase factor of ¢*/* on the right
hand sides of the above equations. One can replace the electric field by E =

Ee™s/v where E represents the amplitude of the electric field, which modulates

14



1.3 Incoherent and coherent synchrotron radiation in electron storage
rings

the sinusoidal wave represented by the exponential factor. Then a new set of
equations derived from Egs. ((1.46) can be obtained as follows

2ik OE k2 q Oo(FL,T11)

9 <tk z K i St B
V ]Ex + ﬁ 88 5272 ]Ex €U 31’ ’ (147a)

2ik OF k2 q1 0o (7L, 711)
o 2ROK, = A ZPVL L) 1.47b
Vit B ds Y eu Oy AT
V2R, + 2ik OE, k2 E, = Z'qﬂﬁa(’/_’l,??u)' (1.47¢)

B 0s By €17
Assume that the amplitude function E varies very slowly on the scale of a wave-
length of 273/k, then the paraxial approximation can be adopted. In our nota-
tion, the paraxial approximation requires that
O°E, JE,
0s? 0s

< |/<:2E,,| , withv =2z, y, or s. (1.48)

< ‘k

2 3 . . .
8612” is negligible in compar-

Because of the inequalities stated above, the term of
ison with the term of %. Then the paraxial approximation of Egs. lb reads

2ik OE k? q 00(7L, 1)
ViEe 5~ T (1.49a)
2ik OE k2 ¢ 0o (7L, 711)
2 E y _ R St et 1.49b
VL y+ 6 Os ﬁ2’}/2 Y €0V ay ) ( )
. 2 . . —

Bos P B
where V2 stands for the transverse Laplacian. Once the solution of Eqs. ([1.47)
or ([1.49)) was found, one can derive another formula from Eq. (1.35) to calculate

the longitudinal impedance:

L I
Zy(Tor, 711 w) = —q—/ dsy - B(7y, 7115 w). (1.50)
1Jo

1.3 Incoherent and coherent synchrotron radia-

tion in electron storage rings

In a storage ring, the charged beam is guided by the dipole magnets to achieve

a closed orbit, and acceleration happens when the beam orbit is bent. The

15



1. INTRODUCTION

radiation emitted from the accelerated beam in a storage ring is usually called
synchrotron radiation after its discovery in a synchrotron accelerator [16]. Since
then, synchrotron radiation has become a very powerful tool due to its amazing
spectral brightness or brilliance. Various applications of probing the structure
of matter have been investigated in the fields such as materials science, biology
and medicine. Several monographs are dedicated to this topic (for examples, see
Refs. [5, I7]), here only a brief overview of synchrotron radiation theory is given.
A comprehensive review of its physics is available in Ref. [1§]

In the case that there are no boundaries in the considered region, the retarded
solutions of Egs. and are given in the integral form of

> o ~
A(F,t)—@/g<ﬁ,t—|r r') ar_ (1.51)

 A4n c |7 — 7|

| =7\ d
O(rt) = 7t — : 1.52
0= (e 2T (152)

For a point charge e moving with velocity v, the above solutions are reduced to

the well-known Liénard-Wiechert potentials [19], i.e.

A7) =1 v , (1.53)
i fr-r (1-7-5)
ret

(7 1) = — ¢ , (1.54)

dmeo |7 — 7| (1-7- )
ret

where @ = (F7—7) /|7 — 7| is defined as a unite vector and § = ¥/c. The
subscript ret indicates that all quantities inside the symbol [ | are evaluated at
the retarded time t' = ¢t — |7 (t) — 7 (t')| /c. Using the definitions of Egs.
and 7 one can calculate the electric and magnetic fields from Eqs. ((1.53]) and
(1.54). The results are

- i B +ﬁx[(ﬁ_ﬁ)><§] (1.55)

47eg 72K3|77’—f7|2 cK3|r— 1|

tny

ret
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1.3 Incoherent and coherent synchrotron radiation in electron storage
rings

o1
Ez—hxﬂ
C ret

o€ ﬁxﬁc ﬁx[5+ﬁx<5x§>]
IR DY I K3 |F — 7| ’

ret

(1.56)

where K =1 — - 3 and 5: dg/dt’.

The first term in the curly brackets of Eq. is proportional to 1/ |77 — ]2,
where | — 77| indicates the distance from the point of observation to the source.
Thus it is a generalized form of the Coulomb field. This term is also called
“velocity field” because it only contains B Similar to the space-charge effect,
the velocity field exchanges energy between the leading and trailing particles in a
bunched beam. The second term is proportional to 1/ ["— 77| and is only non-zero
when B’ # 0. Thus this term is also called “radiation field”. The straightforward
implication is that a charged particle emits radiation when it is accelerated. As
a total effect, the radiation field causes energy loss from the accelerated charged
beam but the velocity field does not.

Suppose that the typical variation scale of the source charge and current is
d. The field region can be divided into two parts: the near field region | — 7| =
c(t —t') < d and the far field region |7 — 7| = ¢(t —t') > d. The field properties
of these two regions are quite different. In general, the velocity field dominates
in the near field region and the radiation field dominates in the far field region.
In the transition zone | — 7| = ¢(t — t') ~ d, the strengths of these two types of
field are comparable to each other.

The radiation power can be calculated using the Poynting vector Eq. .
It is written as .

- |2
S(t) = K\|& n| . 1.57
( ) HoC |: ’ 17"615 ( )

The instantaneous power radiated into per solid angle at the observation point is

St = -t eal,
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1. INTRODUCTION

with the velocity field ignored. In a storage ring, the charged particle traverses a

bending magnet with its acceleration ﬁ perpendicular to its velocity 5 . Defining a

00

Figure 1.3: Beam orbit and spherical polar coordinates for a charged particle

traversing a bending magnet. The red arrowed line indicates the beam orbit.

spherical polar coordinate system as shown in Fig. , Eq. ((1.58) can be expressed

in terms of polar angles 6 and ¢ as following [20]

dP(t') P 1 _sin’fcos’ @
dQ (1 —Bcosh)? Y2(1 — Bcosh)? |’

(1.59)

where Py = 6252 /(167%¢gc). The angular distribution is mainly featured by the
factor 1 — S cosf appearing in the denominators of Eq. . It suggests that
the radiation is concentrated within a narrow cone in the forward direction of
6 = 0. In the relativistic limit of v > 1, which is usually true in electron storage
rings, the opening angle of the cone is estimated by A = 2cos™' 3 ~ 2/7. In
particular, the amplitude of the backward radiation with # = 7 is proportional
to 1/(1 + B)%. This value is rather small comparing with that of the forward
radiation with # = 0. One is thus led to conclude that the backward radiation is

fairly negligible in the relativistic limit.
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1.3 Incoherent and coherent synchrotron radiation in electron storage
rings

By applying the Fourier transform, the angular and spectral distribution of

the radiation energy received by the observer is calculated as [19)]

d*U d [dP 2 L L2
=— | —dt=—|F—7|
adk  dk ) a® T

o2 1 /00 i X [(ﬁ - ﬁ) >2< B} ik (ct=7i-T(t) gy
—00 (1 —n- g)

 dreg A2
/ 7 % (ﬁ % 6’) ik (et=T(8) gy

—00

E(k)

2

2
e? k32

" drweg 42

(1.60)

After tedious calculations, the above equation can be computed in the limit of

small deflection angles and 5 — 1. The result is [19]

d?U e 372 [ k\* 262
= _ 1 202 2 K2 ) K2 ) 161
dQdk  Amweg 42 (kc) (L+7°0%) { 2/5<£) + 1 + 262 1/3(6)} ;o )

where ko = 3% /(2R) is the critical wavenumber with the constant bending radius

R. The quantity K, /3(x) is the modified Bessel functions of order n/3 and is
related to the Airy functions [21] by

Ai(z) = %\/1’_/Z’>K1/3(2:L‘3/2/3), Ai'(z) = —%%Kz/g(zxf*/?/s). (1.62)

The parameter ¢ is a dimensionless parameter defined by

3/2

¢ (14~%6%) (1.63)

2k

The spectral distribution of the total radiation energy emitted by a single particle
can be obtained by a proper integration of Eq. (1.61]) over angles; the result is [22]

du e? k[
dk ~ Arey ke June

In the limit of k < k¢, the above result reduces to a simple form of

dU e?
T 3161 (2/3) (kR)V? 1.65
pTa (2/3) (kR)", (1.65)
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where I'(z) is the gamma function. At this point one can find that, from the
above equation, the real part of the longitudinal impedance per unit length due
to synchrotron radiation can be determined using Eq. ((1.38), i.e.

ReZysp(k) 1« dU(k) Zo., AN

— — = Z23Y61(2/3) [ = 1.66
L 2rRe2c dk 47 (2/3) R? ’ (1.66)
where Zy = /po/€0. The above equation is exactly the well known formula for
steady-state CSR impedance in free space [23], and it is valid for k < k¢.

—

For a bunched beam with current density J(7, t), the angular and spectral dis-
tribution of the radiation energy can be calculated by slightly modifying Eq. (1.60]),

i.e.
/ dt / dF 7i % (ﬁ < §(7, t)) gik(et=T(1))

At low frequencies, the wavelength of the synchrotron radiation fields may be

2

PU e kP
dQdk — Ameg 4m2

(1.67)

comparable to or longer than the bunch length. The radiation fields emitted by
different particles in a bunch may interfere with each other and become coherent.
Consequently, the radiation power of the bunch at low frequency can be propor-
tional to the square of the number of particles in the bunch. In modern electron
storage rings, a single bunch may contains electrons in the order of N = 10? or
higher. In this case, the coherence may lead to a very large enhancement factor
in the radiation power spectrum. The coherence of the synchrotron radiation
is intimately linked to the spatial distribution of the particles in a bunch. The
longitudinal and transverse distributions are related to the temporal and spatial
coherence, respectively. Usually, in an electron storage ring the transverse emit-
tance of the beam is very small. Therefore assuming full transverse coherence is
usually accepted for purpose of studying CSR induced beam instabilities. With
non-rigorous calculations, the energetic spectrum of the total radiation is given
by [20]

dU U

dk dk’

The first term in the above equation is the incoherent spectrum, while the second

(1.68)

_ {N NN 1) ‘x(kﬂ

bunch

represents the coherent spectrum. For a Gaussian bunch of length o,

k) = e 722, (1.69)
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1.4 Scope of this thesis

It is easy to see that at wavenumber of k < 1/0., A(k) ~ 1 and the radiation
spectrum is approximately proportional to N2.

The interests on CSR have been growing since the late 1980s when numerous
dedicated synchrotron light sources were built and operated. It was first observed
in a linac at the Tohoku University [24]. Soon later it was found to be a potential
candidate for a bright light source in terahertz region. A comprehensive historical
review on CSR in storage rings has been readily in hand in Ref. [25]. On the other
hand, CSR can be a primary obstacle to achieving ultra-short bunch length,
ultra-low emittance, or ultra-high luminosity in modern storage rings. During
the design of the SuperKEKB, it was found that the beam instability caused by
CSR was so significant in the high-current option [20, 27], that it accounted for
one of the important factors to changing to the present nano-beam scheme [2§].

The importance of CSR has been increasingly recognized by the community
of free electron lasers (FELs) and energy recovery linacs (ERLs) in recent years.
Growing efforts have been directed to better understand the field dynamics of
CSR, the CSR related effects in accelerator projects with ultra-low emittance
and ultra-short beam bunches, schemes of suppressing unwanted CSR for FELSs
and ERLs, schemes of generating wanted CSR for THz light sources, etc. Usually
people calculate the CSR wake fields in the time domain or impedance in the fre-
quency domain and then evaluate its effects on the single-bunch beam dynamics.
Historically, the space charge effect, Touschek effect and CSR have been treated
independently. But all these effects are due the same Coulomb interaction among
charged particles in a bunch. Theories for these topics can be put on the same
basis as stated in Ref. [29).

1.4 Scope of this thesis

As mentioned previously in Section[I.1] this thesis is focused on the beam-induced
electromagnetic fields and their effects on the beam dynamics in electron stor-
age rings. The scope of this thesis was defined as understanding the coupling
impedance due to coherent radiations and its effects on the single-bunch beam
instability. Since the analytical solution is hard to derive, we first developed a

numerical code for calculation of the coherent synchrotron radiation impedance.
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Based on this numerical code, the longitudinal impedance due to CSR and coher-
ent wiggler radiation (CWR) will be intensively investigated. Concerns on field
dynamics of CSR and CWR will be addressed. For CWR, an exact solution is
possibly to obtain based on a general eigenfunction expansion method. With the
longitudinal impedance in hand, we will present results of estimating microwave
instability for the storage rings at KEK.

The rest of this thesis is organized as follows. Chapter [2 introduces the code
developments for CSR calculation, and many numerical examples of CSR and
CWR will also be presented. In Chapter [3| the eigenfunction method is applied
to calculate the CWR impedance. In an effort to verify the validity of the analyt-
ical model, an example of a weak wiggler was studied for purpose of benchmark
against a simple model available in the literature and also numerical results using
the newly developed code. Microwave instability in the KEKB low energy ring
and SuperKEKB positron damping ring will be addressed in Chapter . A pecu-
liar instability due to multi-bend CSR interference in the SuperKEKB positron
damping ring is demonstrated based a simple instability analysis. The structure
of each chapter listed above will start with a brief overview of the background and
an introduction of the general theory of the relevant subject. Finally, summary
of this thesis and outlook of future works are given in Chapter [5]

MKSA units are used throughout this thesis.
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2

Coherent synchrotron radiation

2.1 Introduction

Since the concept of the impedance was introduced to describe CSR effects [30,
31], there have been tremendous efforts in calculating the CSR wake fields and
impedance analytically. A comprehensive review of early efforts is available in
Ref. [32]. In parallel to developments in analytical theories, various codes have
also been developed to calculate the CSR wake fields and impedance (for ex-
amples, see Refs. [26] [B33]), to study the CSR field dynamics [34], or to per-
form self-consistent macro-particle tracking simulations in storage rings or linacs.
A comprehensive overview of CSR codes is available in Ref. [35]. Since then,
tremendous efforts have been expended in developing new codes as well as in-
vestigating new numerical techniques. The new CSR codes are classified into 1D
approach [33], 36, 37, 38}, B9, [40], Newton-Maxwell approach [34] 41}, [42], approach
with paraxial approximation |26} 27, 43] [44], Vlasov-Maxwell approach [45], 146, [47]
and Particle-In-Cell (PIC) approach [48], 49, [50] 51]. This classification is based
on the numerical methods adopted by the CSR codes [52]. Another scheme is to
classify the CSR codes into 1D, 2D, or 3D based on the simulated dimensions of
CSR fields in real space. The discussions on simulations of beam dynamics with
CSR involved are postponed to Chapter [, The topic is narrowed to calculating
CSR impedance in this chapter.

For a point charge moving in free space on a circle of radius R, in the limit of
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2. COHERENT SYNCHROTRON RADIATION

k < ko = 3v3/(2R), the longitudinal impedance per unit length of path is [31]

N 1/3
_ Zop (2) (Z—Z) . (2.1)
»s 27 \3)\3R

From Eq. ([1.284a)), the wake function corresponding to the above impedance is [53]

Z)(k)

L

W (z)
L

N Z()C 1 1
rg 2w (OR)2/3 (—z)43

for z<0. (2.2)

The above equation is valid for 1/kc < —z < R. It indicates that only test
particles ahead of the source particle feel CSR forces. The validity conditions
are easily satisfied in the ultra-relativistic limit of 7 — oo and for short bunches
in electron storage rings. Equations and represent the most popular
one-dimensional (1D) steady-state model of CSR.

The shielding effects were first studied by placing two perfectly conducting
plates in the horizontal plane [54]. This simple model allows one to replace the
plates by mirror charges and reproduce the fields exactly in terms of summation
over the mirror charges. The resulting formulae are expressed in terms of Bessel
functions [53]. A simplified version of impedance in terms of Airy functions was
found [26]

4o & 2 132 il V2
Q¥QW:25'G%> ZN%”&JMM&»_MM&M
+ X2AI(X7) [Ai(X2) —iBi(X2)] } (2.3)

where b is the distance between the plates and

X, =

2p+ U7 (R
b 2%?

1/3
) for p=0,1, 2, ... (2.4)

The steady-state CSR in a rectangular toroidal chamber has also been intensively
studied [55] [56, 57, 58], resulting in more complicated formulas.

The above equations are valid only when the magnets are long enough, i.e.
Ly > (R?/k)Y3. In this case, the transient effects at the entrance and exit of the
magnets are negligible [59]. For magnets with finite length, studies showed that
the transient effect can be significant [60] 61].
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2.1 Introduction

For a three-dimensional (3D) bunched beam, in principle both transverse and
longitudinal wake forces depend on the spatial distribution of the charged par-
ticles. The transverse effects were studied in Refs. [62, 63]. If the bunch is thin

enough and the typical transverse beam size o, satisfies the condition as follows
o, < (Ro?)'", (2.5)

the bunch can be assumed to have line charge distribution along the longitudinal
direction. Consequently, the effect of transverse beam size on the longitudinal
wake fields is negligible [64].

In linac based X-ray Free Electron Lasers (FELs), the CSR forces can be
very strong at very short bunch lengths. Extremely short bunches are usually
achieved by passing them through magnet chicanes. The principle behind it is
that particles with different energies have different path lengths when their orbits
are bended. Then a bunch with energy distribution correlated to longitudinal
positions can be compressed. The longitudinal CSR forces can lead to significant
energy modulations along the bunch and consequently cause transverse emittance
growth. In the case of low beam energy, space-charge forces also play a significant
role. One usually starts from the retarded potentials Egs. and to
calculate the self-interaction of bunched particles along a curved orbit [65], 66, [67].
In the ultra-relativistic limit, the most popular 1D model for the CSR wake
potential per unit length in a bending magnet is [60]

oWs(2, s)
ds

where R is the bending radius, s is the orbit distance from the entrance of the

=Ti(z,R,s)+Ta(z, R, s), (2.6)

magnet and z is the position within the bunch. The form of the above equation
has been modified according to the notations of this thesis. The quantities T} and
T5 represent the main part of CSR fields and the transient part at the entrance,

respectively. They are defined by

SodA) 1\
Ti(z, R, s) = K/ dif) (Z_Z,) d, (2.72)
Az —21) — Mz —4
To(s, R, s) = KAZ—21) 1/3(2 22 (2.7b)
AL
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2. COHERENT SYNCHROTRON RADIATION

where A(z’) is the linear charge density, 21 (R,s) = s3/(24R?) is the slippage
length and the parameter K is defined as follows

1 2

K(R) = _47T€0 (3R2)1/3°

(2.8)

The CSR fields in the drift space was recognized to be as important as that inside
the magnet, especially in cases of short magnet [36]. One model for the drift CSR
is given by [61]
OWja(z, s)
0s

with s defined as the distance from the witness point to the exit of the magnet

= T3<Z>Ra 3) +T4(27R7S)7 (29)

along the beam orbit. The quantities T3 and T} are defined as follows

1 1 L?
T5(z, R, s) :_7T_€()L1,+28)\ <z—6—£2(Lb+35)) : (2.10a)
I [Az—AZnas) ? L dAZ)
T, = — | — = d 2.10b
1(z B, s) € Ly + 2s + /Z_AZMZ s +2s dz =1 (2.10b)

where L, is the magnet length measured along the beam orbit. The quantity s

is determined by the relation of

1 s’ +4s
/ 13
— 2z = 2.11
FTE T uRpt Ty +s’ ( )
with the explicit solution of
1
§'=—s+ 5\/432 + Y13(Y — 1653)1/3
1 2Y — 16s3
b [8s2 — YUB(Y — 1653)1/3 + ° (2.12)
2 V452 +Y13(Y — 16s3)1/3
and Y = 24R*(z — 2/). The quantity Az, is defined by
L3 Lb + 45
A2z = —2 2.13
“ 24R? Ly + s (2.13)

due to the restriction of s’ < L.

CSR fields may interfere with each other along a series of bending magnets.
In such cases, one-dimensional time-domain method has also been investigated
effectively in the linacs [36], 139, 40]. But due to the difficulties in modeling the full
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2.1 Introduction

chamber, usually parallel-plates model was used to address the shielding effect of
the chamber walls.

In electron storage rings, the bunch length is usually in the order of a few
millimeters, or down to sub-millimeters for dedicated THz radiation sources. In
this case, impedance is good enough for studying single bunch instabilities. For
a single bending magnet with beam chamber, up to now only numerical methods
are available [26, 27, 43, 44]. Stupakov and Agoh have developed two different
frequency-domain methods to calculate the CSR impedance of a single mag-
net [44, 58]. They studied the features of CSR wakes, rather than impedance,
by changing the profile of the chamber. Starting with the same wave equation, a
time-domain integration method was developed in Ref. [43] to calculate CSR wake
fields with space-charge included. Unlike treatments in linacs, interference effects
are usually neglected in studying CSR induced instabilities in storage rings.

There exists another kind of multi-bunch interference in CSR fields generated
by a train of bunches. The bunch train pass through a bending magnet following
the same trajectory, and was first observed in Ref. [68]. This kind of interference
will not cause single-bunch instability and is beyond the scope of this thesis.

This chapter follows the method described in Ref. [26] to calculate CSR gen-
erated by a beam moving along an arbitrary trajectory. The beam trajectory
can be generated by a single bending magnet (see Fig. , a series of bending
magnets, or by an undulator or a wiggler (see Fig. . At present, the chamber
is assumed to have uniform rectangular cross-section along the beam trajectory.
To close the problem, two long straight sections are added before the entrance
and after the exit of the chamber. Investigations to be done are as follows: 1)
the features of CSR impedance and profiles of the radiation fields; 2) the CSR
impedance of several bending magnets; 3) the CSR impedance of a wiggler.

First the field equations of CSR are formulated in Section 2.2] In Section [2.3]
it is the problem statement to be solved in numerical calculations: parabolic equa-
tions with variant bending radius, including boundary conditions. The numerical
schemes are described in Section 2.4 Numerous examples of CSR impedance

calculations are presented in Section [2.5]
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2. COHERENT SYNCHROTRON RADIATION

2.2 Field theory

In Chapter [T, the discussions are almost based on Cartesian coordinate systems.
Unfortunately, the CSR problem is not well adapted to a solution in Cartesian
coordinates because of the curved beam trajectory. To study CSR, it is con-
venient to move to the Frenet-Serret (F-S) coordinate system which is popular
in accelerator physics. The F-S frame sets up an orthogonal coordinate system
in the neighborhood of the beam trajectory. The field theory for CSR will be
derived first based on the general theory introduced in Chapter [I}

In F-S system, the three curvilinear coordinates are (x,y, s), where s is the
length measured along the beam trajectory from a reference initial point. As-
suming that the beam trajectory is curved in the horizontal plane, the beam

trajectory can be defined by a factor as follows

X

g(x,s) =1+ %,

(2.14)

where R(s) defines the radius of the curvature and = denotes the displacement
from the center of beam trajectory. Note that R(s) is an arbitrary function of s
in our framework.

It is natural to start from the Maxwell’s equations in the frequency domain

with charge and current sources included

V x E =iwB, (2.15a)
Vxé+%ﬁ=mf (2.15b)
V-B=0, (2.15¢)
v-E="L, (2.15d)

€o
V- J = iwp. (2.15¢)

If there is no sources, i.e. p = 0 and J = 0, the above equations describe
the electromagnetic waves propagating in the region to be examined. There is a
monograph by Lewin, Chang and Kuester [69] on the theories of electromagnetic

waves in curved structures.
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2.2 Field theory

The first price to be paid for using F-S system is that the expressions for
gradient, divergence, or curl exhibit not as simple forms as those in Cartesian

coordinate systems (for instance, see Chapter 1 of Ref. [70]). It follows from

Eq. (2.15a) that

;( 8;; _ %) —iwB, =0, (2.16a)
é[aa% - %(g&)] —iwB, =0, (2.16b)
% - a;;x — iwB, =0, (2.16¢)
and from Eq. that
é(gaazs - %) +oE =0, (2.17a)
ﬂaiw ~ %(QBJ} N %Ey _o, (2.17b)

0B, 0B, n w
ox dy
As derived in Eq. (|1.45)), it has been assumed that the source current takes the

form of

Ey = puoJs. (2.17¢)

J(7,w) = iy Jy(F,w) = isqo(x,y)e™", (2.18)
where 7, denotes the unit vector tangent to the beam trajectory. Namely, the
current density only have component in the s-direction. It is noteworthy that the
rigid-beam approximation has also been applied in the present discussions. From
Eq. , the charge density is calculated as follows

- q iws /v
p(riw) = £%a(x,y)e a (2.19)
The factor of 1/g appears in the above equation due to the choice of F-S coor-
dinate system, and it makes the form of charge density to slightly differ from
Eq. .
The fields of (E , é) can be replaced by (E, @)eiws/ v as what is done in subsec-

tion [1.2.4] Then a new set of equations is obtained as follows

1/ OE, OJE, i
(85—&—31&,)—@'@1@%:0, (2.20a)
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1[OE, i ) .
;{ 5 T B %@Es)] By =0, (2:200)
E, OF
é%;g__ fgév__iaﬂBS:: 0. (2.20¢)
and 1/ 0B, OB, i '
s g iw W
G AR A 2:212)
1|10B, iw 0 w
0B 0B, iw
a—; - ay + C_2ES = Hog0. (2210)

It is obvious that Eqs. (2.20) and (2.21]) give a set of first order, coupled partial

differential equations for E and B

OE, JE; 1w .
— = - —E, — B 2.22
9s Y oy v Y 109 B (2:222)
OE, w 0 .
5 _XEQE + 8_x<gEs) + iwgB,, (2.22Dh)
1 [OE OE
B, = — [ — - —= 2.22
' dw ( Ox y ) ’ (222¢)
and OB, OB, i '
y s Iw iwg
Py _ _ Wy 4 Wy 2.2
as Y oy v’ + 2 Y (2:232)
oB,  iw 0 wg
5~ it gplB) — By (2:230)
2 (0B, OB
B, =S (L P . 2.2
= (- T o) (2.93¢)

It would be interesting if the above equations are numerically soluble. But prac-
tically, there are challenges associated with decreasing the mesh sizes required
by numerical stability conditions, which demands that the mesh sizes should be
inversely proportional to the frequency [26]. Efforts have been made to simplify
the Maxwell’s equations and hence reduce the complexity of solving field equa-
tions. The most significant of these is the paraxial approximation of Maxwell’s
equations which has been proved to be very successful in CSR theory [26], [71].
The parabolic equations of CSR theory resulted from paraxial approximation are

re-derived using our notations in the followings.
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2.2 Field theory

Firstly, the Maxwell’s equations can be uncoupled and it reduces the equations
to second-order partial differential equations of electric fields. With k£ = w/¢, the
results are

O*E, O°E, 10°E, 1 1 1k Og 1 OE,

+ + = + [(1— - = | By + =
0x? oy?  g? 0s? 5%g? R2g?> (g3 0s Rg Ox
{Qik 1 8g} OE, 2 OE, { 1 9g 1d (1) 21k }

w -

Bg2  ¢30s| 0s  Rg? Os Rg3$ gds \R/) BRg?
g 0 [o

S S 2.24
€0 0T (g) ’ (2.242)

o%E, O°E, 1 0%, 1 ., ik dg
- 1— E
5+ o +92 72 T {( B2g?>k } y

 Bgd0s
1 OE, 2tk 1 0g|0E, q 0 (o
+ Rg Ox + {692 g3 85] ds  eudy \g)’ (2:24b)

OE, | P°E, , 19E, G-l L kgl 1 OE
0x? Y2 g% 0s? 3242 R2¢2  B¢30s| °  Rg Ox
{22'1: 1 09} OB, 2 OF, { 1 89 14 <1> %k ]

B3 $£0s| s R 0s | Rgios  g2ds \R) T BRg

1kqo 1 go 0 (1
= -1 — | —-]. 2.24
€oC (5292 ) " €of3gc Os (g) (2.24¢)

The above equations exactly describe the CSR field evolutions with relativistic
effect taken into account. It is interesting that [E, does not enter Egs.
and explicitly. But E, does couple with [E, and E, through the boundary
conditions. As discussed in Ref. [26], when paraxial approximation is applied to
Egs. , the terms of second-order derivative over s are dropped and then a
set of first-order field evolution equations is deduced. This set of equations is
soluble and has been studied by Oide [72, [73]. If only the dominant terms due to

curvature and space-charge effect are considered, one can obtain a much simpler

parabolic equation as follows

OE, i 9= q o 1\ =
D E, — = 2k —— K. 2.25
0s 2k ViE,s eocha + R(s) 29?2 + ( )

In the above equation, the term including x/R represents the dominant effect

of the curved orbit, and the term with 1/4% involved denotes the dominant part
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2. COHERENT SYNCHROTRON RADIATION

of space-charge effects. And the transverse distribution o(x,y) is assumed to
concentrate on a small area around the origin of the coordinate system.

The parabolic equation simplified from the wave equations has tremendous
applications in various areas. In cases of only fields in the paraxial direction
are interesting, the parabolic approximation can be introduced to simplify the
wave propagation problems. There is a monograph by Levy [74] on its appli-
cations for electromagnetic wave propagations. Equation is one form of
parabolic equation suitable for calculating CSR. Applying the parabolic equation

to calculation of high-frequency beam impedance was reviewed in Ref. [75].

2.3 Formalism for numerical calculations of lon-

gitudinal CSR impedance

Starting from this section, Roman letters will be used in notations of field and
beam quantities for sake of convenience, instead of blackboard bold letters used in
the previous sections. The readers can refer to the fundamental theories described

in Chapter [1| and find the original definitions of the quantities concerned.

2.3.1 Parabolic differential equation

Taking ultra-relativistic limit in Eq. (2.25]), the parabolic equation is reduced to

. 1 2k%r ~
D = F 2.2
<VJ_ i . VLPO + R(S) L> 3 ( 6)

0E, i
ds 2k

where E| is the complex amplitude of the transverse electric field, and R(s) is the
s-dependent bending radius along the beam orbit. The origin of the coordinate
system is located on the beam trajectory. Regarding to the beam, the charge
density po = qo/c is assumed to be rigid, i.e. py does not vary along s.

With paraxial approximation, the complex amplitude of longitudinal electric
field is a byproduct of the transverse fields and approximated as,

l

E
ok

<VL B, — ,uocJ5> , (2.27)
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2.3 Formalism for numerical calculations of longitudinal CSR
impedance

where g is the vacuum permeability, ¢ is the speed of light in vacuum, and
Js = poc is the current density. The detailed derivation of the above equations
can be found in Refs. [26], [71]. The validity of these equations will not be discussed
because it has been well addressed in Refs. [44] [5§].
Equation also describes the evolution of the fields in a straight chamber
where the inverse bending radius is zero
OE, i

L1
5 = 2% (viEL — %vlpo) : (2.28)

In our calculations, the beam has a form of point charge in the longitudi-
nal direction and Gaussian distribution in the transverse directions. Then the

longitudinal impedance is calculated by directly integrating F, over s

20 ==+ [ Eanuis (2.20)

where (x.,y.) denotes the center of the beam in the transverse z—y plane. The
appearance of the minus sign in Eq. (2.29) is due to the convention of the beam

instability formalism.

2.3.2 Geometry of the beam chamber

The geometry of the problem is illustrated in Figs. and 2.2 A ultra-relativistic
beam traverses an infinitely long straight chamber, which is not plotted in the fig-
ures, and then enters a section of curved chamber. After passing a finite distance,
the beam exits the curved chamber and enters another infinite long straight one.
All these chambers are under vacuum and have rectangular and uniform cross-
section along the beam orbit. Meanwhile, the walls of the chambers are perfectly
conducting and are always parallel to the beam orbit. This is quite essential
in simplifying the boundary conditions for the field equations and consequently
reduces the problem to a 2D one when the equation is solved numerically.

The curved chamber can occur in a single dipole magnet (see Fig. , orin a
series of bending magnets with straight drift chambers between them. A wiggler
is equivalent to a series of bending magnets with a sinusoidal field profile. Usually

the chamber for a wiggler is flat and straight along the beam orbit. But for the
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2. COHERENT SYNCHROTRON RADIATION

case of a weak wiggler with a small wiggler parameter K /vy < 1, the chamber
can be approximated by a curved one (see Fig. . Thus a weak wiggler can
also be the subject of our study.

Figure 2.1: The geometry of the curved chamber for a single bending magnet. An
infinitely long straight chamber is connected after the exit of the curved chamber.
The beam moves along the curved line with arrows. The origin of the coordinate

system coincides with the beam orbit.

x‘\)li/'/y'/'{l'/’/'//'/.

Figure 2.2: The geometry of the curved chamber for a wiggler. An infinitely long
straight chamber is connected after the exit of the curved chamber. The beam
moves along the curved line with arrows. The origin of the coordinate system

coincides with the beam orbit.

In our framework, the origin of the curvilinear coordinate system x, y and s
coincides with the beam orbit and the beam position in z—y plane (x.,y.) does
not vary with s. The curvature of the beam orbit R~!(s) can be an arbitrarily real
function of s. Though this assumption has already been included in Agoh and
Yokoya’s method [26], its effect has not been well investigated yet. Furthermore,

R(s) does not depend on z or y and it is no matter for R(s) to be positive or
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negative. For a single bending magnet or a series of bending magnets with hard-
edge field profile, R7!(s) can be represented by a step function. For a wiggler,

R7!(s) can be expressed as a cosine function
R7(s) = Ry cos(kys), (2.30)

where R;! is the maximum curvature and k,, is the wavenumber of the wiggler

field.

2.3.3 Field separation

For a point charge the term of py on the right hand side (RHS) of Eq. is
singular. The approach of field separation, which has been used in Refs. |26, [60],
was adopted to remove this singularity in numerical solution. The total field is
separated into two parts: the beam field in free space Eﬁ and the radiation field
Ei. For an ultra-relativistic beam, the beam field is transverse to the beam orbit

and is independent of s. EY satisfies Poisson’s equation

L1
ViE? = —V.ipp. (2.31)
0

€
Then the evolution equation for the radiation field can be written in the form of

OE, i [ o 2K [z =

Similarly, for the field in the straight chamber, there is

= V2 E]. (2.33)

In the following of this chapter, the quantity Ei is always taken as radiation field
and no difference is identified between the fields in the straight section and in
the curved section. With assumption of ultra-relativistic beam, the beam field in
free space does not contribute to Fy, so Eq. (2.27) is equivalent to [26]

1

VL E". (2.34)

by =
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In our calculations, the beam is assumed to have a small transverse size with
rms values o, and o, in horizontal and vertical directions, respectively. The

distribution function is bi-Gaussian as follows

GAk) -2

po(l',y,k>: € 2% 2057 (235)

where ¢ is the total charge of the beam and A\(k) indicates the beam spectrum in
the longitudinal direction. In practical calculations, it is assumed that A(k) = 1
and ¢ = 1C. The typical values of o, and o, are set to be 0.1 mm and 0.01
mm. With such small beam sizes, the beam field is still well concentrated in the
vicinity of beam center. But it will not cause problem in numerical calculations,
because the sharp peak of E® will be smoothed out by multiplying a small value
of z in Eq. .

It is obvious that if the beam moves along a straight orbit in the free space
with constant velocity, there would be no radiation field, i.e. £ = 0. So E'
quite depends on the shielding of the chamber and also on the curvature of the
beam orbit. Thus, separating the beam field in free space from the total field
provides us the convenience of examining the properties of the radiation field
E' in a chamber. On the other hand, E' can be expanded into the sum of the
eigenmodes of the beam chamber [44] [71]. If any mode is excited and dominates
the CSR field, it should be reflected in the profile of E'. This will be addressed
again in Section

The electric field and electric potential generated by a bi-Gaussian beam can
be analytically obtained or calculated using numerical integrations. With bi-
Gaussian distribution and assumed o, > o,, the solution of Eq. in free

space can be expressed using Bassetti-Erskine formula [70]

Ak
Bo,y) = — L8y agey). (2:36a)
2cegy /21 (02 — 02)
gA(k)
Ey(z,y) = Re. [A(z,y)], (2.36D)
2cepy /21 (02 — 02)
where
' _a? 2 2y 4 0%y
Az, y) =w W) - e 2F i [ e | (2.37a)
2(07 — 03) 2(07 — 03)
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w(z) =e (1 + % /0 ) et2dt) : (2.37b)

where w(z) is so-called the complex error function. There is subtlety of numerical
evaluations of w(z) [77]. For large values of imaginary part of z, w(z) grows
exponentially. This problem can be resolved by rewriting the expression of A(z, y)

as

Az, —y) = =A*(z,y), (2.38)

where the superscript * indicates taking the complex conjugate of the quantity
considered. In the case of 0, = 0, = o, the field distribution is much simpli-
fied [78]

b _qAk) oz _a?4y?
Belet) = e L7 ) (2:39)

gA (k) y _o?4y?
E° = l—e 22 ). 2.40
v Y) 2meeg 12 + 12 © (240)

The electric potential of elliptic bi-Gaussian beam in free space can be also
calculated by [79]

NONE o (I=)(A+E) _
b
= dt 2.41
¢’ (x,y) 27rceo/,. T 7 (2.41)

where it is assumed that o, > o, and

A = — 2.42
) = = (2.420)
2
Bly)=—F"—— 2.42b
Ty
= . 2.42
=2 2.20)
When o, = 0, = 0, the electric potential is given by [79]
k) [307 e@Ht _ ]
b
= dt. 2.43
o) = o [ t (2.43)
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2.3.4 Initial conditions

The fields before the entrance of the curved chamber, which is denoted as s = 0,
are given by the steady-state Coulomb field of the relativistic beam established
in the straight chamber and provide the initial conditions for Eq. .

The Poisson’s equation of electric field is not easy to solve in a discretized
version. By defining E . = —V¢, Equation can be transferred to the

Poisson’s equation of the electric potential

V2=, (2.44)

€0

Again, the electric potential is splitted into two parts:

¢=¢" + ¢, (2.45)

where ¢ denotes the electric potential of the beam in free space. The part ¢"
is the remaining potential caused by the boundaries and satisfies the Laplace’s
equation

V3" = 0. (2.46)

The total electric potential on the perfect conducting walls is equal to zero, i.e.

¢|s = 0. It results in the boundary condition for ¢"
¢’ = —¢"s, (2.47)

where ¢°|, is given by Eq. (2.41)). The system of Eq. (2.46) with boundary cond-
tion Eq. (2.47) can be solved using standard iterative methods [80].

2.3.5 Boundary conditions

The boundary conditions appropriate for a perfectly conducting surface is that the
tangential components of the electric fields vanish. In our problem, the boundary

conditions are

ixE.|,=0, (2.48a)
Es’s = O, (248b)
where 77 is the unit vector normal to the chamber wall surface. And Eq. (2.48))

is valid for both curved part and straight parts of the beam chamber.
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With the rectangular cross-section, the explicit forms of Eq. (2.48a)), for the
south and north walls in the z—y plane (see Fig. , are written as

E;|s = _E§|S> (2'49)
and for the east and west walls
ry o b
Ey|r = —Ey|5. (2.50)

The explicit form of Eq. (2.48b)) can be derived from Egs. (2.34)), (2.49), and
(2.50). The results are for the south and north walls

OFE; OE®
E - L 2.51
dy |, o |, ( )
and for the east and west walls
OE" 8E§
= = 2.52
aw ’8 ay b ( )

respectively. It is noteworthy that the paraxial approximation has been utilized in
obtaining Egs. (2.51]) and (2.52)). Though the free-space beam field vanishes in the
vicinity of the chamber walls, the RHS of Egs. (2.51]) and (2.52)) are not necessarily

to be zero. It needs to be emphasized that the above boundary conditions are

Maxwellian and are important in preserving the field and avoiding numerical

damping when solving the discretized version of Eq. (2.32]).

2.3.6 Field in the straight chamber

The evolution equation of the radiation field in the straight chamber is Eq. (2.33)).

It is easy to solve it using mode expansion method [44 [7§]. The results are

El(z,y,s, k) Z Z App 08 (ko (z + x0)) sin (ky (y + y.)) e Tmr57%0) - (2.53a)

m=0 p=1

E(x,y,s,k) Z Z By sin (kg (z + 20)) cos (ky (y + ye)) e 7 (2.53b)

m=1 p=0

39



2. COHERENT SYNCHROTRON RADIATION

where k, = ™% and k, = 5. In this case, even the finite conductivity of
the chamber wall can be considered and it results in an additional attenuation

constant in the formulations. The propagation constant is defined as
Lp = Qmp + 1Bpp, (2.54)

where the attenuation constant a,,, and the phase constant 3,,, are real values.

With perfectly conducting walls, a;,, = 0 and

k:
ﬁmp - %7

where k. is the cutoff frequency of the waveguide

ke = /K2 + K2, (2.56)

When considering the finite conductivity of the guide walls and assuming k > k.,

(2.55)

Qmp can be approximated by [6]

2R, m*V +pPd®

mp = ; 2.57
e = 570 m2b2a + pRad (2:57)
where Zy = 376.7 €2 is the impedance of free space and
kepo
R, = 2.58
5. (2.58)

is the skin-effect surface resistance of the metal with conductivity o.. The quan-
tities A,,, and B,,, denote the amplitudes which can be determined by the initial
conditions. Suppose at s = sg, for instance at the exit of the curved chamber,

the field is known. Then the amplitude parameters can be calculated as follows

4 a b '
Amw = T o) /O dz /0 dyEL(z,y, so, k) cos (k(z + ) sin (ky (y + ¥e)) »
(2.59a)
4 @ b
_—_ E"' .
B'mp ab(l +5n0) /O dx/ov dy y<x7y7 807k> S111 (kx($+xc)> COS (k’y<y+yc)) )
(2.59b)

where 0,,0 is the Kronecker delta function. With A,,, and B,,, known, one can

apply Eq. (2.53) to Eq. (2.34) and get

SN Copsin (kg (2 + ) sin (ky (y + y)) e,

Es(xay787k> = _%

m=1 p=1

(2.60)
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2.4 Finite difference technique

where
Crp = Apmpks + Bk, (2.61)

Integrating F over s is straightforward

/Sl Ey(z,y, s, k)ds = % > Dypsin (ko(w + x)) sin (ky (y +v2)), (2.62)

s0 =1 pe
where
Dup = % (e_rmp(sl_SO) _ 1) ) (2.63)
mp
To integrate the field along an infinitely long chamber, it is necessary to set

sp = oo. Then D,,, converges to

Cn,
Dmp‘SlHoo = _F_p' (2'64)
mp

The attenuation length of a specific mode is equal to 1/a,,,. It is necessary to
emphasize that the attenuation length of a propagating mode which is well above
cutoff (i.e. k > k) is usually very long. Suppose the material is copper with
electrical conductivity o. = 5.8 x 10" S/m. The attenuation length of a mode in
a square chamber can be estimated using Eq. :

1 bZ

Oy - 2R,

(2.65)

Suppose that the interested highest wavenumber is ¥ = 10 mm~! and the chamber
dimensions are a = b = 2 ¢cm, Equation (2.65) gives an attenuation length of
around 21 meters. Thus it can be fairly concluded that the field attenuation
between two consecutive bending magnets is negligible, as far as length of the
straight pipe between them is much smaller than the attenuation length.

In order to close the problem completely, the integration of the radiation field
in the limit s — oo, i.e. Eq. must be done properly, and this is shown in
Eq. (2.62).

2.4 Finite difference technique

The numerical algorithms adopted here are adapted from the mesh methods orig-

inally proposed in Ref. [26]. For completeness, they are discussed in more detail
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2. COHERENT SYNCHROTRON RADIATION

in this section. Of particular emphasis are some aspects which were not well
discussed in Refs. 26, [78].

We start by dividing the rectangular domain in the x—y plane into an equidis-
tant M x N mesh with step sizes Ax = a/M and Ay = b/N in the x and y
directions, respectively. The grid is shown in the solid lines of Fig. 2.3, The grid

points in the x—y plane are given by
(Za]) = (ZAQ: - $c>jAy - yc)' (266)

For any function of space and s, its value on the grid point of (i, j) is sampled as

follows
F™(i,7) = F(iAx — x0, jAY — y., nAs), (2.67)

where As indicates the step size along s.
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Figure 2.3: Staggered grid definition with ghost points outside the boundary
of the chamber. The positions of various field components are shown. Constant

spacing in the x and y directions is assumed.

The transverse electric fields are sampled by staggering the grid in half a
cell in both x and y directions (see Fig. . The grid staggering provides the
convenience of discretizing the field evolution equations [26]. Furthermore, it is
also essential in removing the computational high-frequency modes in the finite
difference formulation. The second-order derivative is approximated by central
finite difference and the derivative with respect to s is approximated by the
leapfrog difference. The leapfrog algorithm is fully explicit and conditionally sta-

ble. Though unconditionally stable implicit schemes are available (for instances,
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2.4 Finite difference technique

see Refs. [81],82], [83]) and allow for large step size As, they usually are more com-
plex to program and require more computational efforts involved with matrix
inversions in each solution step.

The grid in the z—y plane, as shown in Fig. 2.3 does not vary along s because
the chamber cross-section is uniform. The second-order central finite difference
requires additional ghost points which are half cell outside the chamber wall
surfaces.

A set of finite difference equations for Eq. that will be found convenient
for perfectly conducting boundary conditions is constructed as follows [26]. For

E? the discretized equation is

Epmi(ity, j) — By (i, 4)

2As
_ G”(‘+1 ')+H”('+1 ')+I"('+1 ) (2.68)
_Qk a:/L 2’] €T ? 27] €T ? 27.] 9 .
where
1 Ern(i+3,5) — 2E7"(i4-L, ) + Ern(i—1, 5)
Gn . - . — xT 27 T 27 xr 27 2
2(+5,7) Az : (2.69)
1 Erm(i+3, j4+1) — 2Em"(i+ 2, §) + EPn(i4-L, 5—1)
Hn . - . — €T 27 xT 29 xT 27 2
2 (i45:7) A , (270
1 2k (i+1) 1 1
IMit=,j) = —=—2 | E0"(i+=,7) + EX"(i+=, 7 2.71
2 (145:7) R(n) < g d) By (Z+2,J)), (2.71)
where R(n) is the bending radius at s = nAs.
For Ey, the discretized equation is
Eynti(i,j+3) — By g+3)
2As
{ T | | P |
= ﬁ Gy(27]+§) + Hy (Zaj+§) + Iy (27j+§) ) (272>
where
w1 EPMiAL +g) = 2B)(i, j+5) + Byt (i— 1 j+g)
Gy(luj+§> - A2 ) (27?))
w1 Byl g+) — 2B, j+1) + By =)
Hy (i, j+3) = A S 20
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2. COHERENT SYNCHROTRON RADIATION

It is noticed that the transverse fields are sampled by staggering the grid in half
a cell in both z and y directions.

The boundary conditions on each wall surface are

T b/ - .
By (j,N)=—E,(j,N) for 0<j<N, (2.76a)
r/o- b/ - .
E,(5,0) = —E,(j,0) for 0<j<N, (2.76b)
En(i,0) = —E%(i,0) for 0<i< M, (2.76¢)
E'(i,N) = —El(i,N) for 0<i< M. (2.76d)

Due to grid staggering, the central difference requires sampling the fields which
are located a half grid outside from the walls. To resolve this problem, a set of
virtual ghost points are defined at points with indices of (—1/2, j) and (M+1/2, j)
for horizontal fields and (i, —1/2) and (i, N+1/2) for vertical fields. Each ghost
point can be updated independently of all the other ghost points. On each ghost

line, the field values are

11 Aef 1
E(M+=,j)=E,(M—=,j) — — (Ey(M,j—i-—) — Ey(]\/[,]—§)> . (2.77a)

2 2 Ay 2
11 Ae 1
o1 1 Ay 1
Ey<27 _5) - Ey(Z7 5) + A_x (Ex(z+270) - Ex(z_an)) ) (277C)

o1 Ay 1

Once the transverse fields were updated, the longitudinal field can be calcu-
lated by

B, j) = i (Eyn(ity.g) — Byt(i—3.7) N Ern(i, j+1) — Brn(i, j—1)
S ?.] k A:L‘ Ay

(2.78)
If it is only interesting to calculate the longitudinal impedance, it is no need to
calculate E at every grid point. Thus only field values at the center of the beam

(xe,ye) are to be evaluated.
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2.5 Numerical results

The conditions for grid size and stability criterion will be mentioned in the
next section but no details will be provided. The reader is referred to Refs. [26] [7§]

for this issue.

2.5 Numerical results

The algorithms discussed in Sections and are implemented in the pro-
gramming language FORTRAN 90 on a workstation. A code named CSRZ was
developed. In this section, a few examples are to be presented to illustrate the
applications using this code. Throughout this section, the beam is always located
at the center of the chamber in the x—y plane, i.e. (z.,y.) = (a/2,b/2).

Besides calculating the CSR impedance, the code provides the convenience
of storing data of the field profiles. As a first example, in Fig. the steady-
state horizontal radiation field of the ultra-relativistic beam established in the
straight chamber is plotted. By taking a look back at the boundary conditions
of Egs. , it is confirmed that the derivative of the radiation field has

finite values on the relevant boundary.

cm
y( )1

Figure 2.4: Horizontal radiation field established by a beam in a straight chamber.
The unit of the electric field is kV-s/m.

2.5.1 Single dipole

The first test is to calculate the CSR impedance generated by a single short
bending magnet with constant bending radius in the curved chamber. In this

test, the same parameters as Fig. 9 in Ref. [44] are used for the magnet: the

45



2. COHERENT SYNCHROTRON RADIATION

bending radius R = 1 m, and the length of the curved chamber L, = 0.2 m. The
horizontal and vertical dimensions of the chamber cross-section are a = 6 cm and

b = 2 cm, respectively. The calculation results are compared with those given by

Stupakov’s code [44] as shown in Figs. [2.5(a){and [2.5(b)l The comparison shows

good agreement in general. The tiny discrepancy in the high frequency impedance
is due to the mesh sizes chosen in calculation. Decreasing the mesh sizes, resulting
in longer computer time, can give better results which are converged to those
given by the mode expansion method [44]. Thus, the benchmark between two

independent methods confirms the capability of CSRZ code.
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Figure 2.5: CSR impedance for a single bending magnet with R = 1 m and
Ly = 0.2m. The dimensions of the chamber cross-section are ¢ = 6 c¢cm, and
b = 2 cm. The blue and dashed red lines are given by Stupakov’s code and our

code, respectively.

The previous example shows smooth CSR impedance for a short magnet. The
next example is to investigate the influence of the length of the curved chamber
on the CSR impedance. At this time, parameters are set as R =5 m, a = 6 cm,

and b = 3 cm and the toroidal chamber length is varied as L, = 0.5,2,8 m.

The impedance results are shown in Figs. [2.6(a)|and [2.6(b), In the same figures,

the results given by the parallel plates model [26] are also plotted in solid black
lines. And the corresponding wake potentials with a short bunch of rms length
0, = 0.5 mm are given in Fig. When L, = 0.5 m, which indicates a short
curved chamber, the impedance is very smooth. When the curved chamber gets
longer, the impedance becomes fluctuating with an interval of around 1.3 mm~" in

wavenumber and eventually results in a series of resonant peaks. This observation
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2.5 Numerical results

clearly indicates that the CSR impedance is actually related to the eigenmodes of
the curved chamber [71]. When the curved chamber is long enough, some specific
modes which fulfill the phase matching condition can be strongly excited by the

beam and become dominant in the radiation fields.

R R
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(a) Real part (The purple and black
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p = 1, respectively.)
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Figure 2.6: CSR impedance and wake potential for a single bending magnet
with R = 5 m and varied length of the curved chamber L, = 0.5, 2, 8 m. The
dimensions of the chamber cross-section are a = 6 cm, and b = 3 cm. The gaussian
bunch length ¢, = 0.5 mm with bunch head to the left side. The impedances and
wake potential have been normalized by the length of the curved chamber. Blue
solid lines: Ly = 0.5 m; red solid lines: Ly = 2 m; green dashed lines: L, = 8 m;

black solid lines: parallel plates model.

One can compare the wavenumbers at the resonant peaks in Fig. 2.6(a)| with

the analytical predictions which are available in Refs. [57], 58| [71]. According to
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2. COHERENT SYNCHROTRON RADIATION

Ref. [58], the resonance peaks should appear at wavenumbers of

pr | R_. (b(m=+0.25)
kmp = —4 ) —T [ ————— |, 2.79
o= (= (2.79)

where the integer indices m and p denote the individual mode of the curved
chamber and z, is the distance from the beam orbit to the outer wall in the
horizontal plane. The plus sign in Eq. indicates £, modes in which E, =0
and m = 0,1,2,3,...; the minus sign indicates E, modes in which £, = 0 and
m =1,2,3,.... According to Ref. [58], p must be odd and p = 1,3,5,.... Finally,
T (r) is defined by

3/2

T(r) = {( T+ 273 + 1) v (\/m— 1)1/3} o (2.80)

When 7 is large, Y(r) can be approximated by 3r/2%2 [58]. It implies that
the resonance peaks in the CSR impedance are almost equally spaced along
the wavenumber axis. The resonances are indicated by vertical dashed lines
in Fig. . It turns out that they agree well with the observed peaks from
numerical calculations.

The wavenumber ky; with m = 0 and p = 1 indicates the lowest mode in
the toroidal chamber. At frequencies well below kg, i.e. k < kg1, CSR fields
are highly suppressed. In this frequency region, analytical calculations showed
that the real part impedance is very small and the imaginary part impedance is
well represented as a quadratic function of frequency [55]. These properties are
generally observed in the numerical calculations.

As stated in Refs. [44] [58], when the aspect ratio of the curved chamber a/b
is larger than 2, the shielding of the side walls can be neglected and the parallel
plates model is a good approximation for a long bending magnet. This criterion
works well in the low frequency region with k& < &y, which was proved in Ref. [5§].
Here kyy, is the shield threshold defined by [58]

R
ko = m/ﬁ (2.81)

The numerical calculations do agree with this criterion. On the contrary, in

the high frequency region, the CSR impedance may significantly differ from the
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2.5 Numerical results

parallel plates model and exhibit fluctuations and even narrow resonance peaks
for a long curved chamber. A geometrical explanation [40} [64] 73], 84] for this
observation can be illustrated as in Fig. The CSR field is radiated in the
direction tangent to the beam trajectory when a beam enters the curved chamber.
The outer wall plays a role of mirror and reflects the field back to the beam. If the
curved chamber is long enough, the reflected field can accumulate and become

significant. The geometrical picture of CSR suggests a critical length of

» = 2R0, ~ 21/2Rz,, (2.82)

for the curved chamber. Here 6, = ArcCos (R/(R + z,)) ~ /22,/R, and the
approximation is justified when the chamber dimension is much smaller than the
bending radius, i.e. z, < R. If L, > L,, some specific modes can be strongly
excited, resulting in the fluctuations or resonant peaks in the CSR impedance. If
Ly < L,, such fluctuations will be negligible. But if L, < L,, transient effect will
also become important. The critical length indicates a length when the reflection
of the outer wall becomes important. But L, does not depends on the aspect
ratio of the pipe cross-section. Therefore, the condition of neglecting side-wall
shielding, i.e. L, < L,, can be a supplement to the criteria of a/b > 2 which only

applies at low frequency limit, i.e. k < ky,.

Figure 2.7: CSR reflected by the outer wall of the beam pipe. The beam starts
to radiate fields at the entrance of the curved chamber. The dashed curve without
arrows on it denotes the beam orbit. The arrowed dashed lines represent the

direction of the radiation fields.
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2. COHERENT SYNCHROTRON RADIATION

Similar to the optical approximation in the theory of geometric impedance [85],
the critical length L, defined by Eq. can also be interpreted as a catch-up
distance over which the CSR, generated by the head of a beam, reflects from the
outer wall and reaches the beam tail at length As, behind the head. It is easy to
calculate As, from the geometry shown in Fig. , and the result is [73]

4 [223

As, = 2R(Tan(6,) — 6,) ~ Vg

(2.83)

The quantity As, corresponds to a modulation wavenumber of [73]

21 3T R
Ak = —~ —, | —. 2.84
As 2 \/ 223 (2.84)

It turns out that Ak = K(pi1)p — kmp is exactly the distance between adjacent
resonances for the same vertical index p and large argument r in Eq. .
When comparing As, with the bunch length o, one can find another condition
of neglecting outer-wall shielding effect in evaluating CSR induced instability, i.e.
As, > o,. Namely, this condition says that the reflected CSR fields from the
outer wall can never catch up with the beam tail and thus has no influence on
the beam in total.

One can check Egs. and by applying them to the examples de-
picted in Fig. . The value Ak = 1.4 mm™! is close to the observed value of
1.3mm™!. As, = 4.4 mm™! is roughly the distance at which the first peak ap-
pears in the tail part of the wake potential in Fig. . Since the bunch length
0, = 0.5 mm is much smaller than As,, the amplitude of the wake potential in
the vicinity of the beam is almost independent of magnet length. Thus, it can be
concluded that the outer-wall shielding mainly impose effects in the tail part of
CSR wake.

As depicted in Fig. [2.7], the radiation fields take a longer path than the beam.
Thus, the previous discussions on outer-wall shielding holds for the trailing fields.
A similar geometric interpretation holds for the shielding of overtaking fields due
to the inner chamber wall. Detailed discussions are given in Ref. [64]. The

relevant critical length of the curved chamber is

L; = 2R0; ~ 2/2Rx;, (2.85)
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2.5 Numerical results

with 6; = ArcCos ((R — z;)/R) ~ \/2x;/R. The quantity x; is the distance from
the beam to the inner wall in the horizontal plane, and the approximations are
justified if x; < R. When the beam travels the distance of L;, the radiation fields
will overtake the head of the beam at

2 |23

If As; > 0., one can expect that the overtaking fields will reach the bunch head
without seeing the inner chamber wall. Thus, the shielding due to the inner wall
will be negligible. On the other hand, if As; < o,, the inner-wall shielding should
be taken into account.

In summary, the shielding effects of the outer and inner walls can be treated
separately: the trailing fields reflect at the outer wall, resulting in a head-to-tail
interaction; the overtaking fields may be shielded by the inner wall, affecting
the well-known tail-to-head interaction. In a storage ring, it is usually true that
the beam centroid coincides with the center of the vacuum chamber. In this
case, there exist x, = z; = a/2, L, = L;, and As; = As,/2. It turns out
that the condition of neglecting chamber-wall shielding can be approximated as
0, < +/a3/R. This is exactly the condition found in Ref. [64].

It is also interesting to plot the profiles of the radiation field on the resonances,
and then to compare them with the field patterns of individual modes. The field
patterns of E, modes are described by [71]

E.(x,y) = Ai (kS/sfnp — a://imp) sin (ky(y + ye)) , (2.87)

where Ai(z) is Airy function of the first kind and

R O\/3
Fomp = (%2 > . (2.88)
mp

The field patterns of E, modes are described by [71]

Ey(z,y) = Ai (k}K2,, — ©/Kmp) cos (ky(y + ye)) - (2.89)

Yy “mp

For examples, the modes with indices (m,p) of (0,1), (3,1) and (6,1) corre-
spond to wavenumbers of k,,, = 1230, 4930, 9100 m~'. The contour plots of
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Figure 2.8: Contour plots for the profiles of the radiation field E! at the exit
of the curved chamber with k£ = 1230 m~! and L, = 8 m. The outer wall of the
chamber is to the right side.
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Figure 2.9: Contour plots for the profiles of the radiation field E! at the exit
of the curved chamber with £ = 4930 m~! and L, = 8 m. The outer wall of the
chamber is to the right side.
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Figure 2.10: Contour plots for the profiles of the radiation field E7, at the exit
of the curved chamber with £ = 9100 m~' and L, = 8 m. The outer wall of the
chamber is to the right side.
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the real parts of E7 at the exit of the curved chamber with L, = 8 m are shown in
Figs. 2.8(a)] 2.9(a)] and 2.10(a)] The imaginary parts are shown in Figs. [2.8(b)]
2.9(b)| and [2.10(b)|By comparing the field profiles with field patterns of a single
mode (see Figs. 2.11(a)] 2.11(b), and [2.11(c)), it is clearly seen that only one

mode is dominant near the resonance peaks. The radiation fields are mostly con-
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Figure 2.11: Contour plots of the field patterns of E, modes of a rectangular
toroidal pipe with indices (m,p).

centrated on the right side of the beam, close to the outer wall. It is also worthy
to note that there is another kind of fields on the left side of the beam (see real
parts of E7 in Figs. 2.8(a), [2.9(a)| and [2.10(a)). This field does not have the

normal features of an eigenmode in a curved chamber. A hypothesis is that it is

related to the fields due to the imaginary frequency poles as discussed in Ref. [5§].
This field has the features of near-field which clings to the source beam [5§]. It
is also observed that when the wavenumber k goes higher, the near-field shrinks

to smaller area and becomes closer to the beam.

2.5.2 Interference in a series of bending magnets

In a realistic storage ring, the bending magnets are arranged consecutively along
the beam orbit. There is a concern that interference may enhance the CSR
generated in a series of bending magnets. The CSRZ code can treat this case
straightforwardly. As an example, 4 identical hard-edge magnets are placed along
s. The drift chambers between the 4 magnets are also identical. In this case,
R7(s) can be described by a step function. The parameters for the magnets and
chamber are R=5m, L, =2 m, a =6 cm and b = 3 cm. The length of the drift
chambers is Ly = 2 m. The impedance is plotted in Figs. [2.12(a)|and [2.12(b)| and
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2. COHERENT SYNCHROTRON RADIATION

compared with that of single magnets. The corresponding wake potentials with
a short bunch of rms length o, = 0.5 mm are given in Fig. 2.12(c)] Again it is
seen that many narrow spikes which indicate that specific eigenmodes can satisfy
the phase matching conditions and will be excited by the beam. The impedance
of a single magnet looks to be broad-band approximation of that of a series of
magnets. The narrow spikes in the impedance lead to long-range wake fields as

seen in the wake potential.
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Figure 2.12: CSR impedance and wake potential for 4 bending magnets inter-
leaved with equidistant drift chambers. The magnet parameters: R = 5 m, L;=2
m. The length of drift chamber: Ly; = 2 m. The dimensions of the chamber cross-
section: @ = 6 cm, b = 3 cm. The gaussian bunch length o, = 0.5 mm with bunch
head to the left side. The wake potentials have been normalized by the number
of magnets. The blue and dashed red lines are the impedances with and without

considering interference, respectively.

Naturally one can suspect that if there are many bending magnets placed in a

long curved chamber, more high peaks should be observed in the CSR impedance.
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2.5 Numerical results

This is proved by a more practical case of the SuperKEKB positron damping
ring [86]. As shown in Fig.[2.13] the layout of this damping ring contains two arc
sections. In each section, there are in total 16 cells. Each cell contains two reverse
bending magnets [87], of which the bending radius as a function of s is shown
in Fig. The drift between consecutive cells is around 1 m. The vacuum
chamber cross-section is approximated by a square with a = b = 3.4 cm. The
CSR impedances of one arc section (in total 16 cells), of 6 consecutive cells, and

of 1 cell are calculated. The results are compared with that of single-bend model

as shown in Figs. [2.15(a)land [2.15(b)| It is not surprising that many narrow and

high peaks appear in the impedance spectrum when the number of cells grows.
And the CSR impedance calculated using single magnet model again provides

a broad-band approximation. The wake potentials with rms bunch length of

Figure 2.13: Layout of SuperKEKB positron damping ring. Only dipole magnets

are marked in the plot.

0.5 mm corresponding to the previous impedances are plotted in Fig. The
figure clearly shows that the tail parts are strongly modulated due to interference
effect. It is also observed that the shape of wake potential due to 6 cells is already
close to that of 16 cells at the distance less than 20 mm to the beam center. This
is because that the CSR fields generated at the first cells keep far behind the
beam and almost die out in the range considered after the beam traverses several

arc cells.
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Figure 2.14: Bending radius as a function of s for one arc cell of SuperKEKB

positron damping ring.
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Figure 2.15: CSR impedance and wake potential of the arc section in the Su-
perKEKB positron damping ring. The impedances and wake potentials have been
normalized by the number of cells. The gaussian bunch length o, = 0.5 mm with
bunch head to the left side. Blue solid line: 16 cells; red dashed line: 6 cells; Green
dashed line: 1 cell; Black solid line: single-bend model.
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2.5 Numerical results

2.5.3 Application to the compact-ERL at KEK

The cERL is a test facility under construction at KEK for demonstrating key
technologies of GeV-class ERLs. The beam energy with one acceleration is 35
MeV in the first commissioning and will be 125 MeV finally [8§]. The rms bunch
length is 1-3 ps for normal operation and 0.1 ps or less for bunch compression
mode. The bunch charge is 7.7 to 77 pC for normal operation and 77pC or more
for bunch compression. The vacuum chamber of the cERL loop basically has a
round shape with diameter of 50 mm.

The CSR impedance for a single bend is calculated at different beam energy
based on Eq. , as depicted in Fig. [2.16, The vacuum chamber cross-section
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(a) Real part (b) Imaginary part

Figure 2.16: CSR impedance for a single bend in the cERL return loop. The CSR
in the drift chamber after the exit of the bend is taken into account. Blue solid
lines: y=00; red dashed lines: v=68.5 (E = 35 MeV); green dashed lines: v=244.6
(E = 125 MeV); black solid lines: steady-state parallel plates model; yellow dashed

lines: steady-state free space model.

is approximated by a square with full size of 50 mm. The bending radius and
bending angle for one bend are 1 m and 7 /4, respectively. The beam is assumed
to be located at the center of the chamber, with transverse beam sizes of o, =
0.2mm and o, = 0.1 mm. The numerical results are compared with steady-
state models in free space [31] and with parallel-plates shielding [26]. From the
figures, both numerical and analytical results show that at frequencies lower than
kin = m\/R/b [58], the CSR waves are strongly shielded, mainly due to the
existence of the upper and lower chamber walls. The outer-wall of the chamber

reflects the trailing radiation fields back to the beam and causes fluctuations
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2. COHERENT SYNCHROTRON RADIATION

in the impedance. The inner-wall of the chamber shields the overtaking fields
and changes the slope of the imaginary part of the impedance. The imaginary
impedances show remarkable difference in the slope at beam energies of E =
35 MeV and E = 125 MeV. This difference is due to the normal space-charge
effect related to the 1/9% term. It suggests that normal space-charge effects can
be comparable to CSR effects at the beam energy of 35 MeV. At beam energy of
125 MeV or higher, normal space-charge effects are fairly negligible.

The longitudinal wake potential, indicating energy kick along a beam bunch,

can be calculated from impedance with specified bunch profile. As shown in
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Figure 2.17: CSR wake potentials for a single bend in the cERL return loop with
Gaussian bunch lengths of o; = 1,2,3 ps. The drift CSR is taken into account.
Blue solid lines: y=00; red dashed lines: y=68.5 (E=35 MeV); green dashed lines:
v=244.6 (E=125 MeV); gray dashed lines: Gaussian bunch profile.

Fig.[2.17] with Gaussian bunch lengths of o; = 1,2, 3 ps the CSR wake potentials
are calculated from the impedances shown in Fig. [2.16| Because only the normal
space-charge fields are considered in a chamber length of L, = 0.7854 m, the

space-charge effect is almost invisible from the wake potentials. If taking into
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2.5 Numerical results

account the space-charge fields distributed around the whole loop, space-charge
effect can become remarkable at short bunch length of 0, = 1 ps in the low beam
energy of 35 MeV.

In Fig.[2.18] the numerical results are compared with the 1D model of Eq. ,

100
200| Y

\ 50 ! \

0 —A P

-100|
—-200

100 /

-W, (v/pC)
o
&
N
-
-
I/
1 (V/pC)

<

W, (V/pC)
>
&
N
-

-20) \
—40)

-60)

z/o;

(¢) oo =3 ps

Figure 2.18: CSR wake potentials for a single bend in the cERL return loop with
Gaussian bunch lengths of oy = 1,2,3 ps and v = oo. The drift CSR is not taken
into account. Blue solid lines: by CSRZ; magenta dashed lines: 1D model; black
solid lines: steady-state parallel plates model; yellow dashed lines: steady-state

free space model; gray dashed lines: Gaussian bunch profile.

which is adopted in ELEGANT code [33]. At this point, the drift CSR, which
will be checked in next paragraphs, is ignored tentatively. One observes that
in general CSRZ agrees with the 1D model from Saldin et al. in predictions of
wake fields in the vicinity of bunch center. Meanwhile, the discrepancy of ampli-
tudes in the same area between CSRZ and steady-state models is attributed to
entrance transient. Chamber shielding slightly suppresses the CSR wake fields at
the bunch head part but enhances the wake fields at the bunch tail part. That

is, the particles at the bunch tail part gain energy due to chamber shielding.
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2. COHERENT SYNCHROTRON RADIATION

Only when the bunch length is short enough, i.e. much less than 1/ky,, chamber
shielding is negligible.

The effect of CSR in the drift chamber after the exit of the bend is illustrated in
Figs.2.19}2.21] As observed from Fig.[2.19] with drift CSR neglected, the average

MY

200 ’
-200
0

k(mm™") Kk (mm™)

1000

800

600

Re Z ()
Im Z (Q)

(a) Real part (b) Imaginary part

Figure 2.19: CSR impedance for a single bend in the cERL return loop with
v = oo. Blue solid lines: with drift CSR considered; cyan dashed lines: with drift
CSR neglected; black solid lines: steady-state parallel plates model; yellow dashed

lines: steady-state free space model.

slope of the imaginary part of CSR impedance is close to the free-space model at
high frequency. But the average slope of the real part is slightly lower than the
free-space model. This is due to the transient effect at the entrance part. The
drift CSR changes the slope of both real and imaginary parts of CSR impedance
under the existence of straight chamber. This feature reveals the complexity of
evaluating its effects on beam dynamics. The wake potentials corresponding to
the impedances of Fig. [2.19 are shown in Fig. One can easily see that the
drift CSR causes additional energy loss and gain for particles in the vicinity of
bunch centroid and in the bunch tail part, respectively.

Finally, the numerical results are compared with the free-space model for drift
CSR given by Eq. [61]. The results are shown in Fig. 2.21] It is seen that
for bunch lengths longer than 1 ps, the free-space model overestimates the energy
kick at the bunch centroid, and particles at the tail part gain energy due to
chamber shielding.
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Figure 2.20: CSR wake potentials for a single bend in the cERL return loop with
Gaussian bunch lengths of 0, = 1,2,3 ps and 7 = oo. Blue solidlines: with drift
CSR considered; cyan dashed lines: with drift CSR neglected; gray dashed lines:

Gaussian bunch profile.
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Figure 2.21: CSR wake potentials for a single bend in the cERL return loop with

Gaussian bunch lengths of o4 = 1,2,3 ps and v = co. Blue solidlines: drift CSR by

CSRZ; cyan dashed lines: drift CSR by Stupakov and Emma’s free-space model,

gray dashed lines: Gaussian bunch profile.
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2.5 Numerical results

2.5.4 CSR in a wiggler

Now an example of a wiggler is to be studied. For a planar wiggler, the oscil-
lations of the beam are confined to the horizontal plane. The beam traversing
through the wiggler undergoes sinusoidal motion, to first-order approximation.
Thus the curvature of the beam orbit can be approximated by a cosine function,
i.e. Eq. . Since it has been assumed in the CSRZ code that the chamber
cross-section is uniform along the beam orbit, the chamber inside the wiggler is
modeled as a “wiggling” one in numerical calculations. The effect of a wiggling
chamber was well discussed and compared with analytically obtained results in
Ref. [89]. It was found that in the case of large aspect ratio of a/b, a wiggling

chamber is correct enough for purpose of demonstration. For exemplification of
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Figure 2.22: CSR impedance and wake potential of a wiggler. The blue lines

are numerical results. The dashed red line and dashed green lines are given by

Eq. (2.90) and Eq. (2.93]), respectively. The gaussian bunch length o, = 0.5 mm
with bunch head to the left side.

the approach, the parameters of a wiggler are set as: maximum bending radius
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2. COHERENT SYNCHROTRON RADIATION

Ry = 100 m and magnetic field wavelength A\, = 27 /k,, = 1 m, and the number
of periods N, = 10. The chamber width and height are set to be a = 10 cm

and b = 2 cm. The results are shown in Figs. [2.22(a)| and [2.22(b)l The wake

potentials with rms bunch length of 0.5 mm corresponding to the impedances are
plotted in Fig. . It turns out that the CWR with chamber shielding can
differ remarkably from the free-space model.

By enlarging the chamber height, the shielding effect of up- and down-side
chamber walls can be tested. This is demonstrated in Figs. [2.23] In these calcu-
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Figure 2.23: CSR impedance and wake potential of a wiggler with b = 2,5, 10 cm.
The gaussian bunch length ¢, = 0.5 mm with bunch head to the left side. Blue
solid lines: b = 2 cm; red dashed lines: b = 5 cm; green dashed lines: b = 10 cm;

black solid lines: free-space model.

lations, the chamber height is varied as b = 2,5, 10 ¢m and all other parameters
are kept the same as in the previous example. Both the impedance and wake
potential tend to be close to that of free-space model while the chamber height

is enlarged.
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2.5 Numerical results

Next the effect of wiggler length is tested. This is demonstrated in Figs. [2.24
and In these calculations, the chamber height is set to be b = 10 cm and
the number of periods, which correspond to total length of the wiggler, is varied as
N, = 1,4,8. All other parameters are kept the same as in the previous examples.
It is seen that as the wiggler becomes longer, the impedance spectrum changes
from smooth curve to that with many narrow peaks at low frequency part. And
the narrow peaks in impedance cause fluctuations in the wake potential at the

tail parts.
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(a) Real part (b) Imaginary part
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Figure 2.24: CSR impedance and wake potential of a wiggler with the total
length varied by setting N, = 1,4,8. The impedances and wake potentials have
been normalized by the number of period for convenience of comparison. The
gaussian bunch length o, = 0.5 mm with bunch head to the left side. Blue solid
lines: N, = 1; red dashed lines: N, = 4; green dashed lines: N, = 8; black solid

lines: free-space model.

In Ref. [89], the real part impedance in a rectangular chamber was calculated
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2. COHERENT SYNCHROTRON RADIATION

analytically using mode expansion method

47 sm2 ((k—k, — ky)Lyw/2)
Z(k 2.
Re T R Z Z 1+ 6 k—k)2—k2 (2.90)

m=0 p=1

where k, = \/k? — a2, with oy, = \/kZ+ k2, k, = mn/a and k, = pr/b. The

quantity L,, = N, (27 /k,) is the total length of the wiggler. The summation in
Eq. (2.90) goes over the even values of m and the odd values of p. Equation
(2.90) also indicates the resonance condition

ke —ky — ky =0, (2.91)

which shows that the resonant peaks in impedance should appear at
ol + k2
Epp = —2 2, 2.92
P ka ( )
The resonant peaks in Fig. [2.22(a)| do agree with the above equation. The
impedance for a wiggler in free space is given in Ref. [90]

1 K 2i Ak
Z(k) = {ZoLuk " (1 - ;Z (log ot ny)> (2.93)

where ko = 4k3 R? is the fundamental radiation wavenumber with the wiggler
parameter K > 1. The quantity vg ~ 0.577 is the Euler constant. One sees
that the numerical results again agree well with the analytic formula Eq.
but disagree with Eq. . Specially, the imaginary part does not show the
property of linear slope in the limit of low frequency which is predicted by the
free space model.

In the last demonstration, the CSR impedance of one wiggler section in the
SuperKEKB low energy ring was calculated. The wiggler field is approximated
by a series of short hard-edge bending magnets with opposite polarity interleaved
with drift chambers. The cross-section of the chamber is square with the size of 90
mm. The wiggler section consists of 15 identical super-periods and its total length
is 141.4 m. The bending radius as function of s for one super-period is plotted
in Fig. 2.25] The calculated impedance is shown in Figs. [2.26(a)| and [2.26(b)|
The wake potentials with rms bunch length of 0.5 mm corresponding to the
impedances are plotted in Fig. [2.26(c)|
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Figure 2.25: Bending radius as function of s for one super-period in the wiggler

section of SuperKEKB low energy ring.
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Figure 2.26: CSR impedance and wake potential of the wiggler section in the
SuperKEKB low energy ring. The gaussian bunch length ¢, = 0.5 mm with bunch
head to the left side. Blue solid lines: 15 super-periods; red dashed lines: 1 super-

period. For convenience of comparison, the values of red dashed curves have been

timed by a factor of 15.
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3

Coherent wiggler radiation

3.1 Introduction

In the main rings of KEKB and SuperKEKB, wigglers are used to shorten
the damping time. In a damping ring where wigglers are used for main pur-
pose of radiation damping, coherent radiation in the wigglers can also con-
tribute impedance. The impedance from undulator or wiggler was first studied
in Refs. [01, O2]. Simple formula was found for an infinite long wiggler in free
space [90] and applied to the instability analysis in a storage ring [93].

In the light-source community, usually one is more interested in the radiation
power emitted from accelerated particle in a wiggler or an undulator. A wiggler is
characterized by K > 1 and typically an undulator has the feature of K < 1 [19].
The analysis of radiation is usually based on Liénard-Wiechert potentials [19]
derived in free space. In the presence of uniform waveguide, it was treated using
mode expansion methods, which is intimately related to Green’s function (for
examples, see Refs. [04] 05, ©6], 97, 08, 99, 100]). The radiation in finite-length
undulator was also studied based on Green’s function method [91),[101]. Undulator
radiation fields and impedance in the presence of round waveguide were calculated
using paraxial Green’s functions in Refs. [102] [103].

In Chapter [2] the coherent wiggler radiation (CWR) impedance was calcu-
lated using numerical code CSRZ. Therein, the chamber was approximated to be
wiggling in the horizontal plane. In practice, the general theory based on dyadic

Green’s functions was applicable to this problem [91], 94]. Using dyadic Green’s
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3. COHERENT WIGGLER RADIATION

functions, a general expression for the electric fields excited by a single electron,
including both space-charge and radiation fields, can be obtained. This is exactly
the main goal of this chapter.

The rest of this chapter is organized as follows. In Section [3.2] general the-
orems and formulas are discussed for purpose of preparation. For a test of the
eigenfunction method, the space-charge fields and impedance is treated in Sec-
tion [3.3] The main part of this chapter, Section [3.4] is devoted to an attempt to
find the full solution for the CWR fields and impedance.

3.2 General theorems and formulas

3.2.1 Eigenfunction expansion method to solve inhomo-

geneous differential equation

In this section, a brief and non-rigorous introduction is given to the eigenfunction
expansion method (also called Ohm-Rayleigh method in the literature) as applied
to inhomogeneous partial differential equation (PDE).
Suppose an inhomogeneous differential equation for the distribution function
y(7) reads
Ly(r) = = (), (3.1)
where £ is a linear differential operator and f(7) represents the source distribu-

tion. The Green’s function is taken to be the solution of
LGP 7)) =—0(F—1"), (3.2)

where 0(z) is the Dirac delta function. If 7= (z,y, z), then §(7) = d(x)d(y)d(z).
An important property of Green’s function is the symmetry of its two variables;
that is, G(7,7") = G(7', ).

In a bounded region, the Green’s function can be uniquely determined by ap-
plying boundary conditions or/and initial conditions. The region of the problem

can be infinite extent or a bounding surface. In terms of Green’s function, the
particular solution of Eq. (3.1) takes on the form

y(7) = / G(F, ") f(7*) V. (3.3)
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3.2 General theorems and formulas

Equation indicates that the Green’s function enters in an integral solution
of Eq. . Therefore, the problem of solving Eq. changes to solving the
equation of Green’s function.

The Green’s function appears in various forms in the literature, depending on
the properties of y(7) and f(7). There are three cases of interest which are quite

popular in physics:
e If both y(7) and f(7) are scalar functions, then G(7, ") is a scalar function.

e If y() is a vector function and f(7) is a scalar function, then G(7,7) is a

vector function.
e If both y(7) and f(7) are vector functions, then G(7,7) is a dyadic function.

The explicit expressions for Green’s functions can be derived by different
methods described in the theory of differential equations. Ohm-Rayleigh method
is an alternative approach based on expanding the Dirac delta function in terms

of the eigenfunctions of the relevant homogeneous equation
L(r) = 0. (3.4)

Usually, the above equation is solved in combination with equations of boundary
conditions.

To apply Ohm-Rayleigh method, it is necessary to introduce two important
properties of the Dirac delta function. Firstly, there exists the identification [104]

1 [~ _ /
ot —1t) = %/ e~ W) . (3.5)

—0o0

Equation (3.5)) is a Fourier representation of Dirac delta function. When bilateral

Laplace transform is applied, it results in the complex representation

1 Y4300 ,
5<t — t/) = 2—7”/ Bs(t_t) dS, (36)
vy

—100

which is essentially equivalent to the previous Fourier representation if one notes

that w can take any value in the complex plane.
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Secondly, the Dirac delta function can be expanded in terms of any basis of
real orthogonal function set {¢,(z),n =0,1,2,...}. The normalized orthogonal

functions satisfy
b
[ tn@)in(a) dz =, (37)

which is called the orthonormal relations. In the above equation, §,,, is the
Kronecker delta, and the interval (a,b) may be infinite at either end or both
ends. Using 1, the delta function can be expanded in terms of the orthogonal

functions as follows

§(x — ') an U (3.8)

As an example, the delta function expanded in the circular cylindrical coordinate

system is in the form of [104]

o0 [e'e)

L 1 ’ im(o—o’ iB(z—2'
(=) = o =) o e [ as 3o)

m=—0o0

where (p, ¢, z) denote the three coordinates. Further expansion of §(p — p') is
possible if the linear operator £ is given.
To demonstrate the Ohm-Rayleigh method, the inhomogeneous Helmholtz

equation is solved as an example. The equation reads

VE(P) + k() = —p(F). (3.10)

The orthonormal eigenfunctions v, () satisfy the homogeneous Helmholtz equa-
tion

V() + kptbn(F) = 0, (3.11)
where £k, is the associated eigenvalue. The Green’s function G(7,7") satisfies the

point source equation
VG, 7)) + K G(F,7) = —0(F — ) (3.12)

and the boundary conditions imposed on the solutions of the homogeneous equa-

tion. The Green’s function can be expanded in terms of v, (7) as follows

G(7,7) = Zan (7)1 (P) (3.13)
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By substituting Eqgs. (3.8]) and (3.13)) into Eq. (3.12)), the expressions of coefficients
a, can be obtained. Consequently, the solution for Green’s function becomes

7'L

3.2.2 Eigenmodes of a uniform waveguide

To determine all the eigenmodes of a uniform waveguide with perfectly conducting
walls, we are to solve the homogeneous Helmholtz equation of vector potential
1 024
V2A — ?W = 0. (3.15)
The boundary condition for the above equation is 7 x fﬂs = 0, where 7 is the
unit vector normal to the boundary surface. This is derived from the boundary
conditions for electric field 7@ x €|, = 0 and magnetic induction 7 - B|, = 0.
The problem is solved once a complete set of eigenfunctions to the homogeneous
Helmholtz equation is known. These eigenfunctions are usually obtained by the
method called separation of variables. Equation (3.15)) is quite general and can
be applied to any arbitrary cross-section of a waveguide.
The straight rectangular waveguide is the easiest geometry to be solved. It is
convenient to solve Eq. in the Cartesian coordinate system with the z axis
defined to be along the axis of the waveguide. In that case the Laplacian can be

evaluated to its characteristic equation by considering solutions of the form
Az, y, 2,t) = da, y)e (k=) (3.16)

where the plus and minus signs denote backward and forward waves, respectively.

Substituting Eq. 1’ into Eq. 1} the equation for the components of gg is

obtained as follows
V2¢, +a*p, =0 with v=u y, orz, (3.17)

where o? = k% — k2, and it is assumed that k = w/c. The subscript L indicates

the transverse Laplacian. The corresponding boundary condition is 77 x gz;|s = 0.
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For a straight rectangular waveguide with transverse dimensions given by
0 < <aand 0 <y < b, the non-trivial solutions for the complete set of

eigenfunctions are [94]

2
mnz (TL) = Pmna (T,Y) = cos (kyx) sin (k,y) , 3.18a
Gmna (1) = Gmna (7, Y) EXIT (kp) sin (kyy) (3.184)

2
mny (T1) = Omny (2,Y) = —————-sin (k,x) cos (k,y) , 3.18b
Prmny (T1) = Pmny (7, Y) (1 + 0,0) ab (kz) (kyy) ( )

2

mnz (TL) = Omn- (,y) = ——sin (k,x) sin (k,y) , 3.18c
¢(L)¢(y)\/%()(yy) (3.18c¢)
where 77 indicates the transverse coordinates (z,y), k, = =~ and k, = 5* are

the transverse wavenumbers. Here m and n are the two integers representing a

specific eigenmode. The eigenfunctions satisfy the Helmholtz equation
V2¢mnz/ =+ a3nn¢mm/ = 07 (319)

and the orthonormal condition

//¢mnu¢m’n’udxdy = 6mm’ nn' s (320)

where v = x, y, or z and 0,,, indicates the Kronecker delta

1 fi =m/
St = onoomeme (3.21)
0 for m #m’

Substituting the eigenfuncitons into Eq. (3.19)), the real eigenvalues are found to

be
O = £/ K2 + k; (3.22)

It is worth to note that the eigenvalues for v = z, y, or z are identical, and thus

are degenerate. Consequently, the dispersion relation is found as follows
K=kl 4k + k2. (3.23)

The propagation constant in the z-direction is k, = y/k? — a2,,,. For the prop-
agating modes in a lossless waveguide, both k£ and k, are real values. For a

non-propagating (or evanescent) mode, k, is imaginary. Therefore the cutoff
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wavenumber is also defined as k. = \/k2 + k; From Eq. 1' waves propagate
along the waveguide according to a parabolic dispersion relation, which is illus-

trated in Fig. [3.1, The diagram is symmetrical about the k-axis, reflecting the
quadratic nature of Eq. (3.23]). Because the waveguide is passive, waves propa-

gating in the positive or negative z-direction share the same dispersion behavior.

\ /'/k:kz

e
Y

k.

Figure 3.1: Parabolic dispersion relation, typical of waves propagating in a waveg-
uide. The cutoff frequency is reached for k, = 0. The dashed lines split the plane

into fast- and slow-wave regions.

There are two distinct regions in the dispersion diagram: the fast-wave region
where v, > ¢ and the slow-wave region where v, < c. The quantity v, = w/k, is

referred to as the phase velocity. From Eq. (3.23)), one obtains
ke

The phase velocity for propagating modes (k > k.) is actually larger than the

(3.24)

Up:

speed of light c¢. Therefore, such waves are always fast waves.

= dw
= i

The quantity v, is referred to as the group velocity, which indicates the velocity
of the energy propagation along the waveguide. From Eq. (3.23)), one finds

kQ _ k2
vy = VT TR (3.25)

g k

When a wave packet enters the waveguide, its velocity is measured by v,
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It is obvious that vyu, = ¢*. A comprehensive discussion of dispersion relation
for propagating waves in a waveguide can be found in Ref. [105].

The dispersion relation, i.e. Eq. , is quite general. In principle, it allows
for complex values of k£ or k,. For instance, when k < k., k., is purely imaginary.
The waves with imaginary k., decay along z-direction and are called evanescent
waves in the literature. Another possible case is that k is purely imaginary.
Replacing k — ik, where k is a real value, one finds the dispersion relation
changes to

— K =kl +k + k2, (3.26)
where k, has now to be purely imaginary. By defining k, = ik,, one has k, =
i\/m . Then a similar dispersion diagram by analogy with the propagating
waves can be plotted as shown in Fig. It is interesting that one can still
define the phase and group velocities for this kind of waves. It turns out that the
phase velocity is smaller than ¢. Thus these waves can be taken as slow waves.
In practice, Eq. determine the poles on the imaginary wavenumber axis,
which will be important in calculating CWR wake fields and impedance in the

following sections.

“F= _Fz A % E:F}/,/

N,
\

'
ke

Figure 3.2: Dispersion relation of imaginary-frequency waves in a waveguide.

Before closing this section, let us define the unnormalized eigenfunctions which

will be used later, i.e.

Brone (2, y) = cos (kyx) sin (kyy) , (3.27a)

mnx
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3.2 General theorems and formulas

By (@, y) = sin (kyz) cos (kyy) (3.27Dh)

mny

Bons (,y) = sin (kyx) sin (kyy) . (3.27¢)

3.2.3 Dyadic Green’s function and vector potential

Now we are to find the solution for the equation of the vector potential, i.e.
Eq. (1.13). Because both the source term and the potential are vectors, the
relevant Green’s function should be dyadic. The equation for the dyadic Green’s

function of the vector potential is
V2G4 (F, ) + K2Ga (7, 7) = =10 (F— ), (3.28)

where 7 is the unit dyadic and §(r—71)=d8x—2")5(y—y')d(z—2"). The physical
meaning of EA is that it represents the vector potential at 7 corresponding to a
unit source at 77

For a passive waveguide, the delta function of z in Eq. can be replaced
by its Fourier transform in the form of Eq. . The delta function of trans-
verse coordinates can be expanded into the summation of the eigenmodes of the

rectangular waveguide as follows

o —1) =5 Z Z G (T1) P (7)) / Z dp P, (3.29)

m=0 n=0

where v = x, y, or z. By applying Ohm-Rayleigh method, the solution of
Eq. (3.28) can be obtained as [91, 94 [T06]

Bk T E 1 [t e (s

mn>0u T,Y,2

where [ is taken as the Fourier transform variable, and the subscript L denotes
the transverse coordinates. The integration over 5 in Eq. (3.30) can be done
using the residue theorem [91) [106]. The result is

Gar =t Y 3 g e O e () st (g

m,n>0v=z,y,z
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3. COHERENT WIGGLER RADIATION

The above equation is equivalent to

Z Z Zy—’y ¢mm/ J.?{jﬁmm/ (7_’1)

m,n>0v=x,y,z

> [9(2 . Zl>eikz(2—z’) + 9(2/ . z>eikz(z’7z):| 7 (332)

where 6(z) is Heaviside step function defined by

|
o)=L tor #>0, (3.33)
0 for z<0O.

Note that when evaluating the complex integration over £ in Eq. , the
lossy-waveguide condition as suggested in Ref. [94] has been used. For the lossy
waveguide, the running waves must be attenuating both with time and along z-
direction. This situation requires that Im{w(5)} < 0 and Im{5(w)} > 0, where
the symbol Im{ } denotes the imaginary part of the quantity concerned [94]. In
the pB-plane, the contour may be taken as in Fig. [3.3]

Im 8

Figure 3.3: Contour for the complex integration over 5. The blue solid line is for
z — 2’ > 0; the red dashed line is for z — 2 < 0. The blue and red dots represent

the singular points in the upper and lower plane, respectively.

With in hand the explicit form of 5,4, one is able to find the solution in
integral form for Eq. ((1.13))

(7, w) Mo///dv’ Ga (7,7 J (7, w). (3.34)
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3.2 General theorems and formulas

Note that the Hertz vector II in Ref. [94] is related to the vector potential by
A = 9Ti/0t. With this definition, the present theory agrees with that in Ref. [94].
Substituting Eq. (3.30]) into Eq. (3.34]), the vector potential is expressed as

A7 MOZ///dV’ Z Z _’_’(ﬁmm/ H?{:ﬁmnu (™)

m,n>0v=x,y,z

X [9(2 — ) =) (2 — z)eih *z>] NGADY (3.35)

Then Cartesian components of the vector potential can be written down as follows

oy Lol / / / vy - ¢mnu ()

m,n>0

X [e(z — etk 4 gy — z)elkz@’—@] T, (7,w), (3.36)
where v = x, y, or z. For sake of convenience, here we define

TH(z,2') = 0(z — 2/)e=C=) L g(2 — 2)eth=('=2), (3.37)
which indicates the phase advance in the z-direction, and

= > Ay (Fw). (3.38)

m,n>0

Consequently, one only needs to concentrate on calculating the vector potential

of a single mode, i.e. A, (7,w). The explicit forms of A, (7, w) are

. Mot 4 mna (%,Y)
Amnx bl - s
) = S Ao k.
///dv' )T (e (W), (3.39)
. 4 /
A (710) = 10 s (2:0)

2 (1+0,0)ab ke
///dvl iy (&Y ) T (2, 21) 0y (7, 0), (3.40)

. pot 4 @l (2, Y
Amnz( ,W) ; ab#

S [ s,
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3. COHERENT WIGGLER RADIATION

The scalar potential of a single mode can be calculated through Eq. (1.15) as

follows
~ 2 0A, e
(I)mnx _‘a -
(7, w) w  Ox
o 02 MOZ 4 _kz(b;nnz (l’ y)
w2 (14 Smo)ab k.,
X///dV’ e (XY )T (2, 2 T (P w), (3.42)
~ . c? 0Any
Dy (Tyw) = o o
_ C MOZ 4 y¢mnz< )
iw 2 (14 6p0)ab k.,
X///dV’ mny (@Y )T (2,2)) 0, (7, w), (3.43)
and
~ 2 0A, s
(Dmnz ) =
(7,w) w 0z
c? ,UJOi 4 /
X ///dV’ & (Y )T (2, 2") (7, w), (3.44)
where

T (2,2) = 0(z — 2)e*==%) (2 — z)etk=="=2) (3.45)

is calculated from
ort(z,2)

o =ik, T (z,2). (3.46)

It should be emphasized that ®,,,. (7, w) is discontinuous at z = 2. Consequently,

its derivative over z results in delta function as to be discussed later.

With the vector and scalar potential given, the electric fields of a single mode
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3.2 General theorems and formulas

can be calculated using Eq. (1.16b)) as

o - . s
X

— MOZL 1— k2 ;nna: (I y)
2 A tom)ab \' k) K

///dv' mna (€',4) 17 (2, 2) Jo(7, )
+iwt 2 <1+§no>ab_lzzky¢”"x £.0) ///dV’ oy (@) T (2, 2) T, (7, w)

L ikyh,
it 4 ok abmm z,9) ///dv’ @ )T (L), (34T)

and

0

8—y(

. [Lo'l 4 k,2 ;nny (l’ y)

= w—— - 1-— e —
2 (L + 00)ab & k.

///dV’ Dy (9 ) T (2, Z)J (7, w)

4 ik s Gy (2 .
+m“2°ZabZk2 ? A ) ///dv' ) D (5 (W) (348)

Emny(F CU) = iWAmny - (i)mnm + Ci)mny + (i)mnz)

To obtain the longitudinal electric field representation, special attention is re-
quired in performing the differentiation with respect to z on (imm. Because émnz
is discontinuous at z = 2/, care must be exercised to account for the jump in &Dmnz
as one crosses the z = 2’ point. In fact, there exists

% =ik, T (2,2') + 26(2 — 2'). (3.49)

The delta function in the above equation accounts for the behavior of disconti-

nuity at z = 2. Using the above equation, one can calculate the longitudinal
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3. COHERENT WIGGLER RADIATION

electric field as

Eng(F7 w) - iWAng - aa ((I)mnm + (I)mny + (I)mnz)

=1 MOZ 4 k2 ;nnz x y /// Y +
- 2 ab <1 ]{52) dv mnz 'T » Y ) r (Z z )J (7" w)
) MOZ 4 Zk k gbmnz z y /// / - / —y
92 dv' ¢ I NGe
I 2 (]- + 5m0) b k2 mnz LU Y ) (Z, z )J (7’ (,u)

. Mot 4 —ikyk, ¢mm Ly /// , o
T w 2 (]__|_5n0)ab k2 dV mny ZE y)F (Z,Z)Jy(r,w)

.u02422k¢mnzxy/// ) B
MR AV Gz (2, y') (7, w)0 (2 = 21). (3.50)

The summation over indices m and n for the last term in the above equation

gives

4 2k,
EY(7,w) = Z iw'uglab ;2 (bmnz x) ///dV' rome (@ Y) (P w)o(z — 2)

m,n>0

2
m n>0

_w%%///dv' v — )5y — y)o(z — )T (7, w)

—z,u w
k;’ J.(F,w), (3.51)

i¢;nnz ('T? y) ¢mnz (:L‘ Y )] JZ(T_!? w)(5(2 - Z/)

which indicates the field at the source region. In the above equation, the identity

of

5 =)0~ 1) = 3 O (00) G () (352)

m,n>0

has been utilized.

3.3 Fields of a point charge moving with con-

stant velocity in a rectangular waveguide

Let us first calculate the fields generated by a point charge moving parallel to the

axis of a rectangular waveguide. The particle velocity is assumed be to constant.
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3.3 Fields of a point charge moving with constant velocity in a
rectangular waveguide

The waveguide has infinite length in the z direction and its walls are perfectly
conductive. The charge and current densities can be defined by Dirac delta

functions as follows
o) = €8z — 0)3(y — yo)3(= — o), (3.53)

J(7t) = o(F, 1)T = T.evd(x — x0)d(y — yo)d(z — vt). (3.53b)

Then the spectra of charge and current densities can be calculated via Fourier

transform. The results are

p(F,w) = “6(z = 20)d(y — yo)e™*", (3.542)

-

J(F,w) = p(F,w)T = i ed(z — x0)d(y — yo)e/". (3.54b)

Note that it has been assumed that ¢ > v > 0 in the above equations. Substitut-
ing Eq. (3.54b|) into Eq. (3.34)), the expression of vector potential can be obtained

as follows

(7, w) Molz///dV’ 3 / dﬁqunz M)Cbmnz (M)ew(z_z/)

m>0

X ed(x' — 0)0(y — yo)e™ V. (3.55)

Note that Eq. (3.30) is used in the above equation instead of Eq. (3.31)). And it

is only because of convenience in calculations. Taking the volume of integration

///dv/_/o“dx//obdy//:dz/, (3.56)

the integrals over 2/, 3/ and 2’ can be easily performed in Eq. (3.55)), resulting in

as

A (Fw) = poei, Z / dﬁ(bmnz ’ y) Gmnz (0, 40) P 5(B —w/v).  (3.57)

2
m,n>0 kz

It is seen from above that the integration over 2’ leads to Dirac delta function.
The factor 0( — w/v) means that the fields produced by the point charge have
the same phase velocity v as the particle itself [I07]. And it is only true when

the particle trajectory is considered to be infinitely long. The delta function
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3. COHERENT WIGGLER RADIATION

tremendously simplifies the integration over 5 in Eq. (3.55)). Such simplification
will not appear when a trajectory with finite length in CWR is considered, as
will be seen in the next sections of this chapter. Integrating out £ in Eq. (3.57))
yields

A(Fw) = poet, 3 Pz (@:0) %ngo’%) e/, (3.58)

2 /02 _
m,n>0 w /U

At this point the full expression of the vector potential is obtained for describing
the fields generated by a point charge in a rectangular waveguide. Equation
indicates that the vector potential can be expanded in terms of 2D eigenfunctions
which are defined on the waveguide cross section [107], while the corresponding
eigenvalues are determined by applying boundary conditions. Replacing w by
w = ke and v by B, = v/c where the subscript r is to distinguish from § which
has been used as Fourier transform variable, Eq. can be equivalently written

as

¢mnz x y ¢mnz (ZE(), yO) ik
A(F k) = poei. E etk=/br (3.59)
o BB = 1) + R+ K

From the above equation, the vector potential in the time domain can be calcu-

lated using inverse Fourier transform

> C ke Qbmnz (ZE, y) ¢mnz (1707 y()) ikz /By
A(rt) = %/ dk e™™* e, Z R 1)+ 82 +k§e /Br(3.60)

Suppose (. < 1, the above integral contains imaginary poles in the complex

| K3+ k] ,
Ky = 1 1/52 = +if, k.. (3.61)

The physical interpretation of the imaginary poles can be illustrated by Fig.

k-plane at

Since the particle velocity v < ¢, there is no coupling between the propagating
modes and the beam mode in a vacuum waveguide with perfectly conducting
walls, as synchronism can not be achieved. That is, in a dispersion diagram the
beam mode line never crosses the dispersion curves of the propagating waves.

But, the beam mode line does cross the dispersion curves of the slow waves, and
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3.3 Fields of a point charge moving with constant velocity in a
rectangular waveguide

the crossing points exactly determine the imaginary poles as shown in the above
equation. Taking contour integration and using residue theorem, the time-domain
vector potential of Eq. (3.60)) is achieved as follows

- ,uoeﬁrc*ﬂ'z ¢mnz (1', y) ¢mnz (l’o, yO) —~vkelz—v
— ; > e~ vkelz—vt] (3.62)

A (7t
(r7 ) kc

m,n>0

It is seen that the fields generated by a moving point charge exponentially decay
as s = |z — vt|, which indicates the distance from the charge location. In fact,

the above equation describes self-fields carried by the particle [107].

4 =ck,

Figure 3.4: Dispersion relation for the waves excited by a point charge moving
along a perfectly conducting waveguide with v < ¢. The solid blue line denotes the

beam mode.

When (3, — 1, the poles describe by Eq. (3.61]) approach to infinity. Specially,
if v = ¢, i.e. B, =1, the term of k% in the denominator in Eq. (3.60)) is cancelled.

Then the k integral gives Dirac delta, resulting in

‘[[’(7—1»7 t) _ ,u()ecgz Z ¢mnz (l‘, y)]{imnz (x07 y0>(5<2 . Ct). (363)

m,n>0

The above result can also be derived from Eq. (3.62) by taking the limits 3, — 1
and v — oco. It is seen that, in the limit of 5, — 1, the fields concentrate on the

plane perpendicular to the z-direction.
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3. COHERENT WIGGLER RADIATION

The next step is to calculate the electric fields from the vector potential which
has been obtained. Applying Eq. (3.59)) to Eq. (1.16b)), the three components of

the electric fields are given as follows

— 4 k¢mnmxy¢mnzx7y ikz
E, (7’, k) = _Moeﬁrcfyz% Z ]{(2 + >ﬁ? 2k2( - 0)6 g /ﬁrv (3.64&)

m,n>0
— 4 k gb'lmn (CL’ y) gbmnz (xO’yO) ikz
Ey (Tv k:) = —M0€5r072£ Z ykz + 62 2.2 € g /57-’ (364b)
m,n>0 r TR
(bmnz (Q? y) (bmnz (Io, 3/0) ikz/Br
E, (7, k) = —iug ekc— mz>0 T ek=/br (3.64c)

Then the time-domain electric field components can be calculated via inverse

Fourier transform. The results are

2ve ka, Y) ran (%o yo) k| 2=
E, mnz \ 0> Y) Pmnsz ) vke|z—vt| 3.65

(Ft)=-=05 m;O y , (3.65a)

. 2ve k ¢lmn ($’y> ¢lmnz (mo?yo) —~ke|z—v
E, (Ft) = e yo - e vhelz—vtl (3.65b)

m,n>0 ¢
2
B (1) = 2o = 00) Y e (0:9) G o) 0, (3650)
m,n>0

where sgn(z) denotes the sign function

for z2>0
sgn(z) =<0 for z2=0 . (3.66)
-1 for 2 <0

It is interesting that Eqgs. hold for all allowed values of particle velocity
in the range of 0 < 8, < 1. When 5, = 0 and v = 1, they represent the static
fields of a point charge with shielding of the waveguide considered. When 5, = 1,
namely the particle moves with speed of light, one can take the limit approach of

v — oo and obtains

E, (7?7 t) = GOCLb Z km(bmn:r (‘T y) ¢mnz (Io, yO) 5(2 - Ut)? (367&)

m,n>0
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3.3 Fields of a point charge moving with constant velocity in a
rectangular waveguide

Ey (F7 t) = anb Z ky(bmny (.’L‘ y) (bmnz (.To, yO) 5(2 - Ut)’ (367b>

E. (7,t) = 0. (3.67¢)

Up to now, the full expressions have been obtained for the electric fields generated
by a point charge in a rectangular waveguide via eigenfunction method. The first
straightforward application of these formulas would be to calculate the space-
charge induced longitudinal and transverse impedance based on the general theory
formulated in Chapter . For example, applying Eq. to Eq. or
Eq. , one can immediately get the longitudinal impedance per unit length

for a point charge as follows

Z” <k) ¢mnz mnz (IE(), yO)
T = 1o kc— mz>0 k:2 +52 272 : (3.68)

This is so called space-charge impedance with waveguide shielding taken into
account. The expression is in form of expansion in terms of eigenfunctions, and
it depends on the positions of both the source and test particles. The transverse
impedance can be found in a similar way.

The most interesting observation from the previous calculations, which is in-
timately related to our topic of CWR (and also CSR), is that the space-charge
(or particle/beam self-fields) effect is described by the imaginary poles in the fre-
quency domain when eigenfunction method is applied. The poles are discretely
distributed along the imaginary axis marked by the indices of the transverse eigen-
modes. Existence of imaginary poles is the fundamental property of the fields
generated by a moving charge. In most cases, specially in the ultra-relativistic
limit, the space-charge effect can be neglected in beam instability theory. But in
some cases, such as space charge with 8, < 1 (for instance, see Ref. [I1]), resis-
tive wall [11] or dielectric materials in a waveguide [107], charged beam moving
along a curved trajectory(for instance, see Ref. [58]), the beam self-fields should
be taken into account. In these cases, if eigenfunction method is applied (i.e. 2D
eigenfunction expansion in the transverse plane, double Fourier transform in the
z-direction and of time variable in the 3D bounded space), the beam self-fields
will cause imaginary poles. The reason behind this conclusion is that the test

particle which is put ahead of the source particle can feel fields in these cases as
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3. COHERENT WIGGLER RADIATION

listed previously. Thus the causality requirement (i.e. test particle ahead of the
source particle does not feel fields or forces) in the conventional theory of beam
instability (or impedance formalism) does not apply. For a non-causal system,
when Fourier transform (or equivalent Laplace transform) is applied, singular

poles usually appear in the upper half w-plane.

3.4 Coherent wiggler radiation

3.4.1 Beam spectrum

In this section, the general theory of eigenfunction method demonstrated in the
previous sections is applied to a practical case of wiggler radiation. Consider a
straight rectangular pipe with infinite length, a wiggler is located at 0 < z < L.
The geometry of the problem is shown in Fig. [3.5] The source charge density is

y -

¥

Figure 3.5: The geometry of the straight rectangular chamber for a wiggler. The

beam moves along the curved line with arrows.

defined as
o(ft) = ed (v —x) 6 (y — y) 0 (2 — 1) - (3.69)

The beam orbit, as shown in Fig. is defined in the z — 2 plane as

for t<Oort>Z%
n(t) =45 N o (3.702)
wsin (wot) +xp for 0<t< ¢
u(t) =yo for —oo<t< oo, (3.70b)
z(t) =vt for —o0<t< o0, (3.70¢)
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3.4 Coherent wiggler radiation

where g = a/2, yo = b/2, 0y = % and k, = “¢. The parameter K is the
strength parameter, v is the relativistic factor, and k,, is the wavenumber of the
wiggler. It is assume that L = 27N, /k,, where N, is integer, and the particle has

constant velocity along z axis [89].

Figure 3.6: The beam orbit inside a wiggler. Note that the chamber width and
orbit amplitude adopt different scale.

It follows from Egs. (3.69) and (3.70|) that the current density is

Qy

(7,t) = o(T, t)v(t). (3.71)

With ¢ calculated from Eq. (3.70]), the current densities in the three directions

are found as follows

f L
9u(F.t) = 0 for t<O or_’t >_‘U o (3.722)
ectl cos (wot) 6 (F—1;) for 0<t< 2
Jy(rit) =0 for —oo<t< o0, (3.72Db)
. evd (F—7y) for t<Oort>Ek
7 t) = v 3.72
9.7 1) evd (F—7) for 0<t<ZL (38.72¢)
where
- 0o .
S(r—m)=0x— 7 sin (wot) — o ) d (y — yo) d (2 — vt) (3.73)
and
0 (7" —7To) =0 (xr —x0) 0 (y — yo) 6 (2 — v1) (3.74)

are the three-dimensional delta functions. Equation is a full description
of the source current density. If the particle moves parallel to the axis of the
waveguide with constant velocity and does not conduct oscillation, it will not
cause radiation fields. This case has been studied in Section B.3l The fields
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3. COHERENT WIGGLER RADIATION

generated by the particle with uniform motion is not interesting right now. To

calculate the wiggler radiation fields, it is better to define the source current

density as
0 for t<Oort>=%
v t) = o WA L (3.75a)
ecty cos (wot) 0 (F—7;) for 0<t < ¥
35 (7 t) =0 for —oo<t< oo, (3.75b)
0 for t<Qort>=
GRS S . (3.75¢)
ev(0(F—71y) —0(F—rp)) for 0<t< 2

This current density is only due to the oscillating motion in the wiggler. Cor-
respondingly, it is only necessary to calculate the radiation field fo(F, t). Since
33 (t) is always equal 0, one can easily conclude from Eq. that there is no
vertical component in AY (7, t). That is, there always is AY (7 1) = 0.

Let us first calculate the spectrum of the current density using Fourier trans-
form. For J¥(7,t), the delta function of transverse coordinates can be expanded

as follows

4 1 , ,
5(513' - .fEt)(S(y - yt) = % § 1+ 5 O¢mnx(x7 y)¢mnx(xt7 yt) (376)
m,n>0 m

With the above equation, one has

1 , /
o 1+ 5m0 ¢mnx<x7 y)¢mnq;($t> yt) (377)

4
JYU(7,t) = echysin(wot)d(z — Ut)% Z

m)nz

for 0 <t < L/v. Equation (3.77) can be further expanded with the help of
Jacobi-Anger expansion of exponentials of trigonometric functions in the basis of

their harmonics. The Jacobi-Anger expansion is given by

o0

eizcoS(w) — Z Z'pjp(2>€ipw, (3783)
p=—00
and
eizsin(w) — Z Jp(z)eipw’ (378b)
p=—00
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where J,,(z) is the p-th Bessel function. Taking derivative over ¢ on both sides

of Eq. (3.78Db)) yields

[e.9]

izsin(y) __ ipY ith ) )
cos(v)e = E pJy(2)e with 2z #0 (3.79)

p=—00

Furthermore, using Jacobi-Anger expansion, one has

co8(wWot) D (Tt yr) = cos(wot) cos (k) sin(kyyo)

kw - tpw
S (50
zV0 =

where it is assumed k; # 0 and F},,, is defined by
. ik.x —tkzx 9
Frnp(0,90) = sin(kyyo) [e70 — (—1)Pe~tom0] Jp(kmk—o). (3.81)

Substituting Eq. (3.80)) into Eq. (3.77)) yields

— eCkw = 4 / 1pwo
HIU(T,t) = 5 5(2’ — Ut) Z Z m¢mnx($, y)menpep t. (382)

m,n>0 p=—oco

At last the Fourier transform of §¥(7,¢) can be calculated as follows

JY(F,w) = / dt JY (7, t)e™!

eck > 4 .
= . — pFmd iBpz 3.83
o) Z Z (]. + 6m0)abkxp p¢mnx(x7 y)e ) ( )
m,n>0 p=—oo
where the quantity [, is defined by
w + pw
Bp=——. (3.84)

For JY(7,t), the delta function of transverse coordinates can be expanded as
follows A
5<I - ‘Tt)é(y - yt) = E Z ¢;nnz<x7 y)(b;nnz(xt’ yt) (385>
m,n>0
With the above equation, the longitudinal current density can be written as
. 4
gzU(r7 t) = GU(S(Z - ,Ut)% Z [(ﬂmnz(xv y)gb;nnz(xt? yt) - (ﬁ;lnz(x? y)(b;nnz(x(% yO)}

m,n>0

(3.86)
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for 0 <t < L/v.

Using the Jacobi-Anger expansion once more, one has

¢;nnz(xt7 yt) = Sin(kxxt) Sln yyO Z anpezpwot (387)

p—foo

Substituting Eq. (3.87)) into Eq. (3.86]) yields

U7 t) = —5 (z —vt) Z Z —<;5ng 2, Y) Fpnpe ™" (3.88)
mn>0p——00
p7#0

Then the Fourier transform of J¥(7,t) can be written as follows
JY(F\w) = / dt gv (7, t)e"
- > i ian o (x,y)e. (3.89)
2i ab” "PTImEN

m,n>0 p=—00
p#0

3.4.2 Electric fields in a finite-length wiggler

The fields excited by a point charge moving along a wiggler can be interpreted
by the dispersion relation as shown in Fig. According to Eq. , the
beam mode is shifted due to the wiggler. As sketched in the figure, the upshifted
beam modes can couple with the propagating waveguide modes. This mode
synchronism leads to the well-known wiggler radiation. On the other hand, the
downshifted beam modes can couple with the slow waves. It leads to a kind of
radiative fields similar to space-charge fields as discussed in the previous section.
The crossing points between the beam modes and the fast/slow waves indicate

real /imaginary poles in the complex wavenumber plane.

The radiation fields corresponding to the real poles is to be treated in this
subsection. With the spectrum of a wiggling beam yielded, the electric fields can

be calculated using the formulas obtained in Section [3.2.3] For the horizontal
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3.4 Coherent wiggler radiation

Figure 3.7: Dispersion relation for the waves excited by a point charge moving
along a perfectly conducting waveguide sandwiched by a wiggler. The solid blue

line denotes the beam mode.

electric field, the result is

(o) =g e\ 7R k.

!/dx/dy/<u¢mxxyﬂ*@zww )

:uOZ 4 Zk k ¢mna} (33' y)
YO k2

/d:p/dy/ dz' ¢l (2, y) T (2,2)JV (7, w). (3.90)

One can define
Viw= [ [ [(a b TR, B
and
a b L
—/ dx// dy// dz' ¢, (2 )T (2, 2)JY (7, w). (3.92)
0 0 0

Performing the integration over z’, 3/ and 2’ yields
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and
5;750

where two quantities are defined as follows

) i(Bp—kz)z __ 1 ) ei(ﬂerkz)L _ ei(6p+kz)z
;‘;n 2) = ezkzze : + e—zkzz . , 395
(%) i(Bp — k) i(Bp + k2) (3.95)

and
) i(Bp—kz)z _ 1 ) i(Bpt+kz)L _ Li(Bp+kz)z
e e e

Qrnp(2) = €M = — e . : 3.96
»?) i(Bp — k) i(Bp + k) (3.96)

Then the horizontal field is obtained as

U/—> . iﬂoe 4 ¢mnx (.T y)
Ex (T,W) = ZWT% Z /{;—Z

m,n>0

k'2 ka) + k kz _
< 3 (1) e i) ] 09D

p=—00

p#0

where kY = kyc/v.

Similarly, the expression for the longitudinal electric field is

N . 2“06 4 ¢mnz T y
BL(Fw) =iw = )

m,n>0
1 — K2\ . k.pky, -
X ;p;oo anp |:<1 — E) mnp(z) + QOnP<z)
p#0
oW
kOQ J (T, w). (3.98)

3.4.3 Wake potential and impedance

Using the formulas for the electric fields, the longitudinal wake can be calculated
as the work of the electric field done on the test particle. It is assumed that the

test particle adopts the same orbit as the source particle does, but with a time
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3.4 Coherent wiggler radiation

delay T'. In general, T' can be positive or negative values, indicating the test

particle is behind or ahead of the source particle. The wake potential is

:_é///dv/() it 57t &V (Rt 4+ T). (3.99)

With the electric field replaced by its Fourier transform, the above equation is

written as

WT) - _ [[ [ [ wico. _ /°° o BV (7 ) D
g [ [ for [ ason seoce] o o

Since the Fourier transform of the wake is related to the impedance by

1

— / Z (w) e “Tdw, (3.101)

W(T) = 2

the longitudinal CWR impedance can be expressed by

Z)(w =——///dv/ dt J(Ft) - BV (Fw) et
///W/ :

[Hx 7 t) BY (F,w) + 3. (7, t) EY (F,w)] e ™. (3.102)

First the impedance due to the horizontal electric field is to be calculated

Zje(w =——///dV/ dt 9. (7,1) EV (7,w) e
/ / / v / dt echy cos (wot)

X 0 (x - k:_ sin (wot) — xo) §(y —yo) 0 (2 — vt) EY (7 w) e ™. (3.103)

w
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Substituting Eq. into the above equation and integrating over z, y and z
yields
L
Z)jz(w) = —612 /OU dt ecly cos (wot)

foe 4 1 6
X w0 = — oS (kx(k—o sin (wot) + xo)) sin(k,yo)
0 w

N K2\ phy bick it

Applying the same expansion as Eq. (3.80) to the above equation gives

L
ifoe 4 .
Zz(w) = — dt ct) g E ' €0
I=() /0 Yoy k 2k: 5 =l

S AN L bk ot

p=—00
p#0

The integration over t can be done without difficulty, with the final result of

HoC
Z = F
)= 2 S Y e B,
m,n>0 p/=—oco p=—0o0
p#0
x | (k* = k2) LQ+ 4 k. Qo (3.106)
x (1 + 5m0> mnpp mnpp’ |
where two quantities are defined as
Qv = — L (=p) — o
mnep ﬁp - kz pep (Bp - kz)(ﬁfp’ - kz)
iL 1 — iBptha)l
—+ —5 .+ s 3.107
B+ kP G k) (B 4 ) (3.107)
and
0- L 5 B e By k)L _ ]
mnpp’ ﬁp . kz p(—p’) (Bp o kz)(ﬁ—p’ . kz)
iL 1 — elBptha)l

— —ﬁp s Op(—p') — Byt 5V By + R (3.108)
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with

(3.109)

Secondly, the impedance due to the longitudinal electric field is to be calcu-

lated

Z)z(w =——///dv/ dt 9. (F,t) BV (F,w) et
///dv/ dt ev

X 0 <x - k:_ sin (wot) — xo) §(y —yo) 0 (2 — vt) BY (7, w) e™™". (3.110)

w

Substituting Eq. (3.98) into the above equation and integrating over x, y and z

yields

L
1 (v
Z)jx(w) —;/ dt ev
0
’ 4 1 )
X iw%% m;m W sin (kx<ﬁ sin (wot) + xo)) sin(kyyo)

1 — E2\ . k.pk?, iy
X Z Z anp |:<]- - _) mnp(vt) + QOnP<vt):|

p=—00
p¢0

1 wgw e
-= Care S
0 mn>0p*—oo

p#0
sin (wot) + xo)) sin(k,yo)e Pl (3.111)

X sin (kx(z—o

w
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The same expansion as Eq. (3.87)) is applied to the above equation and yields

L o0

v :u04 ip’wot
AP = — dt E . e? 0
=) /o U G >kz2@[2 & ]

p'=—00

1 e k2 + kzpk:i; fuut

p=—00

p#0

L
z,uowl
_/0 k2 2 2 Z ab e

m,n>0 p——oo

X [ Z anp,eip’wot] ePrvtgivt, (3.112)
p'=—00

The integration over t can be done without difficulty, with the final result of

m,n>0 p/=—oco p=—00
p#0
pkok, )
X [(k? k) Qb — n 6mon"pp' — 2ik, Lop(—p) | - (3.113)

Equations and are the final results for the coherent radiation
impedance of a wiggler with finite length. The expressions are quite general. It is
seen that the formulas for the total CWR impedance contains summations over
four indices: m, n, p, and p’. The indices m and n indicate the mode numbers of
the rectangular chamber. The indices p and p’ represent the harmonic numbers
of the source particle and the test particle, respectively.

For convenience of discussion, the impedance is re-written as the sum of the

individual parts indicated as follows (m,n, p,p'), i.e.

X [(k:2 —k2) %Q;wp + k. k Q;mpp} : (3.114)
and
Lo ) = e Foyy Fony
x [(k;? ) QE,, — lpiﬁélio Qi — 20k LS ] . (3.115)
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According to the discussions in Sections [3.2.2] there exists an independent so-
lution of Maxwell’s equations which contains singular poles on the imaginary axis
of w-plane. With w replaced by iw, the whole CWR theory can be re-derived.
Similar to the discussions of imaginary poles in CSR [58], it is found that the
impedances due to the imaginary poles have the same forms as Egs.
and but with imaginary argument iw. The detailed calculation is post-

poned until subsection [3.4.5]

3.4.4 Simplification of the solutions

The results of Eqs. (3.114]) and (3.115)) look complicated at the first sight. But
more simplifications are possible. Firstly, the beam velocity can be assumed as

v = ¢, and this is certainly true at high energy electron or positron accelerators.
Then one has 8, = k + pk,, and f_y =k — p'k,,.

The next simplification is based on the observation that the terms with p =0
is negligible. This is obvious because that p = 0 indicates uniform beam motion.
And the beam with uniform motion will not generate radiation fields.

It is noticed that Eqs. (3.107)) and (3.108)) indicate the amplitude of the CWR,
impedance. In the case of long wiggler with large period number N,, QF  and

mnpp
@ npy Pecome highly peaked near the values of k which satisfy the equation

Bp — k= —k: =0, (3.116)

or
Bp+ k.= Py +k.=0. (3.117)

The straightforward implication of the above equations is that strong resonances
happen when p = —p’. Thus the terms of p = —p’ are most important in calcu-

lating CWR impedance. Solving Eq. (3.116]) gives the positions of the resonant

frequencies

27.2 2
—p°ks: —k
kpp = ——2—< 3.118
ook (3.118)
for v = ¢ and p # 0. In general, the resonant frequencies are

v k2
ko = 72 | —pkw £ =1 | (pky )2 — =< 3.119
ot [ p [ (Phw) 72] (3.119)
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for v < ¢. Here v = 1/4/1 — v?/c? is the Lorentz factor.
The third simplification is related to the Bessel function in F,,,,,. If kf‘flf_z < 1,

the Bessel function can be approximated by its asymptotic form

Jo(k 9°)~ g0 (3.120)
P T\ M2k, ) ‘

where p > 0. If p < 0, there exists J,(x) = (—1)?J_,(z). In the following, the
case of kmg—i < 1 will be studied. This condition indicates a wiggler with small
deflecting angle of 6y = K/v < 1.

The last simplification comes from the beam orbit. The beam is assumed to
enter the wiggler with g = a/2 and yo = b/2, which are the values at the center
of the waveguide.

With the above simplifications, the CWR impedance with first- and second-
order harmonics can be calculated. For the first-order harmonics, summing up

the terms with [p| = |p/| = 1 yields the result due to the real poles
Z1(k) = Zo0204(k), (3.121)

where the dimensionless function ©,(k) is

ab £ 2 (14 G0k

" { (% ik) ST s

+ (%)2 {S‘((k + kZQ— kw)L) - +ikz)L} } (3.122)

©1(k)

cos” (kywo) sin® (kyyo)

where two functions are defined

_sin®(2) + i [sin(2) cos(z) — 2]

St(z) = > , (3.123)
and
S (2) = sin?(z) — i [sizgz) cos(z) — z]‘ (3.124)

If xy = a/2 and yo = b/2, the summation in Eq. (3.122) only goes over even

values of m and odd values of n.
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3.4 Coherent wiggler radiation

As previously discussed, the CWR impedance is highly peaked around the
resonances k + pk,, — k, = 0. The profile of the impedance is mainly determined
by the sink-like functions S*(z) and S™(z). The width of each peak can be
estimated by sinc?(x) = 1/2. Correspondingly, for a wiggler with period N,
k — k, — k, is evaluated in the range of k,/(2N,). If N, is large enough, then
kyw/(2N,) < 1and k — k, =~ k.

For the second-order harmonics, summing up the terms with |p| = |p/| = 2

yields the result due to real poles
Zy(k) = Zo0302(k), (3.125)

where the dimensionless function ©,(k) is

i i — sin®(k, o) sin?(k,yo)

m=1 n=1
k2 (k= ke —2k,)L. ik — k. + k)
X ST ) —
(k — k. + 2ky)?2 2 2L
k2 (k+k, —2ky)L. ik +k, +4k,)

S™ . 3.126
Tk + 2k { ( 2 A TEY } (3.126)
By comparing the amplitude of Z;(k) and Zy(k), i % is in the

9,(2;]22’2” < 1, one can safely neglect the CWR impedance
of high-order harmonics. And crossing terms between different harmonics are also
negligible.

When doing summation over m and n, Eq. converges slowly. To get
better convergence performance, the function ©;(k) is split into two parts as

follows

O1(k) = OF(k) + 01 (k), (3.127)
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where

oLk = L—2 3 iLCOSQU{? o) sin? (ko)

' ab m=0 n=0 (1 +5m0)kz o v

b=k, \? oy b=k, — k)L
X{(k—szrkw) 57 > )
k+k, \° . (k+k —k,)L

N (—Hkﬁkw) S( R (3.128)

and

L oo o .
=— Z Z it 6 cosz(kzxo) sin®(k,yo)

k— k B k:+k:z
(k—Fk,+ky)? (k+k,+ky)?]|

(3.129)

The low-order resonant modes dominate ©% (k), and therefore the summation over
m and n converges quickly. On the other hand, © (k) converges slowly when
doing summation over m and n. The reason is that high-order modes are more
important in this term. To get better convergence performance in evaluating
O (k), the summation over m and n can be changed to integration by using

substitution of

ZZ% /dm/ dn—4—7r2 dk/ dk,. (3.130)

m=0 n=0

Then there is

1L ab k—k, k+k,
— dky | dk,— — 3.131
ab47r2/ / [k—kﬁkw)? (k+/<:z+k’w)2}’ (3.131)

where xy and yo are set to g = a/2 and yo = b/2. Using variable substitution of

k, = rsin(f) and k, = r cos(d), the integration is changed to

47T2 rdr/ A —— Vo=
y [ — \/W B k+VEk2—12
(k= Vk> =12+ ky)?  (E+VE>—r2+k,)?

(3.132)
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3.4 Coherent wiggler radiation

The integration over 0 gives a factor of /2. Using another variable substitution
of r = ksin(¢), one gets
L (3 k
H(k) = = / ksin(¢)k dip————
" [ k(1 — cos(1) k(1 + cos(v) }

[k(1 = cos(v¥)) + k:w]2 [E(1 + cos(v)) + kw]2

ikL ! t 2 t
=
i S N

The last integration can be easily done and the result is [108)]

log (k + kw)
Fu

2 1 2k,
_ (ENNBICET — 2coth (3 + T) ] ) (3.134)

where coth™(z) is the inverse hyperbolic cotangent function. The first term

(3.133)

1k L
o1 (k) = S
T

in the above square brackets is dominant. The second and third terms can be
neglected at high frequency where k/k, > 1. It is noteworthy that Eq.
does not contain a or b. The implication is that the effect of waveguide shielding
is negligible in this term.

Before finishing this subsection, Eq. is used to calculate the CWR
impedance and compare with the results given by the numerical code CSRZ.
The parameters for the wiggler and waveguide cross-section were chosen as the
same as those in Fig. . The maximum wavenumber of interest is set to
Emae = 10 mm™'. According to Eq. , it is only essential to consider the

dominant modes with their indices satisfying k.., < kmaz- And it corresponds to

M < Mimae = /L kimas — K2, (3.135a)
T
b

N < Nnaz = =V 2kwkmaz — k2. (3.135b)
T

According to the above equations, in the example the summation over m and

n goes to maximum values of 11 and 3, respectivley. The results are plotted in

Figures [3.8(a)| and [3.8(b). It turns out that the analytical formula agrees well
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3. COHERENT WIGGLER RADIATION

with the numerical results in the real part impedance but not in the imaginary
part. The problem will be fixed if the impedance due to imaginary poles is taken

into account, as will be discussed in the next section.

Re Z (Q)
(o2}
ImZ Q)
o o
/
—_—
—

4]
0
0 2 4 6 8 10 0 10
k (mm™") k(mm >
(a) Real part (b) Imaginary part

Figure 3.8: CWR impedance of a wiggler. The blue solid and red dashed lines

represent analytic and numerical results, respectively.

As Egs. show, M4 and Ny, are proportional to the chamber dimen-
sions. This implies that when the chamber sizes become larger in which case the
shielding effect would be weaker, the number of modes taken into account should
go higher. Therefore, mode expansion method for calculating CWR, impedance
is more efficient for relatively small chambers.

It is also worth noting that the high order modes are non-negligible in Eq. (3.121])
due to the term of k—lz It is obvious that é — oo when k — k., thus summing
over higher order modes may give finite values. Let us test the same example

discussed in the previous paragraphs. To calculate the CWR impedance, we sum
ka akyw

7 ) who

the modes up to m = Min[** | and n = kb/m at every wavenumber of k.
Here the symbol Min|[ ] stands for taking the minimum value of the quantities
concerned. It comes from the approximation condition which was required in ob-
taining Eq. . The result is compared with that of blue lines in F igure
and [3.8(b)] As shown in Figure 3.9(a)] and [3.9(b)] the real part impedance does

not change at all when high order modes were taken into account, it implies that

the lower order modes dominate the real part of CWR impedance. While for the
imaginary part impedance, high order modes are also important and lead to a

significant change of slope in the spectrum.
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Figure 3.9: CWR impedance of a wiggler with high order modes considered.
The blue solid represents the result with only low order modes considered; the red

dashed line stands for the result with high order modes also taken into account.

3.4.5 CWR impedance due to imaginary frequencies

The impedance due to the imaginary frequencies is of importance in the CWR
theory. This issue is discussed in this separate subsection.

In the previous subsections, it has been found that the fields generated by the
wiggling beam propagate along the waveguide with the form of A x gilwttk:z)
where the plus and minus signs indicate the outward and inward waves, respec-
tively. k., > 0 denotes the propagating modes. For the conventionally defined
evanescent modes, k is real and k < «,,,,. The fields of this kind of evanescent
modes vanish exponentially along z axis. To take into account the evanescent
modes with k < a,,,, one can do the summations in Egs. and be-
yond the cutoff. But, numerical tests almost give the same results as Fig.|3.8(b)|
It implies that the discrepancy shown in Fig. is not due to the conventional
evanescent modes.

The idea of considering imaginary poles was originated in Ref. [58]. As dis-
cussed in Section [3.3] the CWR impedance due to imaginary poles should be
related to space-charge (or beam self-fields) effect. As did in Ref. [58], the trick
is to do replacement k — ik, and then re-derive the whole CWR theory. It was
found that the CWR impedance due to imaginary poles can be described by

Zmnpp’ﬂb (w) = Z.Zmn]up’oc (iw)7 (3136&)
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Zrminpp =(W) = 1 Z i (1w). (3.136Db)

Suppose the wavenumber is purely imaginary, the wavenumbers k and k, can
be replaced by ik and ik, = im, respectively. Keep in mind that here
k and a,,, are real. All the derivations in the previous sections could then be
repeated. It is found that all the formulas keep the same forms as those obtained
previously. And the final impedance formula can be re-used when k and k. are

replaced by ik and ik, as shown in Eqs. (3.136].

Simplifying the formula for first-ordr harmonic gives

where
e = mzz ; T 5m0 cos? (kpx0) sin2(kyyo)
(k. — kw (k. — +W)+%k—kx L n]
{ [(kz — k)2 + k2]
(. + k) [L (ks + k)2 + k2) + 2(k. + k) (e~ F=+PL — 1)}
n _ (3.138)
[(k. + k)2 + kg,} }

The second term in the curly braces is small comparing with the first term.
It will be neglected in the following calculations. Assumed that zo = a/2 and
Yo = b/2, the summation over m goes to even numbers and n goes to odd numbers.
Consequently, the summation over m and n can be changed to integration as what

is did in the previous section. The result is

O1( W/%/%ﬁ

(k—kﬂL(k—k)+H)+%k—kmﬂmkﬂ 1)
x _ . (3.139)
[(E. — k)2 + k2]

By using variable substitution of £, = rcosf and k, = rsin@, the integration
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was changed to

~ ) o0 3 L
O1(k) ~ P ; rdr i do /;:_Z
(k. — k) [L (ks — k)2 + k2) + 2(k, — k) (e~ k==L _ 1 ]

(3.140)

with k., = v/k2 4 2. The integration over @ is straightforward. One more variable
substitution is to be done: r = ktan1, resulting in rdr = k? tan 1 sec? 1»dy) and

k. = ksect. With more calculations, the integration becomes

B1(k) ~ - /0 tan o sec i)

y (secty — 1) [kL ((sect) — 1)? + k2 /k?) + 2(sec ) — 1) (e~ eev=DEL — )]
[(secyp — 1) + k‘i/k‘Q]Z '

(3.141)
Since tan ¢ secydy = dsec), one more simplification can be done:
_ 7 o0
01 (k) ~ / dt
8
(t—1 (=12 + k2 /K% +2(t — 1) (e DR — 1
) k2 42/ + 20— 1) 1 g

[(t —1)% + k2 /K2

Another step of integral by parts yields

2t —1)2 (e IR 1) o e DR (] — EL(t— 1)) — 1
/1 dt RS EyE /1 dt CESENEYE . (3.143)

With the above calculations, the integral of Eq. (3.142) can be changed to

(3.144)

_ i /°° " (t— 1)KL — 1+ e DR (1 — kL(t — 1))

Ouk) ~ o (t— 12 + k2 /K2

The above equation can be evaluated by symbolic computation using Mathemat-
ica [109]. The result is

O,(k) ~ igL [ log <kk ) + C(ky L)] (3.145)

™
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where

C(z) = Ci(z) — Sii’z), (3.146)

and Ci(z) = — ["cos(t)/t dt and Si(z) = [ sin(t)/t dt are the cosine and sine
integral functions, respectively. Since k,L = 2N,m, if the period of the wiggler
is large, there exists C'(z) — 0. So the quantity C'(k,L) in Eq. (3.145) can be

neglected, resulting in

~ 1kL kw

Adding Eq. (3.137) to Eq. (3.121)), the new imaginary part is plotted in Fig.[3.10
It shows that the discrepancy in Figure [3.8(b)|is well mitigated. The remaining

Figure 3.10: Imaginary part of the CWR impedance. The blue solid and red

dashed lines represent analytic and numerical results, respectively.

discrepancy may be due to the paraxial approximation which is adopted in nu-
merical calculations. Similar to the discussions in Ref. [58], we do find that the

imaginary poles also play an important role in the CWR theory.

3.4.6 An infinite long wiggler

Consider that the wiggler is infinitely long. A particle traversing the wiggler takes

the orbit as follows

0
x(t) = k_o sin (wot) + o, (3.148a)
ye(t) = yo, (3.148b)
z(t) = vt + 2o, (3.148c)
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with —oo < t < oco. It is seen that the beam spectrum has the same form as
derived in the previous subsection.

Suppose that a test particle follows the source particle entering the wiggler
with time difference 7. We are to calculate the total work done by the CWR
fields with a path length of L. Instead of using Eq. ( , Eq. - is directly
substituted into Eq. (3.34] - In combination with Eqs 3.83]) and - the vector

potential due to a single mode are calculated as follows

4o ek;, > PEnp

Amnx _’7 = ) iﬁpz’ 3.149
(7’ OJ) (1 + 5mo)ab 2k, S ﬁg _ k? mngg(if y)e ( )
and
¥ 4Iu0 ¢ mnp ’ iBpz
Ang(T B ab 22 Z ﬁ2 mnz(aja y)e . (3150)

To obtain the above equations, the mtegration over 2’ is firstly done and it leads

to Dirac delta function, i.e.

/ d2' e Pr=P= = 2m§(B — 3,). (3.151)

Then the integration over [3 is easily done. The integrations over 2’ and v are also
straightforward. It is noteworthy that the cross terms of different eigenmodes are
canceled due to their orthogonal property.

Using Eq. (1.16D]), the horizontal and longitudinal compoents of the electric

field can be calculated as follows
. CAdpge > k2 pk? Bpka
(Fyw) =iw L0 1) L
E.(T,w) =iw 5 Z Z [( k2)<1+5m0)k3:+ 17

Drne (2, )77, (3.152)

and

Dz (2, ). (3.153)
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The impedances are found to be

Z/L()CkL pk Fon an( )
Ze(w) = > Z o ,, kzp

m,n>0 p=—oo

k2 pk? 5
1] — = w P 3.154
K k2> A+ omols K2 1 (3.154)
and
ZuockL - anmen Frrunp Frnn(—p) By By Pk
2, = 1- 3.155
B Z Z k2+k21—|—5m0 ( )
m,n>0 p=—oo
Summing up the above 1mpedances together, the total impedance is given as
follows
Z,U,()CI{JL - anmen( —p) ¢ 21.2 k:%
Z( ks ——=|. 3.156
(w ) Z TER2 (L4 omg)e? [P T 52 ( )

m,n>0 p=—oo
Since the term of FnpFn(—p) is always real value, the above results are ap-
parently imaginary and contain singular poles at 2 — k2 = 0. This feature is
very similar to that of steady-state CSR, as discussed in Ref. [58]. Consider the

2 2,

1 K 1
S < o
-1 -1
% 4 6 8 10 % 2 4 6 8 10
k (mm™) k (mm™")
(a) p=-1 b)yp=1

Figure 3.11: Imaginary part of the CSR impedance of an infinitely long wiggler
with p=—1and p=1.

first-order harmonics and assume v = ¢, the CWR impedances per unit length
are plotted in Fig. for p = —1 and Fig. for p = 1 with wiggler
parameters the same as those of Fig. . It is noteworthy that Eq.
can be derived from Eq. by taking the limit of N, — oo. By taking the
oscillation amplitude 6, — 0, one can easily see that Eq. reduces to the
space-charge impedance of Eq. .
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Microwave instability

4.1 Introduction

There are tremendous studies on the single-bunch instabilities in storage rings (for
examples, see Refs. [110] [IT1), [1T2) [IT3]) or linacs in the literature. The collective
effects originating from CSR have been studied for many years (for instances, see
Refs. [30], 64, 114, 115, 116l 117, 118, 119, 120, 121, 122], 123, 124]). A review on
the theory and simulations of microbunch instability can be found in Ref. [125].
The single-bunch instabilities may occur in the longitudinal direction alone, or
in the coupled system between the longitudinal and the transverse directions due
to the dispersion effect (for example, see Ref. [126]). In general when the bunch
length gets shorter in accelerators from storage rings to linacs, the CSR effects
become more of importance. This chapter is dedicated to addressing microwave
instability (MWI) with CSR taken into account in electron storage rings.

The CSR instability in several storage rings was investigated in Ref. [127]
using existing theories on estimates of the instability threshold. A comprehensive
overview of microwave instability theories was given in Ref. [128]. Handy formulas
based on steady-state CSR models are now available for a simple estimation of
CSR induced MWT threshold for an electron or positron ring. If the ring operates
well above the MWTI threshold, numerical simulations are proper for predicting
the turn-by-turn beam dynamics (for instance, see Ref. [120]).

A simple coasting beam model was first developed in Ref. [129] to predict
the CSR driven MWI in electron storage rings. Using free-space CSR impedance
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4. MICROWAVE INSTABILITY

model of Eq. (2.1)), the theory gives a bunch population threshold for the insta-

bility [129, 130, 131]

Clym/%,y020,
ce \/§R1/3)\2/3 ’

where C' is the circumference of the ring, o, is the momentum compaction, o5 is

Nthl - (4].)

the relative energy spread, o, is the rms bunch length, R is the bending radius
of dipoles, and A is the specific wavelength. Following the notations of Ref. [12§],
14 is Alfvén current defined by

mec>

IA = 47T60 5 (42)
(&

where m, is the electron mass. When applying the steady-state parallel-plates
model of Eq. (2.3]) to the coasting beam theory, a threshold independent of wave-
lengths was found [128] as follows

Cly 3\/50@70%@

Nipo =
ce w3/2h ’

(4.3)

where b is the distance between the plates. It is noteworthy that the wavelength
does not appear in the above equation. Furthermore, the instability threshold for

a bunched beam is given in Ref. [124]

CLy oyl o

Eih- (4.4)

In the above equation, the quantity &, is an empirical function determined from

numerical simulations [12§)]
& = 0.5+ 0.34y, (4.5)

where the dimensionless parameter x is so called shielding parameter

X:@¢§. (4.6)

It is interesting to compare Eqs. (4.3) and (4.4) by defining a ratio of

3\/§X2/3

F (x) = Nina/Nips = 7T3/2(0.5 + 0.34)().

(4.7)
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The above function is plotted in Fig.[4.1] It is seen that for a large range of values
of x, F is close to 1. It infers that, for y > 2, the coasting beam theory with the
parallel-plates CSR model has general agreements with the bunched theory. That
is, Equation is good enough for estimating the CSR instability threshold.
This has been pointed out in Ref. [I28]. It is also interesting to point out the
significant discrepancy at very large values of x. More careful studies are needed

to fully understand it.

1.0

0.8

0.6

Flx)

0.4
0.2
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0 5 10 15 20

)(=(7'Z\/Fl'/b3

Figure 4.1: Ratio of the thresholds of coasting beam model to the bunched beam

model, as a function of shielding parameter.

It is easy to see that shielding is negligible for y < 1. For free space CSR
model, Y = 0, equalizing Eqgs. and gives a critical wavelength of
Min = (87)Y40, & 2.240,. This wavelength is very close to the full width at half
maximum (FWHM) for a Gaussian distribution. It indicates that for a Gaussian
bunch, radiation at wavelength of A\, is strongest and causes instability at the
lowest bunch current.

Actually the shielding parameter x is intimately related to the characteristic
path difference between the beam and the radiation waves reflecting back from
the metal walls. This is to be discussed in the next section.

The threshold given by Eq. also suggests measures for avoiding CSR
instability in a storage ring. The criterion is to push the MWI threshold as high
as possible. By defining a machine parameter as

o\ 1/3
F = Ca,yo} (E> Ein (4.8)
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4. MICROWAVE INSTABILITY

from Eq. (4.4), the simple rule is to maximize the parameter F. It is obvious
that F' is intimately related to the details of the optics design. It is seen that
the chamber height has been included in the parameter F. It is obvious that
decreasing the chamber height leads to higher instability threshold.

4.2 Deviations from steady-state models

The instability analysis in the previous section is based on steady-state CSR
model in free space or with parallel-plates shielding. Actually in a realistic storage
ring, dipole magnets are interleaved with drifts. The chamber is usually toroidal
inside the dipoles and is straight in the drifts. The vacuum chamber acts as a
waveguide. Guided CSR fields can propagate along with the beam. While using
the simple steady-state CSR model, transient effect, toroidal chamber shielding
effect and multi-bend interference effect should be checked. These effects may
make difference in evaluations of CSR instability threshold.

Transient effect is related to the magnet length. The beam starts to generate
radiation when entering a bending magnet. The radiation stops once the beam
moves into drift space. The build-up of the radiation is characterized by an
overtaking length of [64]

1/3

L = (24R%0,) "7, (4.9)

where R is the bending radius of the dipole magnet and o, indicates the rms
bunch length. If the magnet length is much longer than L, transient effect can
be fairly neglected. The transient effect was also studied from the viewpoint of
impedance in Chapter[2] Note that Eq. has no information of the dimensions
of the chamber. It is only determined by the curvature of the beam orbit and the
bunch length.

The shielding of the chamber walls can be considered as follows: the beam
emits radiation fields which propagate away from the beam. The radiation fields
are reflected by the chamber walls and may act back to the beam. The shielding
effect depends on the wavelength of the radiation fields. The criteria should
be drawn from comparing the wavelengths A = 27 /k with the geometry of the

chamber. Suppose that the chamber cross section is rectangular and the beam
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4.2 Deviations from steady-state models

is moving along the center of the chamber. The critical wavenumbers related to

chamber geometries were found in Ref. [58] as follows

3 |R
=—1\/— 4.1

Kino = ? (%)3 (4.11)

where a and b indicate the chamber width and height, respectively. It is stated in
Ref. [58] that at wavenumbers k >> ky,; and k >> kypa, toroidal chamber shielding
is negligible. The above critical wavenumbers define critical bunch lengths by
Oant = 1/kyp1 and 0,40 = 1/kypo. If the bunch length o, < 0,41 and 0, <K 0,42,
the radiation fields reflected back from the chamber walls never reach the beam
and thus have no actions on the beam. It also means that the beam never feels
the fields reflected from the chamber walls. Consequently, chamber shielding can
be neglected.
The simple geometrical analysis in Chapter gives similar results as Fq. .
A critical magnet length regarding to the width of the chamber was also found
as follows
Luns = 2V Ra. (4.12)

From the viewpoint of impedance, instead of wake potential, L, is related to
the CSR impedance as follows: If the magnet length L; < L2, CSR impedance
significantly differs from the parallel-plates model and transient effect, including
both entrance and exit, should be important; If Ly &~ Lo, paralel-plates model
works well; If Ly > L2, CSR impedance spectrum becomes highly fluctuated
and contains many narrow peaks. From the viewpoint of beam instability, the
importance of side-wall reflections should be evaluated via comparing the bunch
length with the path difference o.4,1, as stated in the previous paragraph.

CSR fields generated in one dipole can propagate together with the bunch and
enter the next dipole. In the next dipole, new CSR fields can interfere with the
fields from the previous dipole. If such interference happens inside the variation
of a bunch, the CSR effect on single-bunch instability can be enhanced. The
geometrical analysis in Chapter [2| can be extended to discuss the multi-bend

CSR. interference. In principle, if the radiation fields reflecting back from the
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4. MICROWAVE INSTABILITY

side walls can reach the beam itself, such interference effect should be taken into
account. A reliable way is to calculate the CSR impedance in a series of dipole
magnets, and then apply the impedance to numerical simulations or instability
analysis. The relevant discussions are to be presented in the next sections.

There are evidences on the effect of the side-wall reflection in the literature.
The spectral intensity of synchrotron radiation, which is linearly proportional
to the real part of CSR impedance, measured in the NSLS VUV ring [84] 132]
contains pseudo-equidistant peaks. This spectrum is very similar to the CSR
impedance in a long magnet as shown in Chapter [2l Similar fine structures were
also observed in the Canadian Light Source (CLS) [133].

The deviations from the steady-state model require careful calculations of
CSR impedance for a storage ring. If the impedances from vacuum components
can compete with CSR or even dominate the total impedance, they also have to

be counted in MWI simulations.

4.3 Code development for simulations of microwave
instability

A code solving Vlasov-Fokker-Planck (VFP) was developed for purpose of simu-
lating MWT including CSR. Basically Warnock and Elisson’s work is followed [134]
to solve the VFP equation numerically. The VFP equation including collective
wake force is written as

61/)+6q o p %_Zﬂglwﬂg%l’

- . . ——— 4.1
Jds 0s Oqg 0Os Op capp (4.13)

where 1 = 1(q, p, s) is the probability density in the longitudinal phase space and
is normalized as [[ ¢(q,p, s)dpdq = 1. The coordinate ¢ = z is the longitudinal
coordinate and p = Ap/py is the relative momentum deviation. The quantities
os and 3 are the relative energy spread and the damping coefficient, respectively.

The corresponding longitudinal distribution is calculated from v (q, p, s) as

Aa,s) = / (g, p. 5)dp (4.14)
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4.3 Code development for simulations of microwave instability

and will be used in calculating the wake forces. The Hamiltonian’s equations are

0q wso,
i . 4.15
0s cog ( )

op WO

e -q—1,-Fl(q,s), 4.16

=g 1 F0.s) (4.16)

Ne? ) i
where [,, = and wy is the synchrotron frequency. The wake force is
0
Flas)= [ Wild = oM@, (4.17)

q'=—00

where W) is the longitudinal wake function and its unit is V/pC. The parameters
N, C' and Ej are the bunch population, the circumference and the design energy

of the storage ring, respectively.

4.3.1 Operator splitting

The technique of operator splitting [135] [136], or called time splitting, is widely
used in solving partial differential equations (PDEs). To solve the VFP equation,
Eq. (4.13)) is re-written and the operators are split into three parts as follows

o 3
5. = L= (; Li) Y, (4.18)

where
le—wsaz-p 3—|—w805-q-3 (4.19)
cos dq co, op’
0
Lo=1,-F(q,s)- o (4.20)
Ly = ?a% p+ aga%] : (4.21)

The operators £, and £, are called Liouville operators, and L3 is called Fokker-
Planck operator. The Liouville operator is reversible and the Fokker-Planck op-
erator is irreversible. Finite differencing Eq. yields the solution on the
(n + 1)-th time step

Yt = Ay, (4.22)
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The simple first-order splitting can be formulated as

oASL o ASL1 AsLy AsLs (4.23)

And high-order splitting instead of Eq. (4.23]) can be applied to achieve better
approximation. For example, the second-order symmetric splitting scheme can

be adopted

eAS(Ll-F[Q) ~ €ASL1/2€ASL2€ASL1/2. (424)

To get better approximation, the one-turn map in the ring can be divided into &

integration steps. This scheme can be formulated as

6C’L ~ [eCﬁl/keCﬁg/keCﬁg/k]k‘ (4_25)

4.3.2 Discrete operator

The discrete version of the Liouville operator is Frobenius-Perron operator. Let
F1 and 5 are the Frobenius-Perron operators corresponding to £, and Lo, then
the evolution of probability density corresponding to the reversible operators can

be evaluated as

v (q,p) = F1(q, p,nds) = P(R7' (g, p), nAs), (4.26)
V(g p) = F200* (g, p) = (KX, ), (4.27)
where the rotation mapping R is
[q/l _ [ cos(psAs/C) B. sin(usAs/C’)} [q] (4.98)
P —sin(usAs/C) /B, cos(usAs/C) ’ '

and the kick mapping X is

m - {p - fnpé, $)As /c] : (4.29)

Here pi, is the synchrotron phase advance in one turn, and £, is the equivalent

beta function of synchrotron motion. For the Fokker-Planck operator, the expo-

nentially fitting scheme (EFS) [137] is proposed for discretization

Ut 28 L BP0t
As et cAp ' (4.30)
2502 ¢n+1 _ 2¢n+1 + wn_—i—l ’
n+1 § Titl i i—1
‘ c Ap? ’
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4.4 Microwave instability in the KEKB low energy ring

where

iA iA
Pt = b 2pcothp 2p
2075 2075

(4.31)

As proved in Ref. [I37], the EFS has the properties of: 1) being uniformly stable
for all values of integration step As, damping coefficient § and mesh size Ap; 2)

being free of numerical oscillation.

4.4 Microwave instability in the KEKB low en-
ergy ring

The KEKB B-factory [I] has operated for more than 10 years since its first
commissioning from Dec. 1, 1998. In June 2009, the peak luminosity reached
2.11 x 103 em~2s7! with stored beam currents of 1.64/1.12A (LER/HER) due
to crab crossing and off-momentum optics corrections. One of the merits of
KEKB [I3§], which contributed to such high luminosity, was squeezing the verti-
cal beta function at the interaction point (IP) to 0.59 cm. Correspondingly, the
natural bunch length is around 4.6 mm. And at normal operating bunch current
of 1.0 mA at LER, the measured bunch length is around 7 mm.

Since the beam-beam simulations showed that the crab crossing should boost
the luminosity by a factor of 2 [139], the achieved peak luminosity in 2009 was
still far from expectations. Besides chromatic coupling induced by lattice nonlin-
earity [140], microwave instability in the LER may be another potential obstacle
for achieving higher luminosity at KEKB by way of increasing beam currents.

In 2008, Y. Cai et al. studied the microwave instability in the KEKB rings by
using broadband resonator impedance models [I13]. In that work, it was demon-
strated that the models described the longitudinal single-bunch beam dynamics
very well when comparing with experimental observations. As predicted by Cai’s
model, the threshold of microwave instability at LER of KEKB is around 0.5 mA,

which is well lower than the operating current of 1.0 mA.
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4.4.1 Quasi Green’s function of wake potential

To study the longitudinal single-bunch instabilities, the ultra-short wake poten-
tials of various vacuum components were calculated using GdfidL. [I41], which
was installed on a cluster with 256 GB memory at KEK. As trade-off between
the capability of the cluster and the interested frequency range, 0.5 mm bunch
length was chosen for most vacuum components of KEKB LER.

Figure [4.2) shows the total geometrical wake potential of KEKB LER. The
length of driving Gaussian bunch used in GdfidLL is 0.5 mm. CSR is another
important impedance source at KEKB LER. The bending radius of both normal
dipoles and wigglers at KEKB LER are 15.87 m. This value is much smaller
than the average radius of the ring. The calculated CSR wake potential of 0.5
mm bunch for dipoles are shown in Fig. Interference between consecutive

magnets was neglected since the drifts between them are quite long.

Wake potential (V/pC)

v

=570

-0.01

Figure 4.2: Calculated geometrical wake potentials of 0.5 mm bunch for KEKB
LER. Blue dashed line: bunch profile; red solid line: wake potential.

From the short-bunch wake potentials, loss factors were also calculated using
Gaussian bunch profile for different sources of impedance in the KEKB LER.
The results are illustrated in Fig. [4.4] It is seen that RF cavities, movable masks,
synchrotron radiation masks, resistive wall, and bellows contributed most of the
loss factors at the normal operating bunch current with o, = 7 mm. It is noticed
that CSR only causes remarkable power loss at bunch length shorter than 5

mm. The calculated loss factors were compared with experimental data [142]
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Wake potential (V/pC)
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Figure 4.3: Calculated geometrical, resistive wall and CSR wake potentials of
0.5 mm bunch for KEKB LER. Red solid line: geometrical, magenta dashed line:
resistive wall, blue dashed line: CSR.

and predictions based on the resonator model proposed in Ref. [113], as shown in
Fig. In the figure, a fitting function of

K|(0:) = 1o, (4.32)

was used to fit the data obtained from three methods. The values of ¢; for
measured data, calculated data and resonator model are 3600, 480, 3000 V/pC,
respectively. The relevant values of ¢y are 2.67, 1.63 and 3.1 with the unit of
mm for the bunch length. These parameters indicate that the three methods give
quite different scaling laws for predicting the total loss factors of KEKB LER. It is
noteworthy that the calculated loss factors are much smaller than measurements
at bunch lengths short than 5 mm, but are remarkably higher at bunch lengths
longer than 7 mm. It is still not well understood what kind of impedance sources
make this discrepancy. Though the measurements show a hint of contribution
from high-frequency impedance, CSR is not likely to be a strong candidate as
seen from Fig. [£.4] On the other hand, the resonator model amazingly predicted
the microwave instability in the KEKB LER, as stated in Ref. [I13]. But it
underestimates the loss factor at bunch lengths longer than 4 mm.
Experimental measurements showed that the longitudinal bunch profile devi-
ates from Gaussian distribution in KEKB LER (see Figure 3 in Ref. [113]). It

is not clear how the tilt in bunch profile will change the total loss factors. A
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Figure 4.4: Calculated loss factor as a function of bunch length for KEKB LER.

Gaussian bunch is assumed in calculating the loss factors.
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Figure 4.5: Comparison of calculated and measured loss factor as a function of
bunch length for KEKB LER. Purple dots: measured data; red dots: calculated
from numerical wakes; blue dots: calculated from resonator model. The lines are

fitted curves as described in the text.

RF power balance method [143] may provide crosscheck to the measurements of
loss factors. It was tried at KEKB rings but proved to be unsuccessful [144].
Due to noise in the data obtained from streak camera, it is hard to use the mea-
sured bunch profile for direct calculations of loss factors. Extracting the coupling
impedance from measured bunch profile, which is possible by solving the inverse
problem of Haissinski equation [145, [146], [147], is one attempt but it is also very

sensitive to the noise in the bunch profile [148].

4.4.2 Simulation results and comparison with measure-

ments

Based on the algorithms described in Section 4.3 a code of VFP solver was
developed and used in simulations of microwave instability at KEKB LER. The
main parameters of KEKB LER are listed in Table [4.1]

Two methods were used to determine the bunch length of KEKB LER. As
described in Ref. [I49], one method developed by T. Ieiri was based on the beam
spectrum. Suppose the longitudinal bunch profile has Gaussian distribution. The
amplitude of the bunch spectrum has the form of Eq. . It is easily seen that

measuring the amplitude at two frequencies under the condition of ko, < 1 should
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Table 4.1: Main parameters of KEKB LER.

Parameter Value Unit
Circumference 3016.25 m
Beam energy 3.5 GeV
Bunch population 6.6 1010
Natural bunch legnth 4.58 mm
Synchrotron tune 0.024

Longitudinal damping time 2000 turn
Energy spread 7.27 1074

determine the bunch length. This method is applicable even there is tilt in the
shape of the bunch profile due to potential-well distortion. As pointed out in
Ref. [142], the bunch-length monitor needs to be calibrated due to the unequal
gains in the two signal channels. One choice for such calibration is to set the
bunch length extrapolated from the measured data to be equal to the natural
bunch length of the ring at zero current. The measurements were conducted with
the ring operating in the multi-bunch mode. The beam contained a train of well-
separated bunches with equal intensity in each bunch. The multi-bunch mode
has the merit of amplifying the signal detected by the bunch-length monitor. But
only averaged bunch length could be measured.

Another method was based on streak camera, which works in the single-turn
single-shot mode [I50]. In principle, the streak camera provides the direct ob-
servation of the arbitrary longitudinal profile of a bunch. Using this method,
the bunch-by-bunch shapes in a train can be measured simultaneously. The
bunch-length monitor can also be calibrated by comparing with an independent
measurement using streak camera.

For the KEKB LER, the results of bunch length as a function of bunch current
given by the bunch-lenght monitor and streak camera are shown in the yellow and
cyan curves of Fig. [4.0] It is seen that the two methods agree well at high bunch
currents and have slight discrepancy at very low bunch currents. The discrepancy
may be due to uncertainties of the measured signals for low currents.

Simulations of the bunch lengthening using different impedance models in the
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Figure 4.6: Bunch length as function of bunch current at KEKB LER. Red
curve: prediction of the resonator model given in [I13]; green curve: simulation
with calculated geometrical, resistive wall and CSR wakes; blue curve: simulation
with calculated geometrical and resistive wall wakes; magenta curve: simulation
with calculated geometrical, resistive wall and CSR wakes plus a pure inductance
of 90 nH; cyan curve: measurement by streak camera done in November, 2008;

yellow curve: measurement by bunch-length monitor done in 2003.

KEKB LER are compared with the measurements in Fig. It is seen that
the numerical impedance model predicts much weaker bunch lengthening against
measurements [142] [I51]. The result of using geometrical and resistive wall wakes
is represented in the blue curve. The result of adding CSR impedance to the
previous model is given in the green curve. It turns out that the CSR impedance
remarkably changes both the bunch lengthening and the MWI threshold (see
Fig. of the KEKB LER. According to Fig. , threshold current of MWI
with CSR impedance is around 0.7 mA. Without CSR, the threshold is around
1.1 mA. A tentative conclusion can be drawn that CSR might be an important
source to drive the microwave instability in the KEKB LER.

In order to get similar bunch lengthening, a pure inductance of around 90
nH was added in this numerical impedance model, as shown in the magenta
curve in Fig. [£.6] It seems that the numerical impedance model only gives an
inductance of around 26 nH, which is much smaller than the previous prediction in
Refs. [113], 142], for the KEKB LER. On the contrary, when the pure inductance
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Figure 4.7: Energy spread as function of bunch crrent at KEKB LER.

was added, the threshold of MWI gets much higher as shown in Fig. 4.7, This
disagreement indicates the same conclusion, as stated previously, that there are
unknown impedance sources in the KEKB LER. It can also be inferred that a

simple inductive impedance model is insufficient for explaining the MWTI in the
KEKB LER.

4.5 Microwave instability in the SuperKEKB
positron damping ring

The CSR induced microwave instability in the SuperKEKB positron damping
ring (DR) is examined in this section. The main machine parameters for two
versions of designs are listed in Table [£.2]

For the SuperKEKB DR, the critical values discussed in Section [4.2| are tab-
ulated in Table 3] The vacuum chamber dimensions are set as a = b = 34
mm. The bending radius of the magnet is 2.7 m. From the comparisons, the

conclusions are:
1. Transient effect is not negligible in this damping ring.

2. From the fact that o, > 0.9, chamber shielding due to the upper- and

lower-plates is significant. But it does not mean CSR instability is totally
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positron damping ring

Table 4.2: Main parameters used in tracking simulations for the SuperKEKB DR.

Ver. 1.140 Ver. 1.210

Parameter

Beam energy (GeV) 1
Circumference (m) 135.5
Bunch population (10'%) 5

RF voltage (MV) 0.5
Bunch length (mm) 5.1
Energy spread (107%) 5.44
Synchrotron tune 0.00788
Damping rateturm (107°) 7.28

Momentum compaction factor 0.00343

1.1
135.5
)

0.5
11.01
9.5
0.0152
8.25
0.0141

suppressed as to be discussed soon.

3. From the facts that L, > Ly and 0, > o1, the side-wall (outer- and

inner-wall) reflection should play a role in the CSR instability.

Table 4.3: Some critical parameters related to CSR for the SuperKEKB DR

Ver. 1.140 Ver. 1.210

Magnet length (Design, m) 0.74

Lipy (m) 0.96
Lipo (m) 0.61
Bunch length (Design, mm) 5.1

Oopn1 (mm) 2.54
Oth2 (Mm) 0.84
X 1.34

0.74
1.24
0.61
11.01
2.54
0.84
2.89

One may conclude from the fact o, > o.4,» that there should be no CSR insta-

bility in rings like SuperKEKB DR, because the radiation at wavelengths longer

than 27 /ky, have been well suppressed due to the chamber shielding. It should

be pointed out that this conclusion is not correct and may be misleading. One

may notice that there is no information about radiation wavelengths in Eqs. (4.3))
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4. MICROWAVE INSTABILITY

and , although parallel-plates shielding has been considered. This observa-
tion implies that the CSR instability is independent of radiation wavelength, but
is only dependent on the beam parameters, which are fixed during the optics
design. There always is CSR instability in an electron storage ring, provided
that the bunch current is high enough. The criterion of o, > 0,0 assumed a
smooth Gaussian bunch. Actually, microbunching may appear and coherent ra-
diation can arise from the development of a microwave instability. Perturbations
on a smooth long bunch may lead to bursts of coherent synchrotron radiation.
Such bursts of CSR radiation have been reported in many machines. For detailed

discussions, the reader is referred to Ref. [152].

4.5.1 Instability analysis based on broad-band CSR

impedance

The two versions of the designed optics were also examined using the simple
model developed for instability analysis of a coasting beam due to CSR [129].
Assuming positive momentum compaction, the instability is determined by the

dispersion relation

(4.33)

_Z_47T€OCA _ @/"Od peP/2
Var  kC ) P Atp
where A = nyro/(apyo?) and A = Q/(cka,os), and Z(k) is the total CSR
impedance in unit of Ohm. With Gaussian bunch ny is equal to N/(v/270,).
The beam is unstable if Im{Q} > 0.
The integral in Eq. can be replaced by

G(A) = V21 +imAe " 2{1 + erf[iA/V?2]} (4.34)

where erf[z] is error function. Using Eq. and the CSR impedances given by
the free space model, the parallel plates model, and numerical results for single
dipole model, the dispersion relation Eq. can be numerically solved. The
thresholds as a function of the wavelength are depicted in Fig. [4.8] With respect
to the design version 1.140, the Stupakov-Heifets (S-H) theory [129] infers that the
damping ring is designed well above CSR instability threshold. For the version
1.210, the S-H theory predicts threshold higher than the maximum design goal.
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Figure 4.8: The CSR threshold as a function of the wavelength in SuperKEKB
DR. The blue solid, red dashed and green dash-dotted lines are the results of CSR
impedances given by parallel-plates model, numerical code, and free space model,
respectively. The vertical straight line is the approximate shielding threshold due
to parallel plates calculated by QM. The horizontal straight line denotes the
designed bunch population. The top and bottom figures correspond to the design
version 1.140 and 1.210, respectively.

4.5.2 Instability analysis in the presence of narrow-band

CSR impedance

As shown in Fig.|[2.15] in a practical ring like SuperKEKB positron damping ring,
CSR impedance including interference effect exhibits many narrow peaks. The
peaks indicates field resonances generated by consecutive dipole magnets. There
is concern that if such resonant CSR impedance is considered, beam will become
unstable. The threshold of microwave instability due to CSR can be estimated
by solving the dispersion relation [129] [153] or by solving Vlasov-Fokker-Planck
equation [123]. For a simple instability analysis, one can apply the Keil-Schnell
criterion [154] to a bunched beam [155]

2y

n

2
You,050
7, P70z

< F
Nr, ’

(4.35)

where Z)/n is the longitudinal impedance driving the instability, o, is the mo-
mentum compaction factor, os is the relative energy spread, o, is the rms bunch
length, N is the bunch population, r. is the classical radius of electron. F'is a
form factor, for a Gaussian bunch, its value is taken as F' = \/7/2. n = w/wy is
the harmonic and wy is the revolution angular frequency. The above equation is

also called Keil-Schnell-Boussard criterion. It is apparent that this criterion can
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4. MICROWAVE INSTABILITY

only provide a crude estimate of the instability threshold in a storage ring. As
pointed out in Ref. [I56], this criterion is only correct for a broad-band impedance
wider than the frequency spectrum of the bunch. In principle, sharp resonances
can also drive microwave instability [I57]. But, as derived from Ref. [I56], it is

more appropriate to use a modified criterion as follows

2
You,050
7,707z

< F
Nr,

V2rkoo. R,
‘ 7T4 09z Its : (4.36)

Q

to detect the instability threshold driven by sharp resonances, of which the fre-
quency width is much narrower than that of bunch spectrum. In the above
equation, kg = wy/c = 2m/C where C' is the circumference of the storage ring.
One should notice that Eq. is written in the form that it has the same
right side as Eq. . In the above equation, R, is shunt impedance, and @)
is quality factor. These parameters define the well-known resonator impedance

model of
R,

T 11iQkJk — k/ky)
where k, is the resonant frequency. For an impedance described by the above
resonator model, Equation applies if the impedance is much wider than
that of the bunch spectrum, i.e. k,./Q > 1/0,. On the contrary, at high quality
factor of @ > k,o., Equation applies. The wake function of a resonator

impedance can also be calculated via Fourier transform

Z)(k)

(4.37)

Rick, O
W) (z) = —

= Ok 7 [e’o‘zsin(l@z)}ﬁ(z), (4.38)

where o = k,/(2Q), k. = /kZ —a? and 6(z) is the Heaviside step function.
When obtaining the above result, integration over k£ contains two singular poles
at k = —iov = k,. Therefore, complex contour integration should be performed.
Because the two poles are always located in the lower half w-plane for () > 0,
W) (2) satisfies the causality condition and only has non-zero values for z > 0.
One should also notice that Eq. is valid for @ > 0. If @ > 1/2 and
consequently k, is real, Eq. represents an underdamped solution. On the
contrast, if Q < 1/2 and k, is purely imaginary, it is an overdamped solution.
When @ = 1/2, it is critically damped.
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4.5 Microwave instability in the SuperKEKB
positron damping ring

As an example, let us examine the resonant peak at k, = 1.264 mm~! in the
CSR impedance shown in Fig. [2.15] This peak is chosen because it is the highest
and exhibits relatively large width. As shown in the figure, R, and @ should be
functions of number of cells N..;. This peak is fitted by using Eq. and the
corresponding parameters of R, and () are obtained. The results are plotted in
Fig. [4.9] The figures show that the quality factor is almost a linear function of
Neew- And R, /Q/Neey converges to a constant of around 132 2 when N > 5,
this agrees with the shape of calculated wake potentials in Fig. . Larger
values are observed at N, < 5 and it may be due to fitting errors. It is seen that
for small number of cells, the CSR impedance spectrum becomes broad-band and

neighboring resonant peaks overlap with each other.

80 180

60

20

(a) Quality factor (b) Shunt impedance

Figure 4.9: Quality factor and shunt impedance as a function of number of cells
at the resonant peak of k, = 1.264 mm~—'. CSR impedances are calculated using
different number of cells in one arc section of SuperKEKB positron damping ring
dipole magnents. The shunt impedances have been normalized by the number of

cells and quality factor.

Next the instability threshold is checked by using a set of machine parameters
of SuperKEKB positron damping ring as shown in Ref. [86]. The parameters
are listed as follows: C' = 135.5 m, v = 2153, a;, = 0.0141, o5 = 5.5 x 1074,
0, =774 mm, N = 5.0 x 10'°. Using these parameters, the right hand side of
Eq. is calculated to be 0.24 €.

The bunch length of o, = 7.74 mm corresponds to a critical bandwidth

0.13 mm~! in unit of wavenumber. With k, = 1.264 mm™!, the critical qual-
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4. MICROWAVE INSTABILITY

ity factor is Qy, = 9.8. Comparing with Fig. [4.9(a)|, it is concluded that when
N.n > 5, Eq. should be applied. Choosing R;/Q/Ney = 130 © and tak-
ing into account the total number of cells N.; = 32 for two arc sections, an
impedance of 0.95 € is obtained for the left hand side of Eq. . This value is
quite above 0.24 €2 which is defined by machine parameters. It implies that CSR
may be of importance in the SuperKEKB positron damping ring. More careful
studies via standard numerical simulations have also been performed [I58] and

general agreements were observed in estimations of the instability threshold.
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Summary and outlook

This chapter summarizes the work presented in this thesis and discusses possible

directions for future research.

5.1 Summary

5.1.1 Coherent synchrotron radiation

CSR has become a hot topic in accelerator physics over the last decade. It plays
an important role in the single-bunch collective effects existing in both storage
rings and linacs where high current and/or short bunch length are preferred. In
storage rings, it may leads to bunch lengthening and even microwave instability.
In linacs, it may cause unwanted emittance growth and microbunching in linac-
based FEL light sources.

A numerical code, CSRZ, was developed based on the parabolic equation
originally introduced in Ref. [26]. The numerical algorithms were described in
detail. Numerous calculations of the longitudinal CSR impedance for a beam
moving in an arbitrarily curved chamber have been performed. The CSRZ code
was used to investigate the properties of CSR impedance of a single bending
magnet as well as the profiles of the radiation field. It turns out that the magnet
length, in addition to the chamber aspect ratio, may also play an important role in
defining the profile of CSR impedance and wake function. For a long magnet, the

shielding effect of the outer wall can be well understood using a simple geometric
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model. With this code, the CSR interference in a series of bending magnets was
straightforwardly approached. The calculations revealed that the interference
might be significant in a practical small storage ring. In such a ring, the bending
radius may be in the order of a few meters, and the CSR fields reflected by the
outer wall may reach the bunch tail if the bunch length is in the order of a few
millimeters. And the damping of the resistive wall on CSR field is negligible.

The case of a weak wiggler was also studied using the CSRZ code with a tiny
approximation in modeling the vacuum chamber. With shielding of the chamber,
the CWR impedance of a wiggler looks to be quite different from the free-space
model. This observation was proved by an analytic approach.

The studies suggested that during evaluating the single-bunch instabilities
due to CSR in a small storage ring or a damping ring dominated by wigglers,
multi-bend CSR interference effect and chamber shielding in wigglers should be

examined.

5.1.2 Coherent wiggler radiation

The eigenfunction method for calculating the fields generated by a moving point
charge inside a rectangular waveguide has been investigated intensively. The
method uses dyadic Green’s functions in electromagnetic theory and is rigorous
for the case of straight chamber. However, the electrodynamic system consists
of relativistic electrons. Substantial alterations are required in order to make
it applicable to calculate the charge self-fields. When Fourier transform is used
to solve the system in frequency domain, the imaginary frequency has to be
introduced as a mathematical tool to include the anomalous part of the charge
self-fields. The theory of eigenfunction expansion method is re-derived and made
suitable for calculating the full expressions for coherent wiggler radiation fields
and impedance. The space-charge fields are expressed in terms of slow waves,
and are related to imaginary poles in the complex frequency domain. Closed-
form expressions for the electric fields of CWR have been derived. As a result,
it is possible to obtain the CWR impedance for a point-charge in uniform and

wiggling motions inside the rectangular waveguide.
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Due to chamber shielding, the CWR impedance exhibits narrow peaks at
frequencies satisfying the phase matching conditions, which were not seen in
the theory for CWR in free space. The analytic work also provided excellent
benchmarking to the CSRZ code.

5.1.3 Microwave instability

A code of Vlasov solver was developed for simulating the microwave instability in
electron storage rings. Using this code, the single-bunch instability in the KEKB
low energy ring was studied in detail. Different from Cai’s resonator model [113],
we started from careful calculations of impedances of the vacuum components,
because an accurate impedance model is essential for studying the microwave
instability in electron storage rings. Since there was a lack of convincing model
for explanation of the MWTI in the KEKB LER, the original scenario was to find
out the unknown impedance sources in the KEKB LER.

CSR was taken into account in the impedance modeling for the KEKB LER.
But, when comparing with beam observations, the numerical impedance model
for KEKB LER still gave insufficient bunch lengthening and predicted higher
threshold for MWI. CSR is not likely to be a strong candidate of the unknown
impedance sources. The discrepancy between numerical model and measurements
are around 90nH in case of bunch lengthening. A hypothesis for explaining this
discrepancy is that a simple inductive impedance model is insufficient for explain-
ing the MWI in the KEKB LER.

On the other hand, CSR was found to be a very important source of impedance
driving microwave instability in the SuperKEKB positron damping ring. In mod-
eling the CSR impedance in such a small ring, transient effect, chamber shielding

and multi-bend interference have to be properly treated.

5.2 Directions for future work

For further explorations and refinements following the present work, two direc-

tions of research are identified and are presented below.
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5.2.1 Numerical method based on the parabolic equation

The numerical method based on the parabolic equation is potentially applicable
to a wide variety of studies, such as better understanding the measurements of
coherent undulator radiation [I59], the measured CSR pulses and spectra of THz
radiations produced by electron storage rings [84] 132], 133], 160), 161, 162, 163,
164], the field dynamics and measurements of visible lights from edge radiation
generated by the charged beam at the fringe region of bending magnets [165], [166],
167, (168, [169], etc.

As pointed out in Ref. [26], the parabolic equation method is also applicable to
the case of chamber with varying cross section along the beam orbit. The resistive-
wall boundary conditions can be applied easily, since the method works in the
frequency domain. Besides calculating the geometrical impedance in structures
such as collimators, the method can also treat the case of abrupt vacuum chamber
near the IR ports for extracting THz radiation. As discussed in Ref. [133], such
abruption of vacuum chamber may distort the CSR spectrum from that predicted
by a smooth-chamber model.

By a slight modification of the parabolic equation, the method should be
applicable to the studies of Cherenkov radiation for beam acceleration in dielectric
wakefield accelerators (DWA) (for example of DWA, see Ref. [107]) or THz sources
(for example of Cherenkov THz sources, see Ref. [170]).

The frequency-domain method is far from being investigated in simulations
of the CSR fields. One possibility is to solve the electromagnetic system defined
by Egs. and (2.23)). In this case, challenges have to be faced to resolve the

numerical instability during its implementation process.

5.2.2 Analytical method of eigenfunction expansion

The eigenfunction expansion method is a very general method and has various
applications in solving partial differential equations. The eigenfunctions form a
basis for the linear space of all solutions to the differential equation concerned.
Typically, the eigenfunctions are chosen so as to form an orthonormal basis.
When the eigenfunction expansion method is applied to an electromagnetic

system including relativistic charged sources, the substantial alteration is to ex-

136



5.2 Directions for future work

tend the theory to include the sources’s self-fields. The self-fields are near fields
and are typically in the form of space-charge fields. The space-charge effect is a
fundamental issue in particle accelerators in the low energy or ultra-short bunch
regime.

Equation ([3.68|) represents the longitudinal impedance of a point charge. Pos-
sible simplification of its form may be seen as another step towards applications in
simulating collective effects induced by the space-charge forces. Both Eq.
and Eq. can be taken as Green’s functions and used for calculating the elec-
tromagnetic fields and impedance of a bunched beam. The space-charge effects
in proton accelerators can also be studied in the same framework.

Actually, the works presented in Refs. [58] [107] were successful applications of
the eigenfunction expansion method to the problems of coherent radiations. In
the present thesis work, the space-charge fields of a point charge are successfully
expressed in terms of eigenfunctions of a rectangular waveguide. The same prob-
lem in a circular waveguide is also solvable using similar approach. In principle,
the method is usable for any waveguide whose cross section is uniform. There
is no necessity to restrict the curvature of the waveguide in the propagation di-
rection. A similar statement has been made in Ref. [44] for calculation of CSR
impedance in a toroidal pipe.

The resistive wall effect can be introduced as a perturbation to the eigenfunc-
tion expansion method. The application of time-dependent Green’s functions (for
example, see Ref. [I71]) can also be investigated. Care should be taken not to
exclude from consideration in the charge self-fields, which is always necessary in

studying the collective effects of charged beams in accelerators.
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