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Outline

» Simulation of CSR, LSC and TSC effects using SAD and GPT

* Use magnet layout Daihon20200607
* Use initial beam of ideal 3D Gaussian distribution

» Scaling laws of momentum spread increase due to SC
» Summary



1. Introduction
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2. Tracking simulations

On-axis and daverage LSC models (Ref: https://arxiv.org/abs/2101.04369)
* On-axis LSC model

’LZO]C 2 ko 1
Z (k) = /21 (0,£2 /2 ;= — _
1 (k) P (0,£5/2) 3 3 2(ax+ay)
* Average LSC model (Average over the transverse beam density)
1 Zok 2
Z|| (k) = €€‘TF (O, fg)
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2. Tracking simulations

rms energy spread and bunch length with on-axis LSC model

* Clear discrepancy in energy spread => 3D LSC model is necessary. Currently
SAD simulation use 1D LSC model (same as that used in ELEGANT)

* Clear discrepancy in bunch length => Result of difference in energy spread
(energy spread translated to bunch length through the arc)
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2. Tracking simulations

rms energy spread and bunch length with average LSC model

* Smaller discrepancy in energy spread => Average model is better. Remaining
discrepancy might be due to 3D effects

* Discrepancy in bunch length => Related to energy spread and CSR (CSR models
are different between SAD and GPT)?
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2. Tracking simulations

rms horizontal beam size and momentum spread with on-axis
LSC model

* Good agreement in general
* After the arc, difference appear to be remarkable. Can be correlated with the
difference in energy spread
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2. Tracking simulations

rms horizontal beam size and momentum spread with average

LSC model

* Good agreement in general

* After the arc, difference appear to be remarkable. Can be correlated with the

difference in energy spread
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2. Tracking simulations

rms vertical beam size and momentum spread with on-axis LSC
model

* Good agreement in general
* The arc does no make difference since it does not create couplinginY and Z
directions.
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2. Tracking simulations

rms vertical beam size and momentum spread with average LSC

model

* Good agreement in general
* The arc does no make difference since it does not create couplinginY and Z

directions.
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3. Theory of SC effects

Scaling law for energy spread increase due to LSC [refer to my paper

under preparation]

* Energy spread due to LSC with path length L along the beam line:
3

o —
P \ 27’(’”}/30'2 Qy — (7:13/(70_2:) Qy = O-y/(/YO-Z)

This formulation is only valid for o, < 1 and o < 1.

* More general equation:

a,(5) = 805’8(8) \/%Zj\gr)gé () ; o (5) = \/ 02, + [ /0 8 %(s’)ds’]Q

* Predictions of LSC driven energy spread:

** Linearly proportional to bunch population

** Roughly linear proportional to length of beam line
** Inverse cubic power law for beam energy

** Inverse-square law for bunch length



3. Theory of SC effects

Scaling law for energy spread increase due to LSC [refer to my paper

under preparation]

* Apply to cERL-FEL (magenta line in the figure):

dop(s) 37 1N7.g(s)

ol (s) = (s
’ Os  V2m73(s)0? (s)

* Very good agreement:

** In the equation, beam sizes taken from SAD
simulations
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3. Theory of SC effects

Scaling law for energy spread increase due to LSC [refer to my paper

under preparation]

* Apply to cERL-FEL (magenta line in the figure):

dop(s) 37

)

ol (s) =

INT eJ(S
o

Js  /2my3(s)

(s

(s)

S 2
o(s) = 1/ + /0 0! (s')ds’

* The theory explains the extra increase of energy spread after the arc

with Rs6=0.217 configuration:
** Shorter bunch length causes faster increase of energy spread
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3. Theory of SC effects

Scaling law for momentum spread increase due to TSC [refer to my

paper under preparation]
* Momentum spread due to TSC in a drift:
_1 _
xe 9o, (s) 3714/In %Nreg(s)
0} p— p—
Pz Os V21y3(s)o, (s) o(s)

* In a quadrupole, there is another term to be counted.
* To be benchmarked with simulations.

o= (0,+0y)/2



4. Theory of beam envelope equation

So far the simulations and theory | used are based on the
assumption of 3D Gaussian beams (The longitudinal distribution
is not necessarily to be Gaussian). Initial Gaussian distribution
used is also a reason for good agreement between SAD and GPT
benchmark simulations

Question: How good is this assumption?

If this is a good assumption, we can derive beam envelope
equation using the space-charge forces of Gaussian beams.



4. Theory of beam envelope equation

A revisit of beam envelope equation

II. BEAM ENVELOPE EQUATION WITH SPACE CHARGE

The beam envelope equations with space charge are [5]

) .
. €. < Trf, > _
o + K,(s)o, = (7‘?‘ — (}f : (9a)
e <yf, >
o + K, (s)o, = 2 + 27 (9b)
Ty Ty

<> means average over the beam density

<zfy >= / / / dedydzp(z)(x, y)x fo(x,y, 2). (10)

With nonzero dispersion. the above equations should be extended to include dispersion
functions |6, 7|. The space charge force is defined as

fo=—F, (11)

Ymy 322




4. Theory of beam envelope equation

A revisit of beam envelope equation

For beams with transverse Gaussian distribution, there is[8, 9]

F( ) i\r({)QZ(']C ( )/:X £ _z+')n'2_z+')n'2 (l‘))
(2,y) = ———p(z — —— ¢ 'FFE 20y 2
2\ Y 2172 [yt + 202)372(t + 202)172
This space charge force is valid for a, , = 0, , [(vo.) < 1. The ELEGANT code used the
on-axis force to model the linear TSC effects:
N2 R Linear TSC model used in
- Ne“Zyce  xp(2)
F.(0,0) = 3 . (U’ ELEGANT
21y? o.(0: + 0y) ]
=> Overestimate TSC effects

With the above definitions, we can find:
, Nr.o,
<xf, >= - — : (14)
! 2\ 3%y30. (0, + 0y)

Apply Eq. (14) to Eq. (9a), we can obtain:

I _+_ ].’ ( ) 6? [ ( l = )
(T. . \ T S ()‘_': — _l' ~ p . ’.)
! ' ad  IyB33 (o + ay)

with Iy = ec/r,, and I = Ne/(2\/mo./(Fc) = Ne/(2\/mo;). Here I is a bunched beam with

(Gaussian distribution and also the average force of < xf, > is considered. The scaling factor

2,/7 is slightly different from that in the literature.
For a quick check of TSC effects at cERL-FEL, we use some typical beam parameters:
1.3 mm. 7. = 0.65 mm, v = 34.2. Then we can obtain

€, =2 pm, o, = 1.4 mm, 5, =
. ¢ N—6 — xf> 4 ¢ 1—6 — : <IJx -; . - )

2~ 1.3x107%° m™ !, and <tle> 4.2 % 1075 m~!. Since =t= - = we can conclude that
a_, ’ Tx Tx g’

T

TSC is important in cERL-FEL.
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4. Theory of beam envelope equation

A revisit of beam envelope equation (references)
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4. Theory of beam envelope equation

From ELEGANT manual:

This element simulates transverse space charge (SC) kicks using K.Y. Ng’s formula [24].

The linear SC force is given by:

- N2 (2
A /! I\. S(-L'e_ A (202 ) l
AT =
Vi 2770'3 Ox (0;7‘ + O-y)
- . ,\2 rE 2
A Ko Le (2073) y
V2mo. oy(o; +0y)
2Nr,
where K,_ = 7%/3% | L s the integrating length, o,,.are rms beam size.
The non-linear SC force is given by:
- 2 /(D2 . 2 2 Ty o O
A ! KLe™™ /[(272) ' [ z iy “367 30 T3 Y5, -‘
Axr = Im jw — . i
¢ 2 _ 42 ¢ 2 _ 42 M2 — ~2
203 \ = Uy [ \/2(01 Uy) \/2(01 Jg) J
- 2 (942 i 22 . Y a
, K. Le = /(20%) T+ 1y — 7; 1 + ly;i‘
= Re |w —e 7T i

where w(z) is the complex error function




5. Summary

* Bench mark of SAD and GPT
** Using averaged LSC 1D model shows better agreement with GPT simulations

* Theory of SC effects

** Simple scaling laws were found (Any similar theory in the literature?)

** Reproduce the simulations well (Condition: bunches close to Gaussian
distribution)

** Sigma-matrix equation can be used for simulation and optics matching with
space charge)?
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