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➤	3D	theory	of	space	charge	(SC)	impedance	
➤	Theory	and	calcula;on	of	coherent	synchrotron	radia;on	
(CSR)	impedance	
➤	Simula;on	of	SC	and	CSR	effects	for	cERL-FEL	
➤	Summary



1. 3D theory of SC impedance

3

Fundamental	defini;ons	of	impedance	and	wake	func;ons	in	
Cartesian	coordinate	system:	
*	Lorentz	force	and	impulse	kick	(assume	rigid	beam):	

*	Wake	func;ons	(different	from	the	classical	theory):	

*	Impedance:	

*	Rela;on	of	impedance	and	wake	func;ons:	

*	With	the	above	defini;ons,	the	impedance	and	wakes	are	func;ons	of	the	transverse	coordinates	of	
the	source	and	test	par;cles.	
*	For	the	case	of	cylindrically	symmetric	structure,	the	impulse	kick	can	be	expanded	in	the	radial	and	
azimuthal	direc;ons,	giving	the	classical	defini;ons	of	impedance	and	wake	func;ons
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Classical	theory	of	space-charge	impedance	and	wake	func;ons	[1]:	
*	Beam	radius	a	in	a	perfectly	conduc;ng	beam	pipe	of	b,	transverse	distribu;on	uniform	
*	Cylindrically	symmetric	chamber	
*	Low-frequency	approxima;on	

*	An	obvious	challenge	in	the	above	formula;ons	is	that	they	diverge	when																			or	

[1]	A.	Chao	et	al.,	Handbook	of	Accelerator	Physics	and	Engineering,	Second	edi;on,	p.253	
[2]	M.	Venturini,	Phys.	Rev.	ST	Accel.	Beams	11	034401	(2008)
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A	popular	1D	longitudinal	space-charge	impedance	model	[2]:	
*	Exact	for	transverse	uniform	distribu;on	in	free	space	
*	Approxima;on	for	on-axis	impedance	of	transverse	bi-Gaussian	beam	
*	Correct	scaling	law	at	high	frequency	

*	Low-frequency	approxima;on:
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Fourier transform

L: Path length along beam orbit
k: Wavenumber
Z0: Impedance of vacuum
β: Relative velocity
𝜸: Lorentz factor
δ(z): Dirac delta function
c: Speed of light

rb: radius of beam cross section
K1: Modified Bessel function of the second kind
𝜸E: Euler constant
σx/y: Gaussian beam sizes in x/y direction
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A	3D	transverse	space-charge	model	[3]:	
*	Longitudinal	and	transverse	Gaussian	beam	distribu;on	
*	Low-frequency	approxima;on	assumed

[3]	A.	Xiao	et	al.,	PAC’07,	also	FERMILAB-CONF-07-702-AD	
[4]	K.	Y.	Ng,	Physics	of	Intensity	Dependent	Beam	Instabili;es,	World	Scien;fic,	2006
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In	this	talk,	I	present	a	3D	theory	of	space	charge	impedance	and	
wake	func;ons	
*	Use	Cartesian	coordinate	system	
*	Consider	rectangular	chamber	
*	Use	rigid-beam	and	impulse	approxima;ons	[4]
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Complex error function:
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Mode	expansion	method	
*	Charge	and	current	density	expressed	by	Dirac	delta	func;ons:	

*	Delta	func;ons	expressed	in	forms	of	Fourier	transform	and	summa;on	of	orthonormal	
eigenfunc;ons	of	rectangular	waveguide(full	width	=	a,	full	height	=	b):	

*	When	applied	to	Maxwell’s	equa;ons,	the	expansions	are	selected	according	to	the	boundary	
condi;ons.

%(~r, t) = q0�(x� x0)�(y � y0)�(z � z0)
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1

2⇡

Z 1

�1
e�ik(z�vt) dk

<latexit sha1_base64="sDvFeWzYg8luODklV5LtiOoRQ1w="></latexit><latexit sha1_base64="sDvFeWzYg8luODklV5LtiOoRQ1w="></latexit><latexit sha1_base64="sDvFeWzYg8luODklV5LtiOoRQ1w="></latexit><latexit sha1_base64="sDvFeWzYg8luODklV5LtiOoRQ1w="></latexit>

�(~r? � ~r0?) = �(x� x0)�(y � y0) =
1X

m=0

1X

n=0

�mn⌫ (~r?)�mn⌫ (~r0?)
<latexit sha1_base64="hqVLNohRTHnV61sXrZCGUInXE54="></latexit><latexit sha1_base64="hqVLNohRTHnV61sXrZCGUInXE54="></latexit><latexit sha1_base64="hqVLNohRTHnV61sXrZCGUInXE54="></latexit><latexit sha1_base64="hqVLNohRTHnV61sXrZCGUInXE54="></latexit>

⌫ = x, y, or z
<latexit sha1_base64="rpUebrQEZwPhP+Rqt0cmgSKJtC8=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBBelJCLoRii6cVnBXqAJZTKdtEMnM2FmIo2hbnwVNy4UcetbuPNtnLZZaOtZffz/OZxz/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKhtcTv3VPpKKC3+k0Jn6E+pyGFCNtpK594PHkclTxYFqB3iAQowwKCcfwoWuXnaozLbgIbg5lkFe9a395PYGTiHCNGVKq4zqx9jMkNcWMjEteokiM8BD1SccgRxFRfjb9YAyPjdKDoVkdCq7hVP09kaFIqTQKTGeE9EDNexPxP6+T6PDCzyiPE004ni0KEwa1gJM4YI9KgjVLDSAsqbkV4gGSCGsTWsmE4M6/vAjN06pr+PasXLvK4yiCQ3AEToALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH7PWgpXP7IM/ZX3+AKuulbw=</latexit><latexit sha1_base64="rpUebrQEZwPhP+Rqt0cmgSKJtC8=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBBelJCLoRii6cVnBXqAJZTKdtEMnM2FmIo2hbnwVNy4UcetbuPNtnLZZaOtZffz/OZxz/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKhtcTv3VPpKKC3+k0Jn6E+pyGFCNtpK594PHkclTxYFqB3iAQowwKCcfwoWuXnaozLbgIbg5lkFe9a395PYGTiHCNGVKq4zqx9jMkNcWMjEteokiM8BD1SccgRxFRfjb9YAyPjdKDoVkdCq7hVP09kaFIqTQKTGeE9EDNexPxP6+T6PDCzyiPE004ni0KEwa1gJM4YI9KgjVLDSAsqbkV4gGSCGsTWsmE4M6/vAjN06pr+PasXLvK4yiCQ3AEToALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH7PWgpXP7IM/ZX3+AKuulbw=</latexit><latexit sha1_base64="rpUebrQEZwPhP+Rqt0cmgSKJtC8=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBBelJCLoRii6cVnBXqAJZTKdtEMnM2FmIo2hbnwVNy4UcetbuPNtnLZZaOtZffz/OZxz/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKhtcTv3VPpKKC3+k0Jn6E+pyGFCNtpK594PHkclTxYFqB3iAQowwKCcfwoWuXnaozLbgIbg5lkFe9a395PYGTiHCNGVKq4zqx9jMkNcWMjEteokiM8BD1SccgRxFRfjb9YAyPjdKDoVkdCq7hVP09kaFIqTQKTGeE9EDNexPxP6+T6PDCzyiPE004ni0KEwa1gJM4YI9KgjVLDSAsqbkV4gGSCGsTWsmE4M6/vAjN06pr+PasXLvK4yiCQ3AEToALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH7PWgpXP7IM/ZX3+AKuulbw=</latexit><latexit sha1_base64="rpUebrQEZwPhP+Rqt0cmgSKJtC8=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBBelJCLoRii6cVnBXqAJZTKdtEMnM2FmIo2hbnwVNy4UcetbuPNtnLZZaOtZffz/OZxz/iBmVGnH+bYKS8srq2vF9dLG5tb2jr2711QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKhtcTv3VPpKKC3+k0Jn6E+pyGFCNtpK594PHkclTxYFqB3iAQowwKCcfwoWuXnaozLbgIbg5lkFe9a395PYGTiHCNGVKq4zqx9jMkNcWMjEteokiM8BD1SccgRxFRfjb9YAyPjdKDoVkdCq7hVP09kaFIqTQKTGeE9EDNexPxP6+T6PDCzyiPE004ni0KEwa1gJM4YI9KgjVLDSAsqbkV4gGSCGsTWsmE4M6/vAjN06pr+PasXLvK4yiCQ3AEToALzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH7PWgpXP7IM/ZX3+AKuulbw=</latexit>

�mnx (~r?) =
2p

(1 + �m0) ab
Cx(x)Sy(y)

<latexit sha1_base64="dH+86dEw8iZ8hc5osANSpR/W8tI="></latexit><latexit sha1_base64="dH+86dEw8iZ8hc5osANSpR/W8tI="></latexit><latexit sha1_base64="dH+86dEw8iZ8hc5osANSpR/W8tI="></latexit><latexit sha1_base64="dH+86dEw8iZ8hc5osANSpR/W8tI="></latexit>

�mny (~r?) =
2p

(1 + �n0) ab
Sx(x)Cy(y)

<latexit sha1_base64="JIlnL6vLvzL6yVNy4yfML/QicrU="></latexit><latexit sha1_base64="JIlnL6vLvzL6yVNy4yfML/QicrU="></latexit><latexit sha1_base64="JIlnL6vLvzL6yVNy4yfML/QicrU="></latexit><latexit sha1_base64="JIlnL6vLvzL6yVNy4yfML/QicrU="></latexit>

�mnz (~r?) =
2p
ab

Sx(x)Sy(y)
<latexit sha1_base64="HTv1krObCeNOtXhID3hLyGMpHOA="></latexit><latexit sha1_base64="HTv1krObCeNOtXhID3hLyGMpHOA="></latexit><latexit sha1_base64="HTv1krObCeNOtXhID3hLyGMpHOA="></latexit><latexit sha1_base64="HTv1krObCeNOtXhID3hLyGMpHOA="></latexit>

Cx(x) ⌘ cos (kx(x+ a/2))

Sx(x) ⌘ sin (kx(x+ a/2))
<latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="EFCZC++cc1hNdA09v07ZwyNcpaI="></latexit><latexit sha1_base64="EFCZC++cc1hNdA09v07ZwyNcpaI="></latexit><latexit sha1_base64="fU9ZETZTa9Gwn7ptxo/OAsf9C24="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit><latexit sha1_base64="E4HZ2k8sL8Dg4E09vZxvY2A1j3w="></latexit>

Cy(y) ⌘ cos (ky(y + b/2))

Sy(y) ⌘ sin (ky(y + b/2))
<latexit sha1_base64="EtetWwIyHae2qaZ5nP5uzzLPFFQ="></latexit><latexit sha1_base64="EtetWwIyHae2qaZ5nP5uzzLPFFQ="></latexit><latexit sha1_base64="EtetWwIyHae2qaZ5nP5uzzLPFFQ="></latexit><latexit sha1_base64="EtetWwIyHae2qaZ5nP5uzzLPFFQ="></latexit>

kx = m⇡/a ky = n⇡/b
<latexit sha1_base64="WXNuWCoBq7Yd2JaEydXN89S7ROk=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJD8DRbEZTBYOjF4wT3AmspaZZuYWlaklQsZeDFr+LFgyJe/RLe/DamWw+6+YfAL//neUievx8zKpVlfRulpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH1/n9e49EZJG/E6lMXFDNOQ0oBgpbXnmwdh7aIROTE8RdOpOHY69tMHzu++ZVatmTQUXwS6gCgq1PPPLGUQ4CQlXmCEp+7YVKzdDQlHMyKTiJJLECI/RkPQ1chQS6WbTHSbwWDsDGERCH67g1P09kaFQyjT0dWeI1EjO13Lzv1o/UcGlm1EeJ4pwPHsoSBhUEcwDgQMqCFYs1YCwoPqvEI+QQFjp2Co6BHt+5UXonNVszbfn1eZVEUcZHIIjcAJscAGa4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8kfH5AxN9loA=</latexit><latexit sha1_base64="WXNuWCoBq7Yd2JaEydXN89S7ROk=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJD8DRbEZTBYOjF4wT3AmspaZZuYWlaklQsZeDFr+LFgyJe/RLe/DamWw+6+YfAL//neUievx8zKpVlfRulpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH1/n9e49EZJG/E6lMXFDNOQ0oBgpbXnmwdh7aIROTE8RdOpOHY69tMHzu++ZVatmTQUXwS6gCgq1PPPLGUQ4CQlXmCEp+7YVKzdDQlHMyKTiJJLECI/RkPQ1chQS6WbTHSbwWDsDGERCH67g1P09kaFQyjT0dWeI1EjO13Lzv1o/UcGlm1EeJ4pwPHsoSBhUEcwDgQMqCFYs1YCwoPqvEI+QQFjp2Co6BHt+5UXonNVszbfn1eZVEUcZHIIjcAJscAGa4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8kfH5AxN9loA=</latexit><latexit sha1_base64="WXNuWCoBq7Yd2JaEydXN89S7ROk=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJD8DRbEZTBYOjF4wT3AmspaZZuYWlaklQsZeDFr+LFgyJe/RLe/DamWw+6+YfAL//neUievx8zKpVlfRulpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH1/n9e49EZJG/E6lMXFDNOQ0oBgpbXnmwdh7aIROTE8RdOpOHY69tMHzu++ZVatmTQUXwS6gCgq1PPPLGUQ4CQlXmCEp+7YVKzdDQlHMyKTiJJLECI/RkPQ1chQS6WbTHSbwWDsDGERCH67g1P09kaFQyjT0dWeI1EjO13Lzv1o/UcGlm1EeJ4pwPHsoSBhUEcwDgQMqCFYs1YCwoPqvEI+QQFjp2Co6BHt+5UXonNVszbfn1eZVEUcZHIIjcAJscAGa4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8kfH5AxN9loA=</latexit><latexit sha1_base64="WXNuWCoBq7Yd2JaEydXN89S7ROk=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJD8DRbEZTBYOjF4wT3AmspaZZuYWlaklQsZeDFr+LFgyJe/RLe/DamWw+6+YfAL//neUievx8zKpVlfRulpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH1/n9e49EZJG/E6lMXFDNOQ0oBgpbXnmwdh7aIROTE8RdOpOHY69tMHzu++ZVatmTQUXwS6gCgq1PPPLGUQ4CQlXmCEp+7YVKzdDQlHMyKTiJJLECI/RkPQ1chQS6WbTHSbwWDsDGERCH67g1P09kaFQyjT0dWeI1EjO13Lzv1o/UcGlm1EeJ4pwPHsoSBhUEcwDgQMqCFYs1YCwoPqvEI+QQFjp2Co6BHt+5UXonNVszbfn1eZVEUcZHIIjcAJscAGa4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8kfH5AxN9loA=</latexit>
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Mode	expansion	method	
*	Inhomogeneous	Helmholtz	equa;ons	for	vector	and	scalar	poten;als	in	frequency	domain:	

*	Magne;c	induc;on	and	electric	field:	

*	Explicit	expression	of	vector	poten;al	with	boundary	condi;ons	sa;sfied:	

*	The	magne;c	induc;on	and	electric	field	can	be	calculated	using	the	above	vector	poten;al.	Then	
using	the	previous	defini;ons	of	impedance,	we	can	obtain	an	explicit	form	of	impedance:

r2 ~A+ k2 ~A = �µ0
~J

<latexit sha1_base64="D+0STfKTb9mryKfmIfgcI2wD8ck=">AAACGHicbZBNS8MwGMfT+Tbr29Sjl+AQBHG2Q9CLMPUinia4F1i7kmbpFpamJUkHo+xjePGrePGgiNfd/DZmWwXd/EPgl//zPCTP348Zlcqyvozc0vLK6lp+3dzY3NreKezu1WWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th928n9caACEkj/qiGMXFD1OU0oBgpbXmFM4cjn6F2GToDgtPrkXli9ttl8+d2ZZ46YeJZM+N+5BWKVsmaCi6CnUERZKp6hbHTiXASEq4wQ1K2bCtWboqEopiRkekkksQI91GXtDRyFBLpptPFRvBIOx0YREIfruDU/T2RolDKYejrzhCpnpyvTcz/aq1EBZduSnmcKMLx7KEgYVBFcJIS7FBBsGJDDQgLqv8KcQ8JhJXO0tQh2PMrL0K9XLI1P5wXKzdZHHlwAA7BMbDBBaiAO1AFNYDBE3gBb+DdeDZejQ/jc9aaM7KZffBHxvgbqImdpg==</latexit><latexit sha1_base64="D+0STfKTb9mryKfmIfgcI2wD8ck=">AAACGHicbZBNS8MwGMfT+Tbr29Sjl+AQBHG2Q9CLMPUinia4F1i7kmbpFpamJUkHo+xjePGrePGgiNfd/DZmWwXd/EPgl//zPCTP348Zlcqyvozc0vLK6lp+3dzY3NreKezu1WWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th928n9caACEkj/qiGMXFD1OU0oBgpbXmFM4cjn6F2GToDgtPrkXli9ttl8+d2ZZ46YeJZM+N+5BWKVsmaCi6CnUERZKp6hbHTiXASEq4wQ1K2bCtWboqEopiRkekkksQI91GXtDRyFBLpptPFRvBIOx0YREIfruDU/T2RolDKYejrzhCpnpyvTcz/aq1EBZduSnmcKMLx7KEgYVBFcJIS7FBBsGJDDQgLqv8KcQ8JhJXO0tQh2PMrL0K9XLI1P5wXKzdZHHlwAA7BMbDBBaiAO1AFNYDBE3gBb+DdeDZejQ/jc9aaM7KZffBHxvgbqImdpg==</latexit><latexit sha1_base64="D+0STfKTb9mryKfmIfgcI2wD8ck=">AAACGHicbZBNS8MwGMfT+Tbr29Sjl+AQBHG2Q9CLMPUinia4F1i7kmbpFpamJUkHo+xjePGrePGgiNfd/DZmWwXd/EPgl//zPCTP348Zlcqyvozc0vLK6lp+3dzY3NreKezu1WWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th928n9caACEkj/qiGMXFD1OU0oBgpbXmFM4cjn6F2GToDgtPrkXli9ttl8+d2ZZ46YeJZM+N+5BWKVsmaCi6CnUERZKp6hbHTiXASEq4wQ1K2bCtWboqEopiRkekkksQI91GXtDRyFBLpptPFRvBIOx0YREIfruDU/T2RolDKYejrzhCpnpyvTcz/aq1EBZduSnmcKMLx7KEgYVBFcJIS7FBBsGJDDQgLqv8KcQ8JhJXO0tQh2PMrL0K9XLI1P5wXKzdZHHlwAA7BMbDBBaiAO1AFNYDBE3gBb+DdeDZejQ/jc9aaM7KZffBHxvgbqImdpg==</latexit><latexit sha1_base64="D+0STfKTb9mryKfmIfgcI2wD8ck=">AAACGHicbZBNS8MwGMfT+Tbr29Sjl+AQBHG2Q9CLMPUinia4F1i7kmbpFpamJUkHo+xjePGrePGgiNfd/DZmWwXd/EPgl//zPCTP348Zlcqyvozc0vLK6lp+3dzY3NreKezu1WWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th928n9caACEkj/qiGMXFD1OU0oBgpbXmFM4cjn6F2GToDgtPrkXli9ttl8+d2ZZ46YeJZM+N+5BWKVsmaCi6CnUERZKp6hbHTiXASEq4wQ1K2bCtWboqEopiRkekkksQI91GXtDRyFBLpptPFRvBIOx0YREIfruDU/T2RolDKYejrzhCpnpyvTcz/aq1EBZduSnmcKMLx7KEgYVBFcJIS7FBBsGJDDQgLqv8KcQ8JhJXO0tQh2PMrL0K9XLI1P5wXKzdZHHlwAA7BMbDBBaiAO1AFNYDBE3gBb+DdeDZejQ/jc9aaM7KZffBHxvgbqImdpg==</latexit>

r2�+ k2� = � ⇢

✏0
<latexit sha1_base64="AuO/B1hk3npAlaXPxAWxYHdq3Mg=">AAACHXicbZDLSsNAFIYn9VbjLerSzWARBLEkpaAboejGZQV7gSYtk+mkGTqZhJmJUEJfxI2v4saFIi7ciG/jNM1CW38Y+PjPOZw5v58wKpVtfxulldW19Y3yprm1vbO7Z+0ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj29m9c4DEZLG/F5NEuJFaMRpQDFS2hpYdZcjn6F+DbrNkJpn5rhfM3O8Ms9NNxAIZ64I42nmkkRSpmfs6cCq2FU7F1wGp4AKKNQcWJ/uMMZpRLjCDEnZc+xEeRkSimJGpqabSpIgPEYj0tPIUUSkl+XXTeGJdoYwiIV+XMHc/T2RoUjKSeTrzgipUC7WZuZ/tV6qgksvozxJFeF4vihIGVQxnEUFh1QQrNhEA8KC6r9CHCKdiNKBmjoEZ/HkZWjXqo7mu3qlcV3EUQZH4BicAgdcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9kfP0A1Gyf9Q==</latexit><latexit sha1_base64="AuO/B1hk3npAlaXPxAWxYHdq3Mg=">AAACHXicbZDLSsNAFIYn9VbjLerSzWARBLEkpaAboejGZQV7gSYtk+mkGTqZhJmJUEJfxI2v4saFIi7ciG/jNM1CW38Y+PjPOZw5v58wKpVtfxulldW19Y3yprm1vbO7Z+0ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj29m9c4DEZLG/F5NEuJFaMRpQDFS2hpYdZcjn6F+DbrNkJpn5rhfM3O8Ms9NNxAIZ64I42nmkkRSpmfs6cCq2FU7F1wGp4AKKNQcWJ/uMMZpRLjCDEnZc+xEeRkSimJGpqabSpIgPEYj0tPIUUSkl+XXTeGJdoYwiIV+XMHc/T2RoUjKSeTrzgipUC7WZuZ/tV6qgksvozxJFeF4vihIGVQxnEUFh1QQrNhEA8KC6r9CHCKdiNKBmjoEZ/HkZWjXqo7mu3qlcV3EUQZH4BicAgdcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9kfP0A1Gyf9Q==</latexit><latexit sha1_base64="AuO/B1hk3npAlaXPxAWxYHdq3Mg=">AAACHXicbZDLSsNAFIYn9VbjLerSzWARBLEkpaAboejGZQV7gSYtk+mkGTqZhJmJUEJfxI2v4saFIi7ciG/jNM1CW38Y+PjPOZw5v58wKpVtfxulldW19Y3yprm1vbO7Z+0ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj29m9c4DEZLG/F5NEuJFaMRpQDFS2hpYdZcjn6F+DbrNkJpn5rhfM3O8Ms9NNxAIZ64I42nmkkRSpmfs6cCq2FU7F1wGp4AKKNQcWJ/uMMZpRLjCDEnZc+xEeRkSimJGpqabSpIgPEYj0tPIUUSkl+XXTeGJdoYwiIV+XMHc/T2RoUjKSeTrzgipUC7WZuZ/tV6qgksvozxJFeF4vihIGVQxnEUFh1QQrNhEA8KC6r9CHCKdiNKBmjoEZ/HkZWjXqo7mu3qlcV3EUQZH4BicAgdcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9kfP0A1Gyf9Q==</latexit><latexit sha1_base64="AuO/B1hk3npAlaXPxAWxYHdq3Mg=">AAACHXicbZDLSsNAFIYn9VbjLerSzWARBLEkpaAboejGZQV7gSYtk+mkGTqZhJmJUEJfxI2v4saFIi7ciG/jNM1CW38Y+PjPOZw5v58wKpVtfxulldW19Y3yprm1vbO7Z+0ftGWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj29m9c4DEZLG/F5NEuJFaMRpQDFS2hpYdZcjn6F+DbrNkJpn5rhfM3O8Ms9NNxAIZ64I42nmkkRSpmfs6cCq2FU7F1wGp4AKKNQcWJ/uMMZpRLjCDEnZc+xEeRkSimJGpqabSpIgPEYj0tPIUUSkl+XXTeGJdoYwiIV+XMHc/T2RoUjKSeTrzgipUC7WZuZ/tV6qgksvozxJFeF4vihIGVQxnEUFh1QQrNhEA8KC6r9CHCKdiNKBmjoEZ/HkZWjXqo7mu3qlcV3EUQZH4BicAgdcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9kfP0A1Gyf9Q==</latexit>

� =
c

ik
r · ~A

<latexit sha1_base64="8q9nNmU8kVYi6Dj9VbYOzzR8dRs=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyURQTdC1Y3LCvYCTSiTyaQdOpkJM5NCCXkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6cP0wZVdp1v62V1bX1jc3Klr29s7u37xwctpXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC0e203hkTqajgD3qSkiBBA05jipE2Vt+p+c0hta9sP5YI57jI6aiwfY5ChqCPI6Ftf0xwfl30napbd2eCy+CVUAWlmn3ny48EzhLCNWZIqZ7npjrIkdQUM2KWZIqkCI/QgPQMcpQQFeSziwp4apwIxkKaxzWcub8ncpQoNUlC05kgPVSLtan5X62X6fgyyClPM004ni+KMwa1gNN4YEQlwZpNDCAsqfkrxENkstEmRNuE4C2evAzts7pn+P682rgp46iAY3ACasADF6AB7kATtAAGj+AZvII368l6sd6tj3nrilXOHIE/sj5/ABeanI8=</latexit><latexit sha1_base64="8q9nNmU8kVYi6Dj9VbYOzzR8dRs=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyURQTdC1Y3LCvYCTSiTyaQdOpkJM5NCCXkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6cP0wZVdp1v62V1bX1jc3Klr29s7u37xwctpXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC0e203hkTqajgD3qSkiBBA05jipE2Vt+p+c0hta9sP5YI57jI6aiwfY5ChqCPI6Ftf0xwfl30napbd2eCy+CVUAWlmn3ny48EzhLCNWZIqZ7npjrIkdQUM2KWZIqkCI/QgPQMcpQQFeSziwp4apwIxkKaxzWcub8ncpQoNUlC05kgPVSLtan5X62X6fgyyClPM004ni+KMwa1gNN4YEQlwZpNDCAsqfkrxENkstEmRNuE4C2evAzts7pn+P682rgp46iAY3ACasADF6AB7kATtAAGj+AZvII368l6sd6tj3nrilXOHIE/sj5/ABeanI8=</latexit><latexit sha1_base64="8q9nNmU8kVYi6Dj9VbYOzzR8dRs=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyURQTdC1Y3LCvYCTSiTyaQdOpkJM5NCCXkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6cP0wZVdp1v62V1bX1jc3Klr29s7u37xwctpXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC0e203hkTqajgD3qSkiBBA05jipE2Vt+p+c0hta9sP5YI57jI6aiwfY5ChqCPI6Ftf0xwfl30napbd2eCy+CVUAWlmn3ny48EzhLCNWZIqZ7npjrIkdQUM2KWZIqkCI/QgPQMcpQQFeSziwp4apwIxkKaxzWcub8ncpQoNUlC05kgPVSLtan5X62X6fgyyClPM004ni+KMwa1gNN4YEQlwZpNDCAsqfkrxENkstEmRNuE4C2evAzts7pn+P682rgp46iAY3ACasADF6AB7kATtAAGj+AZvII368l6sd6tj3nrilXOHIE/sj5/ABeanI8=</latexit><latexit sha1_base64="8q9nNmU8kVYi6Dj9VbYOzzR8dRs=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyURQTdC1Y3LCvYCTSiTyaQdOpkJM5NCCXkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6cP0wZVdp1v62V1bX1jc3Klr29s7u37xwctpXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC0e203hkTqajgD3qSkiBBA05jipE2Vt+p+c0hta9sP5YI57jI6aiwfY5ChqCPI6Ftf0xwfl30napbd2eCy+CVUAWlmn3ny48EzhLCNWZIqZ7npjrIkdQUM2KWZIqkCI/QgPQMcpQQFeSziwp4apwIxkKaxzWcub8ncpQoNUlC05kgPVSLtan5X62X6fgyyClPM004ni+KMwa1gNN4YEQlwZpNDCAsqfkrxENkstEmRNuE4C2evAzts7pn+P682rgp46iAY3ACasADF6AB7kATtAAGj+AZvII368l6sd6tj3nrilXOHIE/sj5/ABeanI8=</latexit>

~B = r⇥ ~A
<latexit sha1_base64="6tQ9iSTE7lCeRx7xnPaQqJLDlLw=">AAACEXicbVBNS8NAEN3Urxq/qh69LBahp5KIoBeh1ovHCvYDmlAm2227dLMJu5tCCfkLXvwrXjwo4tWbN/+N2zYHbX0w8Hhvhpl5QcyZ0o7zbRXW1jc2t4rb9s7u3v5B6fCopaJEEtokEY9kJwBFORO0qZnmtBNLCmHAaTsY38789oRKxSLxoKcx9UMYCjZgBLSReqUKxt6EkrSe2Rhfm/IEBBywp1lIlZ27N5ndK5WdqjMHXiVuTsooR6NX+vL6EUlCKjThoFTXdWLtpyA1I5xmtpcoGgMZw5B2DRVg9vnp/KMMnxmljweRNCU0nqu/J1IIlZqGgekMQY/UsjcT//O6iR5c+SkTcaKpIItFg4RjHeFZPLjPJCWaTw0BIpm5FZMRSCDahDgLwV1+eZW0zquu4fcX5Vo9j6OITtApqiAXXaIaukMN1EQEPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AGhGmj8=</latexit><latexit sha1_base64="6tQ9iSTE7lCeRx7xnPaQqJLDlLw=">AAACEXicbVBNS8NAEN3Urxq/qh69LBahp5KIoBeh1ovHCvYDmlAm2227dLMJu5tCCfkLXvwrXjwo4tWbN/+N2zYHbX0w8Hhvhpl5QcyZ0o7zbRXW1jc2t4rb9s7u3v5B6fCopaJEEtokEY9kJwBFORO0qZnmtBNLCmHAaTsY38789oRKxSLxoKcx9UMYCjZgBLSReqUKxt6EkrSe2Rhfm/IEBBywp1lIlZ27N5ndK5WdqjMHXiVuTsooR6NX+vL6EUlCKjThoFTXdWLtpyA1I5xmtpcoGgMZw5B2DRVg9vnp/KMMnxmljweRNCU0nqu/J1IIlZqGgekMQY/UsjcT//O6iR5c+SkTcaKpIItFg4RjHeFZPLjPJCWaTw0BIpm5FZMRSCDahDgLwV1+eZW0zquu4fcX5Vo9j6OITtApqiAXXaIaukMN1EQEPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AGhGmj8=</latexit><latexit sha1_base64="6tQ9iSTE7lCeRx7xnPaQqJLDlLw=">AAACEXicbVBNS8NAEN3Urxq/qh69LBahp5KIoBeh1ovHCvYDmlAm2227dLMJu5tCCfkLXvwrXjwo4tWbN/+N2zYHbX0w8Hhvhpl5QcyZ0o7zbRXW1jc2t4rb9s7u3v5B6fCopaJEEtokEY9kJwBFORO0qZnmtBNLCmHAaTsY38789oRKxSLxoKcx9UMYCjZgBLSReqUKxt6EkrSe2Rhfm/IEBBywp1lIlZ27N5ndK5WdqjMHXiVuTsooR6NX+vL6EUlCKjThoFTXdWLtpyA1I5xmtpcoGgMZw5B2DRVg9vnp/KMMnxmljweRNCU0nqu/J1IIlZqGgekMQY/UsjcT//O6iR5c+SkTcaKpIItFg4RjHeFZPLjPJCWaTw0BIpm5FZMRSCDahDgLwV1+eZW0zquu4fcX5Vo9j6OITtApqiAXXaIaukMN1EQEPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AGhGmj8=</latexit><latexit sha1_base64="6tQ9iSTE7lCeRx7xnPaQqJLDlLw=">AAACEXicbVBNS8NAEN3Urxq/qh69LBahp5KIoBeh1ovHCvYDmlAm2227dLMJu5tCCfkLXvwrXjwo4tWbN/+N2zYHbX0w8Hhvhpl5QcyZ0o7zbRXW1jc2t4rb9s7u3v5B6fCopaJEEtokEY9kJwBFORO0qZnmtBNLCmHAaTsY38789oRKxSLxoKcx9UMYCjZgBLSReqUKxt6EkrSe2Rhfm/IEBBywp1lIlZ27N5ndK5WdqjMHXiVuTsooR6NX+vL6EUlCKjThoFTXdWLtpyA1I5xmtpcoGgMZw5B2DRVg9vnp/KMMnxmljweRNCU0nqu/J1IIlZqGgekMQY/UsjcT//O6iR5c+SkTcaKpIItFg4RjHeFZPLjPJCWaTw0BIpm5FZMRSCDahDgLwV1+eZW0zquu4fcX5Vo9j6OITtApqiAXXaIaukMN1EQEPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AGhGmj8=</latexit>

~E = ikc ~A�r� = ikc ~A� c

ikc
rr · ~A

<latexit sha1_base64="NPZG89/DoQdH1U1T5WHBOqWuwEM="></latexit><latexit sha1_base64="NPZG89/DoQdH1U1T5WHBOqWuwEM="></latexit><latexit sha1_base64="NPZG89/DoQdH1U1T5WHBOqWuwEM="></latexit><latexit sha1_base64="NPZG89/DoQdH1U1T5WHBOqWuwEM="></latexit>

~A (~r, k) = µ0q0�
2�2~iz

X

m,n�0

�mnz (~r?)�mnz (~r0?)

k2 + �2�2(k2x + k2y)
eikz/�

<latexit sha1_base64="mqn42PaFaZpi6GnO8TSeGXnP7ZQ="></latexit><latexit sha1_base64="mqn42PaFaZpi6GnO8TSeGXnP7ZQ="></latexit><latexit sha1_base64="mqn42PaFaZpi6GnO8TSeGXnP7ZQ="></latexit><latexit sha1_base64="mqn42PaFaZpi6GnO8TSeGXnP7ZQ="></latexit>

Zk(k)
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4iµ0kc
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X

m,n�0

�0
mnz (~r1?)�

0
mnz (~r0?)

k2 + �2�2(k2x + k2y)
<latexit sha1_base64="KR24vIBFUUPpx0Y9e6HKzSU3WUU="></latexit><latexit sha1_base64="KR24vIBFUUPpx0Y9e6HKzSU3WUU="></latexit><latexit sha1_base64="KR24vIBFUUPpx0Y9e6HKzSU3WUU="></latexit><latexit sha1_base64="KR24vIBFUUPpx0Y9e6HKzSU3WUU="></latexit>

Zx(k)

L
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�4µ0�c

ab

X

m,n�0

kx�0
mnx (~r1?)�

0
mnz (~r0?)

k2 + �2�2(k2x + k2y)
<latexit sha1_base64="C6xMpDxz/3MKNn7Hjc/al2/7tNk="></latexit><latexit sha1_base64="C6xMpDxz/3MKNn7Hjc/al2/7tNk="></latexit><latexit sha1_base64="C6xMpDxz/3MKNn7Hjc/al2/7tNk="></latexit><latexit sha1_base64="C6xMpDxz/3MKNn7Hjc/al2/7tNk="></latexit>

Zy(k)

L
=

�4µ0�c

ab

X

m,n�0

ky�0
mny (~r1?)�

0
mnz (~r0?)

k2 + �2�2(k2x + k2y)
<latexit sha1_base64="24beSeKM1MKB+d/EUZvfLeVnAhI="></latexit><latexit sha1_base64="24beSeKM1MKB+d/EUZvfLeVnAhI="></latexit><latexit sha1_base64="24beSeKM1MKB+d/EUZvfLeVnAhI="></latexit><latexit sha1_base64="24beSeKM1MKB+d/EUZvfLeVnAhI="></latexit>

�0
mnx (x, y) = Cx(x)Sy(y)

�0
mny (x, y) = Sx(x)Cy(y)

�0
mnz (x, y) = Sx(x)Sy(y)

<latexit sha1_base64="d5LGkWJ6I/UjTn5dBcgLYo75c88="></latexit><latexit sha1_base64="d5LGkWJ6I/UjTn5dBcgLYo75c88="></latexit><latexit sha1_base64="d5LGkWJ6I/UjTn5dBcgLYo75c88="></latexit><latexit sha1_base64="d5LGkWJ6I/UjTn5dBcgLYo75c88="></latexit>

k ⌘ !

c
<latexit sha1_base64="5hPTLPPMDrgbLweB9/W7266vU8Q=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUGXRTcuK9gLNKFMpift0JkkzkwKJcSNr+LGhSJufQt3vo3TNgtt/WHg4z/ncOb8QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+gpeJUUmjSmMeyExAFnEXQ1Exz6CQSiAg4tIPRzbTeHoNULI7u9SQBX5BBxEJGiTZWzz4aefCQsjH2Qklo5sUCBiTPaN6zq07NmQkvg1tAFRVq9Owvrx/TVECkKSdKdV0n0X5GpGaUQ17xUgUJoSMygK7BiAhQfja7IMenxunjMJbmRRrP3N8TGRFKTURgOgXRQ7VYm5r/1bqpDq/8jEVJqiGi80VhyrGO8TQO3GcSqOYTA4RKZv6K6ZCYKLQJrWJCcBdPXobWec01fHdRrV8XcZTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj3lrySpmDtEfWZ8/MoiXXA==</latexit><latexit sha1_base64="5hPTLPPMDrgbLweB9/W7266vU8Q=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUGXRTcuK9gLNKFMpift0JkkzkwKJcSNr+LGhSJufQt3vo3TNgtt/WHg4z/ncOb8QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+gpeJUUmjSmMeyExAFnEXQ1Exz6CQSiAg4tIPRzbTeHoNULI7u9SQBX5BBxEJGiTZWzz4aefCQsjH2Qklo5sUCBiTPaN6zq07NmQkvg1tAFRVq9Owvrx/TVECkKSdKdV0n0X5GpGaUQ17xUgUJoSMygK7BiAhQfja7IMenxunjMJbmRRrP3N8TGRFKTURgOgXRQ7VYm5r/1bqpDq/8jEVJqiGi80VhyrGO8TQO3GcSqOYTA4RKZv6K6ZCYKLQJrWJCcBdPXobWec01fHdRrV8XcZTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj3lrySpmDtEfWZ8/MoiXXA==</latexit><latexit sha1_base64="5hPTLPPMDrgbLweB9/W7266vU8Q=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUGXRTcuK9gLNKFMpift0JkkzkwKJcSNr+LGhSJufQt3vo3TNgtt/WHg4z/ncOb8QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+gpeJUUmjSmMeyExAFnEXQ1Exz6CQSiAg4tIPRzbTeHoNULI7u9SQBX5BBxEJGiTZWzz4aefCQsjH2Qklo5sUCBiTPaN6zq07NmQkvg1tAFRVq9Owvrx/TVECkKSdKdV0n0X5GpGaUQ17xUgUJoSMygK7BiAhQfja7IMenxunjMJbmRRrP3N8TGRFKTURgOgXRQ7VYm5r/1bqpDq/8jEVJqiGi80VhyrGO8TQO3GcSqOYTA4RKZv6K6ZCYKLQJrWJCcBdPXobWec01fHdRrV8XcZTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj3lrySpmDtEfWZ8/MoiXXA==</latexit><latexit sha1_base64="5hPTLPPMDrgbLweB9/W7266vU8Q=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUGXRTcuK9gLNKFMpift0JkkzkwKJcSNr+LGhSJufQt3vo3TNgtt/WHg4z/ncOb8QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+gpeJUUmjSmMeyExAFnEXQ1Exz6CQSiAg4tIPRzbTeHoNULI7u9SQBX5BBxEJGiTZWzz4aefCQsjH2Qklo5sUCBiTPaN6zq07NmQkvg1tAFRVq9Owvrx/TVECkKSdKdV0n0X5GpGaUQ17xUgUJoSMygK7BiAhQfja7IMenxunjMJbmRRrP3N8TGRFKTURgOgXRQ7VYm5r/1bqpDq/8jEVJqiGi80VhyrGO8TQO3GcSqOYTA4RKZv6K6ZCYKLQJrWJCcBdPXobWec01fHdRrV8XcZTRMTpBZ8hFl6iOblEDNRFFj+gZvaI368l6sd6tj3lrySpmDtEfWZ8/MoiXXA==</latexit>
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Mode	expansion	method	
*	Point-charge	(Green’s	func;on)	wake	func;ons:	

*	The	space-charge	impedance	and	wake	func;ons	expressed	by	summa;on	of	trigonometric	func;ons	
converge	slowly.	With	powerful	parallel	computers,	this	method	is	s;ll	useful	in	prac;cal	simula;ons	of	
space	charge	effects	[5].		
*	In	the	following	I	discuss	their	applica;ons	to	calculate	various	forms	of	space	charge	impedance	and	
wakes	in	free	space	or	with	Gaussian	beam	distribu;on.	
*	A	useful	iden;ty:	

*	Also	the	rela;on	between	longitudinal	and	transverse	impedances:

Wx(z)

L
=

�2Z0c

�ab

X

m,n�0

kx
kc

�0
mnx (~r1?)�

0
mnz (~r0?) e

��kc|z|

<latexit sha1_base64="f2CEv1UmRxSt/ElOZdkCM58T6UY="></latexit><latexit sha1_base64="f2CEv1UmRxSt/ElOZdkCM58T6UY="></latexit><latexit sha1_base64="f2CEv1UmRxSt/ElOZdkCM58T6UY="></latexit><latexit sha1_base64="f2CEv1UmRxSt/ElOZdkCM58T6UY="></latexit>
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<latexit sha1_base64="TcME8W84KYguxskdIjTFdQByvPU="></latexit><latexit sha1_base64="TcME8W84KYguxskdIjTFdQByvPU="></latexit><latexit sha1_base64="TcME8W84KYguxskdIjTFdQByvPU="></latexit><latexit sha1_base64="TcME8W84KYguxskdIjTFdQByvPU="></latexit>

Wy(z)
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�2Z0c

�ab
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m,n�0
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<latexit sha1_base64="ektwOiic3Vi2d1YxUJSWvwky0Sk="></latexit><latexit sha1_base64="ektwOiic3Vi2d1YxUJSWvwky0Sk="></latexit><latexit sha1_base64="ektwOiic3Vi2d1YxUJSWvwky0Sk="></latexit><latexit sha1_base64="ektwOiic3Vi2d1YxUJSWvwky0Sk="></latexit>

[5]	J.	Qiang,	PRAB	21,	054201	(2018)

kc =
q
k2x + k2y

<latexit sha1_base64="58oUnCeMw7xuwXKR8RZV2u/QW4M=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFEISSFEE3QtGNywr2Am0aJtNJO2QyiTMnYold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufM7yecKbDtb2NhcWl5ZbWwVlzf2NzaNnd2GypOJaF1EvNYtnysKGeC1oEBp61EUhz5nDb98Gpcb95TqVgsbmGYUDfCfcECRjBoyzP3Q49cdNSdhCz0HrqVk9AbdisjzyzZZXsiax6cHEooV80zvzq9mKQRFUA4Vqrt2Am4GZbACKejYidVNMEkxH3a1ihwRJWbTe4fWUfa6VlBLPUTYE3c3xMZjpQaRr7ujDAM1GxtbP5Xa6cQnLsZE0kKVJDpoiDlFsTWOAyrxyQlwIcaMJFM32qRAZaYgI6sqENwZr88D41K2dF8c1qqXuZxFNABOkTHyEFnqIquUQ3VEUGP6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8AsPmV3w==</latexit><latexit sha1_base64="58oUnCeMw7xuwXKR8RZV2u/QW4M=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFEISSFEE3QtGNywr2Am0aJtNJO2QyiTMnYold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufM7yecKbDtb2NhcWl5ZbWwVlzf2NzaNnd2GypOJaF1EvNYtnysKGeC1oEBp61EUhz5nDb98Gpcb95TqVgsbmGYUDfCfcECRjBoyzP3Q49cdNSdhCz0HrqVk9AbdisjzyzZZXsiax6cHEooV80zvzq9mKQRFUA4Vqrt2Am4GZbACKejYidVNMEkxH3a1ihwRJWbTe4fWUfa6VlBLPUTYE3c3xMZjpQaRr7ujDAM1GxtbP5Xa6cQnLsZE0kKVJDpoiDlFsTWOAyrxyQlwIcaMJFM32qRAZaYgI6sqENwZr88D41K2dF8c1qqXuZxFNABOkTHyEFnqIquUQ3VEUGP6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8AsPmV3w==</latexit><latexit sha1_base64="58oUnCeMw7xuwXKR8RZV2u/QW4M=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFEISSFEE3QtGNywr2Am0aJtNJO2QyiTMnYold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufM7yecKbDtb2NhcWl5ZbWwVlzf2NzaNnd2GypOJaF1EvNYtnysKGeC1oEBp61EUhz5nDb98Gpcb95TqVgsbmGYUDfCfcECRjBoyzP3Q49cdNSdhCz0HrqVk9AbdisjzyzZZXsiax6cHEooV80zvzq9mKQRFUA4Vqrt2Am4GZbACKejYidVNMEkxH3a1ihwRJWbTe4fWUfa6VlBLPUTYE3c3xMZjpQaRr7ujDAM1GxtbP5Xa6cQnLsZE0kKVJDpoiDlFsTWOAyrxyQlwIcaMJFM32qRAZaYgI6sqENwZr88D41K2dF8c1qqXuZxFNABOkTHyEFnqIquUQ3VEUGP6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8AsPmV3w==</latexit><latexit sha1_base64="58oUnCeMw7xuwXKR8RZV2u/QW4M=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFEISSFEE3QtGNywr2Am0aJtNJO2QyiTMnYold+CpuXCji1tdw59s4bbPQ1h8GPv5zDufM7yecKbDtb2NhcWl5ZbWwVlzf2NzaNnd2GypOJaF1EvNYtnysKGeC1oEBp61EUhz5nDb98Gpcb95TqVgsbmGYUDfCfcECRjBoyzP3Q49cdNSdhCz0HrqVk9AbdisjzyzZZXsiax6cHEooV80zvzq9mKQRFUA4Vqrt2Am4GZbACKejYidVNMEkxH3a1ihwRJWbTe4fWUfa6VlBLPUTYE3c3xMZjpQaRr7ujDAM1GxtbP5Xa6cQnLsZE0kKVJDpoiDlFsTWOAyrxyQlwIcaMJFM32qRAZaYgI6sqENwZr88D41K2dF8c1qqXuZxFNABOkTHyEFnqIquUQ3VEUGP6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8AsPmV3w==</latexit>
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k2 + �2�2(k2x + k2y)
=

Z 1

0
e�[k

2+�2�2(k2
x+k2

y)]tdt
<latexit sha1_base64="8bClfDtpUvP3OR1/raxHQLl0X9I="></latexit><latexit sha1_base64="8bClfDtpUvP3OR1/raxHQLl0X9I="></latexit><latexit sha1_base64="8bClfDtpUvP3OR1/raxHQLl0X9I="></latexit><latexit sha1_base64="8bClfDtpUvP3OR1/raxHQLl0X9I="></latexit>

Zx(k) =
�i�

k

@Zk(k)

@x1
Zy(k) =

�i�

k

@Zk(k)

@y1
<latexit sha1_base64="8VNodQRSpIJrAO0Ka96kQzaXc4Y="></latexit><latexit sha1_base64="8VNodQRSpIJrAO0Ka96kQzaXc4Y="></latexit><latexit sha1_base64="8VNodQRSpIJrAO0Ka96kQzaXc4Y="></latexit><latexit sha1_base64="8VNodQRSpIJrAO0Ka96kQzaXc4Y="></latexit>
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Impedance	and	wake	func;ons	in	free	space	
*	For	free	space,	take	the	limit	of																																		.	The	summa;on	over	m	and	n	can	be	replaced	by	
integra;on:	

*	The	integra;on	over	kx	and	ky	can	be	done	analy;cally:	

*	The	integra;on	over	t	can	also	be	done,	resul;ng	in	forms	by	Bessel	func;ons	of	the	second	kind:	

*	There	is	an	obvious	singularity	for	

a ! 1 b ! 1
<latexit sha1_base64="yMRQDxa+jKAHsdfE3WlTyUg+gZM=">AAACFnicbZC7SgNBFIZn4y3GW9TSZjAINoZdEbQM2lhGMBfIhnB2MpsMmZ1dZ84qYclT2PgqNhaK2Iqdb+PkUmjigYGP/z+HM+cPEikMuu63k1taXlldy68XNja3tneKu3t1E6ea8RqLZaybARguheI1FCh5M9EcokDyRjC4GvuNe66NiNUtDhPejqCnRCgYoJU6xRPwtej1EbSOH6gvVIhD6t+l0KXBotMpltyyOym6CN4MSmRW1U7xy+/GLI24QibBmJbnJtjOQKNgko8Kfmp4AmwAPd6yqCDipp1NzhrRI6t0aRhr+xTSifp7IoPImGEU2M4IsG/mvbH4n9dKMbxoZ0IlKXLFpovCVFKM6Tgj2hWaM5RDC8C0sH+lrA8aGNokCzYEb/7kRaiflj3LN2elyuUsjjw5IIfkmHjknFTINamSGmHkkTyTV/LmPDkvzrvzMW3NObOZffKnnM8fRb2gDQ==</latexit><latexit sha1_base64="yMRQDxa+jKAHsdfE3WlTyUg+gZM=">AAACFnicbZC7SgNBFIZn4y3GW9TSZjAINoZdEbQM2lhGMBfIhnB2MpsMmZ1dZ84qYclT2PgqNhaK2Iqdb+PkUmjigYGP/z+HM+cPEikMuu63k1taXlldy68XNja3tneKu3t1E6ea8RqLZaybARguheI1FCh5M9EcokDyRjC4GvuNe66NiNUtDhPejqCnRCgYoJU6xRPwtej1EbSOH6gvVIhD6t+l0KXBotMpltyyOym6CN4MSmRW1U7xy+/GLI24QibBmJbnJtjOQKNgko8Kfmp4AmwAPd6yqCDipp1NzhrRI6t0aRhr+xTSifp7IoPImGEU2M4IsG/mvbH4n9dKMbxoZ0IlKXLFpovCVFKM6Tgj2hWaM5RDC8C0sH+lrA8aGNokCzYEb/7kRaiflj3LN2elyuUsjjw5IIfkmHjknFTINamSGmHkkTyTV/LmPDkvzrvzMW3NObOZffKnnM8fRb2gDQ==</latexit><latexit sha1_base64="yMRQDxa+jKAHsdfE3WlTyUg+gZM=">AAACFnicbZC7SgNBFIZn4y3GW9TSZjAINoZdEbQM2lhGMBfIhnB2MpsMmZ1dZ84qYclT2PgqNhaK2Iqdb+PkUmjigYGP/z+HM+cPEikMuu63k1taXlldy68XNja3tneKu3t1E6ea8RqLZaybARguheI1FCh5M9EcokDyRjC4GvuNe66NiNUtDhPejqCnRCgYoJU6xRPwtej1EbSOH6gvVIhD6t+l0KXBotMpltyyOym6CN4MSmRW1U7xy+/GLI24QibBmJbnJtjOQKNgko8Kfmp4AmwAPd6yqCDipp1NzhrRI6t0aRhr+xTSifp7IoPImGEU2M4IsG/mvbH4n9dKMbxoZ0IlKXLFpovCVFKM6Tgj2hWaM5RDC8C0sH+lrA8aGNokCzYEb/7kRaiflj3LN2elyuUsjjw5IIfkmHjknFTINamSGmHkkTyTV/LmPDkvzrvzMW3NObOZffKnnM8fRb2gDQ==</latexit><latexit sha1_base64="yMRQDxa+jKAHsdfE3WlTyUg+gZM=">AAACFnicbZC7SgNBFIZn4y3GW9TSZjAINoZdEbQM2lhGMBfIhnB2MpsMmZ1dZ84qYclT2PgqNhaK2Iqdb+PkUmjigYGP/z+HM+cPEikMuu63k1taXlldy68XNja3tneKu3t1E6ea8RqLZaybARguheI1FCh5M9EcokDyRjC4GvuNe66NiNUtDhPejqCnRCgYoJU6xRPwtej1EbSOH6gvVIhD6t+l0KXBotMpltyyOym6CN4MSmRW1U7xy+/GLI24QibBmJbnJtjOQKNgko8Kfmp4AmwAPd6yqCDipp1NzhrRI6t0aRhr+xTSifp7IoPImGEU2M4IsG/mvbH4n9dKMbxoZ0IlKXLFpovCVFKM6Tgj2hWaM5RDC8C0sH+lrA8aGNokCzYEb/7kRaiflj3LN2elyuUsjjw5IIfkmHjknFTINamSGmHkkTyTV/LmPDkvzrvzMW3NObOZffKnnM8fRb2gDQ==</latexit>
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<latexit sha1_base64="3CcoS4PDNXPExHno5xVRIc1TJwg="></latexit><latexit sha1_base64="3CcoS4PDNXPExHno5xVRIc1TJwg="></latexit><latexit sha1_base64="3CcoS4PDNXPExHno5xVRIc1TJwg="></latexit><latexit sha1_base64="3CcoS4PDNXPExHno5xVRIc1TJwg="></latexit>
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<latexit sha1_base64="3I9y7aQgt9WJ1UNoXt8C12VH12o="></latexit><latexit sha1_base64="3I9y7aQgt9WJ1UNoXt8C12VH12o="></latexit><latexit sha1_base64="3I9y7aQgt9WJ1UNoXt8C12VH12o="></latexit><latexit sha1_base64="3I9y7aQgt9WJ1UNoXt8C12VH12o="></latexit>
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<latexit sha1_base64="XpMUhM9HpSmtzsEwzv+eNlPBjZA="></latexit><latexit sha1_base64="XpMUhM9HpSmtzsEwzv+eNlPBjZA="></latexit><latexit sha1_base64="XpMUhM9HpSmtzsEwzv+eNlPBjZA="></latexit><latexit sha1_base64="XpMUhM9HpSmtzsEwzv+eNlPBjZA="></latexit>
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<latexit sha1_base64="fYdpOOaIqlnrT6lFL1PAFt4uMBM="></latexit><latexit sha1_base64="fYdpOOaIqlnrT6lFL1PAFt4uMBM="></latexit><latexit sha1_base64="fYdpOOaIqlnrT6lFL1PAFt4uMBM="></latexit><latexit sha1_base64="fYdpOOaIqlnrT6lFL1PAFt4uMBM="></latexit>
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<latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit>

x1 ! x0 and y1 ! y0
<latexit sha1_base64="hPkzOc8FJFIsB/fVbykMV/RAH7o=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWakoHRVdOOygn1ApwyZNG1DM5khuaMdhv6IG3/FjQtFXLgR/8b0sbCtBwKHc87l5p4gFlyD4/xYubX1jc2t/HZhZ3dv/8A+PGroKFGU1WkkItUKiGaCS1YHDoK1YsVIGAjWDIY3E7/5wJTmkbyHNGadkPQl73FKwEi+XR75rqd4fwBEqegRj3wHexUP2AgyIrtjr4LTxUTqO75ddErOFHiVuHNSRHPUfPvL60Y0CZkEKojWbdeJoZMRBZwKNi54iWYxoUPSZ21DJQmZ7mTT68b4zChd3IuUeRLwVP07kZFQ6zQMTDIkMNDL3kT8z2sn0LvqZFzGCTBJZ4t6icAQ4UlVuMsVoyBSQwhV3PwV0wFRhIIptGBKcJdPXiWNi5Jr+F25WL2e15FHJ+gUnSMXXaIqukU1VEcUPaEX9IberWfr1fqwPmfRnDWfOUYLsL5/AWPXohU=</latexit><latexit sha1_base64="hPkzOc8FJFIsB/fVbykMV/RAH7o=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWakoHRVdOOygn1ApwyZNG1DM5khuaMdhv6IG3/FjQtFXLgR/8b0sbCtBwKHc87l5p4gFlyD4/xYubX1jc2t/HZhZ3dv/8A+PGroKFGU1WkkItUKiGaCS1YHDoK1YsVIGAjWDIY3E7/5wJTmkbyHNGadkPQl73FKwEi+XR75rqd4fwBEqegRj3wHexUP2AgyIrtjr4LTxUTqO75ddErOFHiVuHNSRHPUfPvL60Y0CZkEKojWbdeJoZMRBZwKNi54iWYxoUPSZ21DJQmZ7mTT68b4zChd3IuUeRLwVP07kZFQ6zQMTDIkMNDL3kT8z2sn0LvqZFzGCTBJZ4t6icAQ4UlVuMsVoyBSQwhV3PwV0wFRhIIptGBKcJdPXiWNi5Jr+F25WL2e15FHJ+gUnSMXXaIqukU1VEcUPaEX9IberWfr1fqwPmfRnDWfOUYLsL5/AWPXohU=</latexit><latexit sha1_base64="hPkzOc8FJFIsB/fVbykMV/RAH7o=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWakoHRVdOOygn1ApwyZNG1DM5khuaMdhv6IG3/FjQtFXLgR/8b0sbCtBwKHc87l5p4gFlyD4/xYubX1jc2t/HZhZ3dv/8A+PGroKFGU1WkkItUKiGaCS1YHDoK1YsVIGAjWDIY3E7/5wJTmkbyHNGadkPQl73FKwEi+XR75rqd4fwBEqegRj3wHexUP2AgyIrtjr4LTxUTqO75ddErOFHiVuHNSRHPUfPvL60Y0CZkEKojWbdeJoZMRBZwKNi54iWYxoUPSZ21DJQmZ7mTT68b4zChd3IuUeRLwVP07kZFQ6zQMTDIkMNDL3kT8z2sn0LvqZFzGCTBJZ4t6icAQ4UlVuMsVoyBSQwhV3PwV0wFRhIIptGBKcJdPXiWNi5Jr+F25WL2e15FHJ+gUnSMXXaIqukU1VEcUPaEX9IberWfr1fqwPmfRnDWfOUYLsL5/AWPXohU=</latexit><latexit sha1_base64="hPkzOc8FJFIsB/fVbykMV/RAH7o=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWakoHRVdOOygn1ApwyZNG1DM5khuaMdhv6IG3/FjQtFXLgR/8b0sbCtBwKHc87l5p4gFlyD4/xYubX1jc2t/HZhZ3dv/8A+PGroKFGU1WkkItUKiGaCS1YHDoK1YsVIGAjWDIY3E7/5wJTmkbyHNGadkPQl73FKwEi+XR75rqd4fwBEqegRj3wHexUP2AgyIrtjr4LTxUTqO75ddErOFHiVuHNSRHPUfPvL60Y0CZkEKojWbdeJoZMRBZwKNi54iWYxoUPSZ21DJQmZ7mTT68b4zChd3IuUeRLwVP07kZFQ6zQMTDIkMNDL3kT8z2sn0LvqZFzGCTBJZ4t6icAQ4UlVuMsVoyBSQwhV3PwV0wFRhIIptGBKcJdPXiWNi5Jr+F25WL2e15FHJ+gUnSMXXaIqukU1VEcUPaEX9IberWfr1fqwPmfRnDWfOUYLsL5/AWPXohU=</latexit>
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Impedance	and	wake	func;ons	in	free	space	
*	Point-charge	(Green’s	func;on)	wake	func;ons	in	free	space:	

*	Apparently	they	are	Green’s	func;ons	of	a	point	charge	in	the	lab	frame.	
*	Then	we	can	use	the	Green-func;ons	of	the	point	charge	to	calculate	the	impedance	and	wakes	of	
various	distribu;ons.	For	example,	the	on-axis	longitudinal	SC	impedance	of	a	round	beam	with	uniform	
distribu;on	[2]	can	be	easily	obtained:	

*	This	is	a	valida;on	of	the	previous	formulae	for	space-charge	impedance	and	wakes	in	Green-func;on	
forms.
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<latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit><latexit sha1_base64="Ii8TM9rj9XuIHV3iBfueXVXAHOI="></latexit>
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<latexit sha1_base64="Vbi+tbNyrUvBoJAi0YN1ceIeshw="></latexit><latexit sha1_base64="Vbi+tbNyrUvBoJAi0YN1ceIeshw="></latexit><latexit sha1_base64="Vbi+tbNyrUvBoJAi0YN1ceIeshw="></latexit><latexit sha1_base64="Vbi+tbNyrUvBoJAi0YN1ceIeshw="></latexit>
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rdrd✓

<latexit sha1_base64="5gOzDlSoZaysjSVMDAK8krAm7A8="></latexit><latexit sha1_base64="5gOzDlSoZaysjSVMDAK8krAm7A8="></latexit><latexit sha1_base64="5gOzDlSoZaysjSVMDAK8krAm7A8="></latexit><latexit sha1_base64="5gOzDlSoZaysjSVMDAK8krAm7A8="></latexit>

x1 = y1 = 0
<latexit sha1_base64="mP5KPe02o3tOqTRxaJUXXYIUO4o=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkrbSib7aZdursJuxsxhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL0w408Z1v53Syura+kZ5s7K1vbO7V90/aOk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H45up336kSrNY3pssoYHAQ8kiRrCx0sNT37vKbLn9as2tuzOgZeIVpAYFmv3qV28Qk1RQaQjHWnc9NzFBjpVhhNNJpZdqmmAyxkPatVRiQXWQzw6eoBOrDFAUK1vSoJn6eyLHQutMhLZTYDPSi95U/M/rpia6DHImk9RQSeaLopQjE6Pp92jAFCWGZ5Zgopi9FZERVpgYm1HFhuAtvrxMWmd1z/K781rjuoijDEdwDKfgwQU04Baa4AMBAc/wCm+Ocl6cd+dj3lpyiplD+APn8weHuo+P</latexit><latexit sha1_base64="mP5KPe02o3tOqTRxaJUXXYIUO4o=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkrbSib7aZdursJuxsxhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL0w408Z1v53Syura+kZ5s7K1vbO7V90/aOk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H45up336kSrNY3pssoYHAQ8kiRrCx0sNT37vKbLn9as2tuzOgZeIVpAYFmv3qV28Qk1RQaQjHWnc9NzFBjpVhhNNJpZdqmmAyxkPatVRiQXWQzw6eoBOrDFAUK1vSoJn6eyLHQutMhLZTYDPSi95U/M/rpia6DHImk9RQSeaLopQjE6Pp92jAFCWGZ5Zgopi9FZERVpgYm1HFhuAtvrxMWmd1z/K781rjuoijDEdwDKfgwQU04Baa4AMBAc/wCm+Ocl6cd+dj3lpyiplD+APn8weHuo+P</latexit><latexit sha1_base64="mP5KPe02o3tOqTRxaJUXXYIUO4o=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkrbSib7aZdursJuxsxhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL0w408Z1v53Syura+kZ5s7K1vbO7V90/aOk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H45up336kSrNY3pssoYHAQ8kiRrCx0sNT37vKbLn9as2tuzOgZeIVpAYFmv3qV28Qk1RQaQjHWnc9NzFBjpVhhNNJpZdqmmAyxkPatVRiQXWQzw6eoBOrDFAUK1vSoJn6eyLHQutMhLZTYDPSi95U/M/rpia6DHImk9RQSeaLopQjE6Pp92jAFCWGZ5Zgopi9FZERVpgYm1HFhuAtvrxMWmd1z/K781rjuoijDEdwDKfgwQU04Baa4AMBAc/wCm+Ocl6cd+dj3lpyiplD+APn8weHuo+P</latexit><latexit sha1_base64="mP5KPe02o3tOqTRxaJUXXYIUO4o=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgmkrbSib7aZdursJuxsxhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL0w408Z1v53Syura+kZ5s7K1vbO7V90/aOk4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H45up336kSrNY3pssoYHAQ8kiRrCx0sNT37vKbLn9as2tuzOgZeIVpAYFmv3qV28Qk1RQaQjHWnc9NzFBjpVhhNNJpZdqmmAyxkPatVRiQXWQzw6eoBOrDFAUK1vSoJn6eyLHQutMhLZTYDPSi95U/M/rpia6DHImk9RQSeaLopQjE6Pp92jAFCWGZ5Zgopi9FZERVpgYm1HFhuAtvrxMWmd1z/K781rjuoijDEdwDKfgwQU04Baa4AMBAc/wCm+Ocl6cd+dj3lpyiplD+APn8weHuo+P</latexit>
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Impedance	and	wake	func;ons	in	free	space	
*	Bi-Gaussian	transverse	distribu;on	in	free	space:	

*	The	above	equa;ons	are	not	integrable	in	general,	but	provide	a	3D	model	of	space-charge	impedance	
useful	in	prac;cal	simula;ons	of	SC	effects.	We	can	rewrite	them	as:	

*	We	can	check	how	they	are	related	with	the	exis;ng	models	in	the	literature.
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Impedance	and	wake	func;ons	in	free	space	
*	For	axis-symmetric	beam	with	Gaussian	transverse	distribu;on,	we	can	find	the	on-axis	impedance:	

*	This	is	exactly	Eq.(15)	in	[2]:	

*	Take	the	low	frequency	approxima;on	for	the	transverse	impedance:	

*	Aker	change	of	variables,	this	gives	the	3D	transverse	space-charge	model	proposed	in	[3]:	

*	The	applica;on	condi;on	of	the	above	model	should	be:	

*	Again	we	find	good	consistency	with	the	exis;ng	theories.

Fz(0, 0, 1, k) = ke
k2�2

2�2�2 �

✓
k2�2

2�2�2

◆

<latexit sha1_base64="iewotmZRlaU2w80fCGrWQSTDpYs="></latexit><latexit sha1_base64="iewotmZRlaU2w80fCGrWQSTDpYs="></latexit><latexit sha1_base64="iewotmZRlaU2w80fCGrWQSTDpYs="></latexit><latexit sha1_base64="iewotmZRlaU2w80fCGrWQSTDpYs="></latexit>

Z(k) = �i
Z0

⇡��

⇠�
4
e⇠

2
�/2Ei

✓
�⇠2�

2

◆
= i

Z0

⇡��

⇠�
4
e⇠

2
�/2�

✓
⇠2�
2

◆

<latexit sha1_base64="YloRdq/3heAiVVSubh7heszVY88="></latexit><latexit sha1_base64="YloRdq/3heAiVVSubh7heszVY88="></latexit><latexit sha1_base64="YloRdq/3heAiVVSubh7heszVY88="></latexit><latexit sha1_base64="YloRdq/3heAiVVSubh7heszVY88="></latexit>

⇠� =
k�

�
<latexit sha1_base64="Ji6NEoaTLSm8qwn0gJ2iqWbyiTs=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCggWpgoWxSPQhNVF04zqtVTuJbAdRRZ1Z+BUWBhBi5QvY+BvcNgO0HMny8Tn36vqeMOVMacf5tkpLyyura+X1ysbm1vaOvbvXUkkmCW2ShCeyE4KinMW0qZnmtJNKCiLktB0Oryd++55KxZL4To9S6gvoxyxiBLSRAvvQe2CBp1hfwKUXSSD5cPYa514fhLkDu+rUnCnwInELUkUFGoH95fUSkgkaa8JBqa7rpNrPQWpGOB1XvEzRFMgQ+rRraAyCKj+frjLGx0bp4SiR5sQaT9XfHTkIpUYiNJUC9EDNexPxP6+b6ejCz1mcZprGZDYoyjjWCZ7kgntMUqL5yBAgkpm/YjIAE4g26VVMCO78youkdVpzDb89q9avijjK6AAdoRPkonNURzeogZqIoEf0jF7Rm/VkvVjv1sestGQVPfvoD6zPH2wVm1o=</latexit><latexit sha1_base64="Ji6NEoaTLSm8qwn0gJ2iqWbyiTs=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCggWpgoWxSPQhNVF04zqtVTuJbAdRRZ1Z+BUWBhBi5QvY+BvcNgO0HMny8Tn36vqeMOVMacf5tkpLyyura+X1ysbm1vaOvbvXUkkmCW2ShCeyE4KinMW0qZnmtJNKCiLktB0Oryd++55KxZL4To9S6gvoxyxiBLSRAvvQe2CBp1hfwKUXSSD5cPYa514fhLkDu+rUnCnwInELUkUFGoH95fUSkgkaa8JBqa7rpNrPQWpGOB1XvEzRFMgQ+rRraAyCKj+frjLGx0bp4SiR5sQaT9XfHTkIpUYiNJUC9EDNexPxP6+b6ejCz1mcZprGZDYoyjjWCZ7kgntMUqL5yBAgkpm/YjIAE4g26VVMCO78youkdVpzDb89q9avijjK6AAdoRPkonNURzeogZqIoEf0jF7Rm/VkvVjv1sestGQVPfvoD6zPH2wVm1o=</latexit><latexit sha1_base64="Ji6NEoaTLSm8qwn0gJ2iqWbyiTs=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCggWpgoWxSPQhNVF04zqtVTuJbAdRRZ1Z+BUWBhBi5QvY+BvcNgO0HMny8Tn36vqeMOVMacf5tkpLyyura+X1ysbm1vaOvbvXUkkmCW2ShCeyE4KinMW0qZnmtJNKCiLktB0Oryd++55KxZL4To9S6gvoxyxiBLSRAvvQe2CBp1hfwKUXSSD5cPYa514fhLkDu+rUnCnwInELUkUFGoH95fUSkgkaa8JBqa7rpNrPQWpGOB1XvEzRFMgQ+rRraAyCKj+frjLGx0bp4SiR5sQaT9XfHTkIpUYiNJUC9EDNexPxP6+b6ejCz1mcZprGZDYoyjjWCZ7kgntMUqL5yBAgkpm/YjIAE4g26VVMCO78youkdVpzDb89q9avijjK6AAdoRPkonNURzeogZqIoEf0jF7Rm/VkvVjv1sestGQVPfvoD6zPH2wVm1o=</latexit><latexit sha1_base64="Ji6NEoaTLSm8qwn0gJ2iqWbyiTs=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCggWpgoWxSPQhNVF04zqtVTuJbAdRRZ1Z+BUWBhBi5QvY+BvcNgO0HMny8Tn36vqeMOVMacf5tkpLyyura+X1ysbm1vaOvbvXUkkmCW2ShCeyE4KinMW0qZnmtJNKCiLktB0Oryd++55KxZL4To9S6gvoxyxiBLSRAvvQe2CBp1hfwKUXSSD5cPYa514fhLkDu+rUnCnwInELUkUFGoH95fUSkgkaa8JBqa7rpNrPQWpGOB1XvEzRFMgQ+rRraAyCKj+frjLGx0bp4SiR5sQaT9XfHTkIpUYiNJUC9EDNexPxP6+b6ejCz1mcZprGZDYoyjjWCZ7kgntMUqL5yBAgkpm/YjIAE4g26VVMCO78youkdVpzDb89q9avijjK6AAdoRPkonNURzeogZqIoEf0jF7Rm/VkvVjv1sestGQVPfvoD6zPH2wVm1o=</latexit>

�x = �y = �
<latexit sha1_base64="gxgmUCNC7LHuMhpJrZRod/bQ/yM=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsgqsyI4JuhKIblxXsBdqhZNJMG5pkhiQjlqFufBU3LhRx61u4821M2xG09YfAx3/O4eT8YcKZNp735SwsLi2vrBbWiusbm1vb7s5uXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDWuN+6o0iyWt2aY0EDgnmQRI9hYq+PutzXrCdy5v8hh+ANuySt7E6F58HMoQa5qx/1sd2OSCioN4Vjrlu8lJsiwMoxwOiq2U00TTAa4R1sWJRZUB9nkghE6sk4XRbGyTxo0cX9PZFhoPRSh7RTY9PVsbWz+V2ulJjoPMiaT1FBJpouilCMTo3EcqMsUJYYPLWCimP0rIn2sMDE2tKINwZ89eR7qJ2Xf8s1pqXKZx1GAAziEY/DhDCpwDVWoAYEHeIIXeHUenWfnzXmfti44+cwe/JHz8Q23K5cL</latexit><latexit sha1_base64="gxgmUCNC7LHuMhpJrZRod/bQ/yM=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsgqsyI4JuhKIblxXsBdqhZNJMG5pkhiQjlqFufBU3LhRx61u4821M2xG09YfAx3/O4eT8YcKZNp735SwsLi2vrBbWiusbm1vb7s5uXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDWuN+6o0iyWt2aY0EDgnmQRI9hYq+PutzXrCdy5v8hh+ANuySt7E6F58HMoQa5qx/1sd2OSCioN4Vjrlu8lJsiwMoxwOiq2U00TTAa4R1sWJRZUB9nkghE6sk4XRbGyTxo0cX9PZFhoPRSh7RTY9PVsbWz+V2ulJjoPMiaT1FBJpouilCMTo3EcqMsUJYYPLWCimP0rIn2sMDE2tKINwZ89eR7qJ2Xf8s1pqXKZx1GAAziEY/DhDCpwDVWoAYEHeIIXeHUenWfnzXmfti44+cwe/JHz8Q23K5cL</latexit><latexit sha1_base64="gxgmUCNC7LHuMhpJrZRod/bQ/yM=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsgqsyI4JuhKIblxXsBdqhZNJMG5pkhiQjlqFufBU3LhRx61u4821M2xG09YfAx3/O4eT8YcKZNp735SwsLi2vrBbWiusbm1vb7s5uXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDWuN+6o0iyWt2aY0EDgnmQRI9hYq+PutzXrCdy5v8hh+ANuySt7E6F58HMoQa5qx/1sd2OSCioN4Vjrlu8lJsiwMoxwOiq2U00TTAa4R1sWJRZUB9nkghE6sk4XRbGyTxo0cX9PZFhoPRSh7RTY9PVsbWz+V2ulJjoPMiaT1FBJpouilCMTo3EcqMsUJYYPLWCimP0rIn2sMDE2tKINwZ89eR7qJ2Xf8s1pqXKZx1GAAziEY/DhDCpwDVWoAYEHeIIXeHUenWfnzXmfti44+cwe/JHz8Q23K5cL</latexit><latexit sha1_base64="gxgmUCNC7LHuMhpJrZRod/bQ/yM=">AAACAXicbZDLSgMxFIbPeK31NupGcBMsgqsyI4JuhKIblxXsBdqhZNJMG5pkhiQjlqFufBU3LhRx61u4821M2xG09YfAx3/O4eT8YcKZNp735SwsLi2vrBbWiusbm1vb7s5uXcepIrRGYh6rZog15UzSmmGG02aiKBYhp41wcDWuN+6o0iyWt2aY0EDgnmQRI9hYq+PutzXrCdy5v8hh+ANuySt7E6F58HMoQa5qx/1sd2OSCioN4Vjrlu8lJsiwMoxwOiq2U00TTAa4R1sWJRZUB9nkghE6sk4XRbGyTxo0cX9PZFhoPRSh7RTY9PVsbWz+V2ulJjoPMiaT1FBJpouilCMTo3EcqMsUJYYPLWCimP0rIn2sMDE2tKINwZ89eR7qJ2Xf8s1pqXKZx1GAAziEY/DhDCpwDVWoAYEHeIIXeHUenWfnzXmfti44+cwe/JHz8Q23K5cL</latexit>
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Impedance	and	wake	func;ons	in	free	space	
*	Applica;on	of	the	3D	LSC	model	to	cERL-FEL:	
			Beam	parameters	aker	the	RF	cavity:	σx=0.45	mm,	σy=0.68	mm,	σz=0.6	mm,	𝜸=19.6	
*	The	first	finding	is	that	the	off-axis	par;cles	feel	weaker	wake	kicks,	compared	with	the	on-axis	
par;cles.

Fz	uses	the	formula	on	page.11

x=0,	y=0

x=2σx,	y=0

x=0,	y=2σy

Log-Linear	plot

x=0,	y=0

x=2σx,	y=0

x=0,	y=2σy
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Impedance	and	wake	func;ons	in	free	space	
*	Applica;on	of	the	3D	LSC	model	to	cERL-FEL:	
			Beam	parameters	aker	the	RF	cavity:	σx=0.45	mm,	σy=0.68	mm,	σz=0.6	mm,	𝜸=19.6	
*	Compare	a	few	simple	1D	LSC	models	with	the	exact	model	(Fz	of	page.11):	
			Model-1:	Simplified	model	from	page.12:	

			Model-2:	Simplified	model	from	page.10	(Implemented	in	ELEGANT	code)	

*	Obviously	model-1	is	bener	than	model-2	(?)
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1. 3D theory of SC impedance

15

Impedance	and	wake	func;ons	in	free	space	
*	Applica;on	of	the	3D	TSC	model	to	cERL-FEL:	
			Beam	parameters	aker	the	RF	cavity:	σx=0.45	mm,	σy=0.68	mm,	σz=0.6	mm,	𝜸=19.6	
*	The	low	frequency	approxima;on	give	constant	TSC	impedance.	But	it	is	only	valid	for	the	case	of	1/σz	
<<	kth.	The	microbunching	in	z-direc;on	makes	the	condi;on	of	use	more	strict.	

Fx	and	Fy	uses	the	formula	on	page.11

Fx

Fy

Log-Linear	plot

Fx

Fy



2. Theory and calculation of CSR impedance
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Theory	of	CSR	impedance	
*	The	1D	steady-state	CSR	impedance	model	with	parallel-plates	shielding	[6]:	

*	Compu;ng	of	Bessel	func;ons	with	large	order	and	large	argument	is	difficult.	Usually	it	is	
approximated	by	the	expression	using	Airy	func;ons	[7]:	

*	Taking	the	limit	of																			,	we	can	obtain	the	1D	LSC	impedance	with	parallel-plates	shielding:	

		
*	The	above	equa;on	can	be	derived	from	the	LSC	model	on	page.7.	
*	In	theory,	CSR	impedance	contains	the	impedance	of	synchrotron	radia;on	and	space	charge.	This	is	a	
kind	of	interference	between	CSR	and	SC.
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Jn,	Yn:	Bessel	func;ons	of	the	first	and	second	kind	
h	is	full	height	of	parallel	plates

ZLSC
pp (k)

2⇡⇢
=

iZ0k

��h

p=oddX

p�1

⇤p
1q

k2 + �2�2↵2
p

<latexit sha1_base64="WOAvZhpzUX8UZchxx188Hofu+w8="></latexit><latexit sha1_base64="WOAvZhpzUX8UZchxx188Hofu+w8="></latexit><latexit sha1_base64="WOAvZhpzUX8UZchxx188Hofu+w8="></latexit><latexit sha1_base64="WOAvZhpzUX8UZchxx188Hofu+w8="></latexit>

Ai,	Bi:	Airy	func;on	of	the	first	and	second	kind
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Calcula;on	of	CSR	impedance	
*	In	prac;cal	simula;ons	of	CSR	effects,	several	issues	need	to	be	taken	into	account:	
			1)	Chamber	shielding;	2)	s-dependent	orbit	curvature;	3)	s-dependent	beam	distribu;on;	4)	Resis;ve	
wall;	5)	Space	charge.	
*	These	issues	are	properly	treated	in	my	CSRZ	code	[8]:	A	code	of	CSR	impedance	calcula;on	in	
frequency	domain	(based	on	T.	Agoh	and	K.	Yokoya’s	method	[9])	

[8]	D.	Zhou,	et	al.,	Jpn.	J.	Appl.	Phys.	51	(2012)	016401	
[9]	T.	Agoh	and	K.	Yokoya,	PRST-AB	7,	054403	(2004)
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Calcula;on	of	CSR	impedance	
*	Applica;on	of	the	1D	steady-state	CSR	model	to	cERL-FEL:	
			Beam	parameters	in	the	arc:	σx=0.46	mm,	σy=0.23	mm,	σz=0.6	mm,	𝜸=34.28	
			Maget:	Ldipole=0.85	m,	Rdipole=1.08	m,	a=70	mm(Full	chamber	width),	b=40	mm(Full	Chamber	height)	
*	We	compare	four	type	of	impedances:	
a)	CSR	with	𝜸=∞	(Blue	lines);	b)	CSR	with	𝜸=34.28	(Green	lines);	c)	Space	charge	(Red	lines);	d)	Sum	of	a)	
and	c)	(Black	lines)	
*	From	both	impedance	and	wakes,	we	can	see	that	there	is	interference	between	CSR	and	SC:	Simply	
trea;ng	CSR	and	SC	separately	can	be	wrong.

2. Theory and calculation of CSR impedance

CSR with 𝜸=∞

CSR with 𝜸=34.28

Space charge
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Calcula;on	of	CSR	impedance	
*	Applica;on	of	CSRZ	code	to	cERL-FEL	and	compare	with	steady-state	models:	
			Beam	parameters	in	the	arc:	σx=0.46	mm,	σy=0.23	mm,	σz=0.6	mm,	𝜸=34.28	
			Maget:	Ldipole=0.85	m,	Rdipole=1.08	m,	a=70	mm(Full	chamber	width),	b=40	mm(Full	Chamber	height)	
*	We	compare	three	type	of	impedances:	
a)	CSRZ	with	𝜸=34.28	(Blue	lines);	b)	Steady-state	CSR	with	𝜸=34.28	(Green	lines);	c)	Steady-state	CSR	
with	𝜸=∞	(Red	lines)	
*	From	both	impedance	and	wakes,	numerically	calculated	CSR	impedance	with	space	charge	included	
can	s;ll	be	quite	different	from	the	predic;on	of	analy;cal	theory.

2. Theory and calculation of CSR impedance
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Setup	of	tracking	simula;ons	using	SAD	[10]	
*	Beam	parameters:	
			Einjec;on=10	MeV,	Ebeam=17.5	MeV	(VRF=8.31	MV,	ɸRF=79°)	
*	Ini;al	beam	distribu;on:	simulated	from	injector	by	GPT	code	
			Unnormalized	rms	eminance:	εx=8.5e-8	m,	εy=7.9e-8	m,	εz=1.9e-6	m	
			Twiss	parameters:	βx/y/z=2.3/5.8/0.2	m,	αx/y/z=-0.01/1.8/0

3. Simulation of SC and CSR effects for cERL-FEL

RF

Arc

Undulator-1 Undulator-2

[10]	Collaborate	with	T.	Miyajima,	N.	Nakamura	and	M.	Shimada
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rb = 1.747(�x + �y)/2
<latexit sha1_base64="hdOIm23ZDqQkNB7AosVIXhyxYOE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEilBnSqFuhKIblxXsBdphyKSZNjTJDElGHEp3bnwVNy4UcesruPNtTNtZaOsPgY//nMPJ+YOYUaUd59taWl5ZXVvPbeQ3t7Z3du29/aaKEolJA0csku0AKcKoIA1NNSPtWBLEA0ZawfB6Um/dE6loJO50GhOPo76gIcVIG8u3j6QfXLqlaqVa7Cra58h/OMsgPT0v+3bBKTlTwUVwMyiATHXf/ur2IpxwIjRmSKmO68TaGyGpKWZknO8misQID1GfdAwKxInyRtM7xvDEOD0YRtI8oeHU/T0xQlyplAemkyM9UPO1iflfrZPo8MIbUREnmgg8WxQmDOoITkKBPSoJ1iw1gLCk5q8QD5BEWJvo8iYEd/7kRWiWS67h20qhdpXFkQOH4BgUgQuqoAZuQB00AAaP4Bm8gjfryXqx3q2PWeuSlc0cgD+yPn8AUcuXrg==</latexit><latexit sha1_base64="hdOIm23ZDqQkNB7AosVIXhyxYOE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEilBnSqFuhKIblxXsBdphyKSZNjTJDElGHEp3bnwVNy4UcesruPNtTNtZaOsPgY//nMPJ+YOYUaUd59taWl5ZXVvPbeQ3t7Z3du29/aaKEolJA0csku0AKcKoIA1NNSPtWBLEA0ZawfB6Um/dE6loJO50GhOPo76gIcVIG8u3j6QfXLqlaqVa7Cra58h/OMsgPT0v+3bBKTlTwUVwMyiATHXf/ur2IpxwIjRmSKmO68TaGyGpKWZknO8misQID1GfdAwKxInyRtM7xvDEOD0YRtI8oeHU/T0xQlyplAemkyM9UPO1iflfrZPo8MIbUREnmgg8WxQmDOoITkKBPSoJ1iw1gLCk5q8QD5BEWJvo8iYEd/7kRWiWS67h20qhdpXFkQOH4BgUgQuqoAZuQB00AAaP4Bm8gjfryXqx3q2PWeuSlc0cgD+yPn8AUcuXrg==</latexit><latexit sha1_base64="hdOIm23ZDqQkNB7AosVIXhyxYOE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEilBnSqFuhKIblxXsBdphyKSZNjTJDElGHEp3bnwVNy4UcesruPNtTNtZaOsPgY//nMPJ+YOYUaUd59taWl5ZXVvPbeQ3t7Z3du29/aaKEolJA0csku0AKcKoIA1NNSPtWBLEA0ZawfB6Um/dE6loJO50GhOPo76gIcVIG8u3j6QfXLqlaqVa7Cra58h/OMsgPT0v+3bBKTlTwUVwMyiATHXf/ur2IpxwIjRmSKmO68TaGyGpKWZknO8misQID1GfdAwKxInyRtM7xvDEOD0YRtI8oeHU/T0xQlyplAemkyM9UPO1iflfrZPo8MIbUREnmgg8WxQmDOoITkKBPSoJ1iw1gLCk5q8QD5BEWJvo8iYEd/7kRWiWS67h20qhdpXFkQOH4BgUgQuqoAZuQB00AAaP4Bm8gjfryXqx3q2PWeuSlc0cgD+yPn8AUcuXrg==</latexit><latexit sha1_base64="hdOIm23ZDqQkNB7AosVIXhyxYOE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFiEilBnSqFuhKIblxXsBdphyKSZNjTJDElGHEp3bnwVNy4UcesruPNtTNtZaOsPgY//nMPJ+YOYUaUd59taWl5ZXVvPbeQ3t7Z3du29/aaKEolJA0csku0AKcKoIA1NNSPtWBLEA0ZawfB6Um/dE6loJO50GhOPo76gIcVIG8u3j6QfXLqlaqVa7Cra58h/OMsgPT0v+3bBKTlTwUVwMyiATHXf/ur2IpxwIjRmSKmO68TaGyGpKWZknO8misQID1GfdAwKxInyRtM7xvDEOD0YRtI8oeHU/T0xQlyplAemkyM9UPO1iflfrZPo8MIbUREnmgg8WxQmDOoITkKBPSoJ1iw1gLCk5q8QD5BEWJvo8iYEd/7kRWiWS67h20qhdpXFkQOH4BgUgQuqoAZuQB00AAaP4Bm8gjfryXqx3q2PWeuSlc0cgD+yPn8AUcuXrg==</latexit>

B = a2(1� r2) + b2(
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r2
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2�2
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<latexit sha1_base64="WLwhPkzxsBoupIhtULUTqOetHR8="></latexit><latexit sha1_base64="WLwhPkzxsBoupIhtULUTqOetHR8="></latexit><latexit sha1_base64="WLwhPkzxsBoupIhtULUTqOetHR8="></latexit><latexit sha1_base64="WLwhPkzxsBoupIhtULUTqOetHR8="></latexit>

Wx(x, y, z)� iWy(x, y, z)
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=
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�

<latexit sha1_base64="uHG3rPryZWfpX9/Hl2qAPDAfuAk="></latexit><latexit sha1_base64="uHG3rPryZWfpX9/Hl2qAPDAfuAk="></latexit><latexit sha1_base64="uHG3rPryZWfpX9/Hl2qAPDAfuAk="></latexit><latexit sha1_base64="uHG3rPryZWfpX9/Hl2qAPDAfuAk="></latexit>

a =
xq

2(�2
x � �2

y)
<latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="4qDqmwIse+X7mvu5enfTDjROwAo=">AAACCXicbZDLSsNAGIX/1FutVaNbN8EiVMSSZKMbQXDjsoK9QNOGyXTSDp1cnJlIQ8hDuPFV3LhQxBdw59s4bbPQ1gMDH+fM8M9/vJhRIU3zWyutrW9sbpW3KzvV3b19/aDaFlHCMWnhiEW86yFBGA1JS1LJSDfmBAUeIx1vcjPLO4+ECxqF9zKNST9Ao5D6FCOpLFc/Q1eOzxHOpnnmiAcuM7vuCDoKkDsd2OcFpgP7NM9dvWY2zLmMVbAKqEGhpqt/OcMIJwEJJWZIiJ5lxrKfIS4pZiSvOIkgMcITNCI9hSEKiOhn86Vy40Q5Q8OPuDqhNObu7xcZCoRIA0/dDJAci+VsZv6X9RLpX/YzGsaJJCFeDPITZsjImDVkDCknWLJUAcKcqr8aeIxUR1L1WFElWMsrr0LbbliK70wowxEcQx0suIBruIUmtADDE7zAG7xrz9qr9rGoq6QVvR3CH2mfP0KEnU8=</latexit><latexit sha1_base64="4qDqmwIse+X7mvu5enfTDjROwAo=">AAACCXicbZDLSsNAGIX/1FutVaNbN8EiVMSSZKMbQXDjsoK9QNOGyXTSDp1cnJlIQ8hDuPFV3LhQxBdw59s4bbPQ1gMDH+fM8M9/vJhRIU3zWyutrW9sbpW3KzvV3b19/aDaFlHCMWnhiEW86yFBGA1JS1LJSDfmBAUeIx1vcjPLO4+ECxqF9zKNST9Ao5D6FCOpLFc/Q1eOzxHOpnnmiAcuM7vuCDoKkDsd2OcFpgP7NM9dvWY2zLmMVbAKqEGhpqt/OcMIJwEJJWZIiJ5lxrKfIS4pZiSvOIkgMcITNCI9hSEKiOhn86Vy40Q5Q8OPuDqhNObu7xcZCoRIA0/dDJAci+VsZv6X9RLpX/YzGsaJJCFeDPITZsjImDVkDCknWLJUAcKcqr8aeIxUR1L1WFElWMsrr0LbbliK70wowxEcQx0suIBruIUmtADDE7zAG7xrz9qr9rGoq6QVvR3CH2mfP0KEnU8=</latexit><latexit sha1_base64="PCIxy/1SruZ15V+yDkK2rU768eA=">AAACFHicbZDLSsNAFIYnXmu9RV26CRahIpYkG90IRTcuK9gLNGmYTCft0JkkzkykIeQh3Pgqblwo4taFO9/GaZuFtv4w8PGfczhzfj+mREjT/NaWlldW19ZLG+XNre2dXX1vvyWihCPcRBGNeMeHAlMS4qYkkuJOzDFkPsVtf3Q9qbcfMBckCu9kGmOXwUFIAoKgVJann8JLJ+AQZeM8c8Q9l5lddQQZMOiNe/ZZgWnPPslzT6+YNXMqYxGsAiqgUMPTv5x+hBKGQ4koFKJrmbF0M8glQRTnZScROIZoBAe4qzCEDAs3mx6VG8fK6RtBxNULpTF1f09kkAmRMl91MiiHYr42Mf+rdRMZXLgZCeNE4hDNFgUJNWRkTBIy+oRjJGmqACJO1F8NNIQqI6lyLKsQrPmTF6Fl1yzFt2alflXEUQKH4AhUgQXOQR3cgAZoAgQewTN4BW/ak/aivWsfs9YlrZg5AH+kff4AEheeyg==</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit><latexit sha1_base64="crmk1Mq81b5sovHlP5d9jHvjoPQ=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFbEkQdCNUHTjsoK9QJOGyXTSDp1J4sxEWkIewo2v4saFIm5duPNtnLZZaOsPAx//OYcz5/djSoQ0zW+tsLS8srpWXC9tbG5t7+i7e00RJRzhBopoxNs+FJiSEDckkRS3Y44h8ylu+cPrSb31gLkgUXgnxzF2GeyHJCAISmV5+gm8dAIOUTrKUkfcc5naFUeQPoPeqGuf5jju2sdZ5ulls2pOZSyClUMZ5Kp7+pfTi1DCcCgRhUJ0LDOWbgq5JIjirOQkAscQDWEfdxSGkGHhptOjMuNIOT0jiLh6oTSm7u+JFDIhxsxXnQzKgZivTcz/ap1EBhduSsI4kThEs0VBQg0ZGZOEjB7hGEk6VgARJ+qvBhpAlZFUOZZUCNb8yYvQtKuW4tuzcu0qj6MIDsAhqAALnIMauAF10AAIPIJn8AretCftRXvXPmatBS2f2Qd/pH3+ABNXns4=</latexit>

b =
yq

2(�2
x � �2

y)
<latexit sha1_base64="mobwJQ8gDhbIkoccapOF9AVmKN0=">AAACFHicbZDLSsNAFIYnXmu9RV26CRahIpYkCLoRim5cVrAXaNIwmU7aoTNJnJmIIeQh3Pgqblwo4taFO9/GaZuFtv4w8PGfczhzfj+mREjT/NYWFpeWV1ZLa+X1jc2tbX1ntyWihCPcRBGNeMeHAlMS4qYkkuJOzDFkPsVtf3Q1rrfvMRckCm9lGmOXwUFIAoKgVJanH/sXTsAhytI8c8Qdl5lddQQZMOg99OyTAtOefZTnnl4xa+ZExjxYBVRAoYanfzn9CCUMhxJRKETXMmPpZpBLgijOy04icAzRCA5wV2EIGRZuNjkqNw6V0zeCiKsXSmPi/p7IIBMiZb7qZFAOxWxtbP5X6yYyOHczEsaJxCGaLgoSasjIGCdk9AnHSNJUAUScqL8aaAhVRlLlWFYhWLMnz0PLrlmKb04r9csijhLYBwegCixwBurgGjRAEyDwCJ7BK3jTnrQX7V37mLYuaMXMHvgj7fMHFque0A==</latexit><latexit sha1_base64="mobwJQ8gDhbIkoccapOF9AVmKN0=">AAACFHicbZDLSsNAFIYnXmu9RV26CRahIpYkCLoRim5cVrAXaNIwmU7aoTNJnJmIIeQh3Pgqblwo4taFO9/GaZuFtv4w8PGfczhzfj+mREjT/NYWFpeWV1ZLa+X1jc2tbX1ntyWihCPcRBGNeMeHAlMS4qYkkuJOzDFkPsVtf3Q1rrfvMRckCm9lGmOXwUFIAoKgVJanH/sXTsAhytI8c8Qdl5lddQQZMOg99OyTAtOefZTnnl4xa+ZExjxYBVRAoYanfzn9CCUMhxJRKETXMmPpZpBLgijOy04icAzRCA5wV2EIGRZuNjkqNw6V0zeCiKsXSmPi/p7IIBMiZb7qZFAOxWxtbP5X6yYyOHczEsaJxCGaLgoSasjIGCdk9AnHSNJUAUScqL8aaAhVRlLlWFYhWLMnz0PLrlmKb04r9csijhLYBwegCixwBurgGjRAEyDwCJ7BK3jTnrQX7V37mLYuaMXMHvgj7fMHFque0A==</latexit><latexit sha1_base64="mobwJQ8gDhbIkoccapOF9AVmKN0=">AAACFHicbZDLSsNAFIYnXmu9RV26CRahIpYkCLoRim5cVrAXaNIwmU7aoTNJnJmIIeQh3Pgqblwo4taFO9/GaZuFtv4w8PGfczhzfj+mREjT/NYWFpeWV1ZLa+X1jc2tbX1ntyWihCPcRBGNeMeHAlMS4qYkkuJOzDFkPsVtf3Q1rrfvMRckCm9lGmOXwUFIAoKgVJanH/sXTsAhytI8c8Qdl5lddQQZMOg99OyTAtOefZTnnl4xa+ZExjxYBVRAoYanfzn9CCUMhxJRKETXMmPpZpBLgijOy04icAzRCA5wV2EIGRZuNjkqNw6V0zeCiKsXSmPi/p7IIBMiZb7qZFAOxWxtbP5X6yYyOHczEsaJxCGaLgoSasjIGCdk9AnHSNJUAUScqL8aaAhVRlLlWFYhWLMnz0PLrlmKb04r9csijhLYBwegCixwBurgGjRAEyDwCJ7BK3jTnrQX7V37mLYuaMXMHvgj7fMHFque0A==</latexit><latexit sha1_base64="mobwJQ8gDhbIkoccapOF9AVmKN0=">AAACFHicbZDLSsNAFIYnXmu9RV26CRahIpYkCLoRim5cVrAXaNIwmU7aoTNJnJmIIeQh3Pgqblwo4taFO9/GaZuFtv4w8PGfczhzfj+mREjT/NYWFpeWV1ZLa+X1jc2tbX1ntyWihCPcRBGNeMeHAlMS4qYkkuJOzDFkPsVtf3Q1rrfvMRckCm9lGmOXwUFIAoKgVJanH/sXTsAhytI8c8Qdl5lddQQZMOg99OyTAtOefZTnnl4xa+ZExjxYBVRAoYanfzn9CCUMhxJRKETXMmPpZpBLgijOy04icAzRCA5wV2EIGRZuNjkqNw6V0zeCiKsXSmPi/p7IIBMiZb7qZFAOxWxtbP5X6yYyOHczEsaJxCGaLgoSasjIGCdk9AnHSNJUAUScqL8aaAhVRlLlWFYhWLMnz0PLrlmKb04r9csijhLYBwegCixwBurgGjRAEyDwCJ7BK3jTnrQX7V37mLYuaMXMHvgj7fMHFque0A==</latexit>

r =
�y

�x
<latexit sha1_base64="tDqySTXnFOGd+JR3PQu3ADsTq5Y=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEVyURQTdC0Y3LCvYCTQiT6aQdOjMJMxMxhCzc+CpuXCji1odw59s4bSNo6w8DH/85hzPnDxNGlXacL2tpeWV1bb2yUd3c2t7Ztff2OypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46tJvXtHpKKxuNVZQnyOhoJGFCNtrMCuyQsvkgjnnqJDjoKs+KH7IrDrTsOZCi6CW0IdlGoF9qc3iHHKidCYIaX6rpNoP0dSU8xIUfVSRRKEx2hI+gYF4kT5+fSIAh4ZZwCjWJonNJy6vydyxJXKeGg6OdIjNV+bmP/V+qmOzv2ciiTVRODZoihlUMdwkggcUEmwZpkBhCU1f4V4hEwm2uRWNSG48ycvQuek4Rq+Oa03L8s4KqAGDsExcMEZaIJr0AJtgMEDeAIv4NV6tJ6tN+t91rpklTMH4I+sj2/V4JjZ</latexit><latexit sha1_base64="tDqySTXnFOGd+JR3PQu3ADsTq5Y=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEVyURQTdC0Y3LCvYCTQiT6aQdOjMJMxMxhCzc+CpuXCji1odw59s4bSNo6w8DH/85hzPnDxNGlXacL2tpeWV1bb2yUd3c2t7Ztff2OypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46tJvXtHpKKxuNVZQnyOhoJGFCNtrMCuyQsvkgjnnqJDjoKs+KH7IrDrTsOZCi6CW0IdlGoF9qc3iHHKidCYIaX6rpNoP0dSU8xIUfVSRRKEx2hI+gYF4kT5+fSIAh4ZZwCjWJonNJy6vydyxJXKeGg6OdIjNV+bmP/V+qmOzv2ciiTVRODZoihlUMdwkggcUEmwZpkBhCU1f4V4hEwm2uRWNSG48ycvQuek4Rq+Oa03L8s4KqAGDsExcMEZaIJr0AJtgMEDeAIv4NV6tJ6tN+t91rpklTMH4I+sj2/V4JjZ</latexit><latexit sha1_base64="tDqySTXnFOGd+JR3PQu3ADsTq5Y=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEVyURQTdC0Y3LCvYCTQiT6aQdOjMJMxMxhCzc+CpuXCji1odw59s4bSNo6w8DH/85hzPnDxNGlXacL2tpeWV1bb2yUd3c2t7Ztff2OypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46tJvXtHpKKxuNVZQnyOhoJGFCNtrMCuyQsvkgjnnqJDjoKs+KH7IrDrTsOZCi6CW0IdlGoF9qc3iHHKidCYIaX6rpNoP0dSU8xIUfVSRRKEx2hI+gYF4kT5+fSIAh4ZZwCjWJonNJy6vydyxJXKeGg6OdIjNV+bmP/V+qmOzv2ciiTVRODZoihlUMdwkggcUEmwZpkBhCU1f4V4hEwm2uRWNSG48ycvQuek4Rq+Oa03L8s4KqAGDsExcMEZaIJr0AJtgMEDeAIv4NV6tJ6tN+t91rpklTMH4I+sj2/V4JjZ</latexit><latexit sha1_base64="tDqySTXnFOGd+JR3PQu3ADsTq5Y=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEVyURQTdC0Y3LCvYCTQiT6aQdOjMJMxMxhCzc+CpuXCji1odw59s4bSNo6w8DH/85hzPnDxNGlXacL2tpeWV1bb2yUd3c2t7Ztff2OypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46tJvXtHpKKxuNVZQnyOhoJGFCNtrMCuyQsvkgjnnqJDjoKs+KH7IrDrTsOZCi6CW0IdlGoF9qc3iHHKidCYIaX6rpNoP0dSU8xIUfVSRRKEx2hI+gYF4kT5+fSIAh4ZZwCjWJonNJy6vydyxJXKeGg6OdIjNV+bmP/V+qmOzv2ciiTVRODZoihlUMdwkggcUEmwZpkBhCU1f4V4hEwm2uRWNSG48ycvQuek4Rq+Oa03L8s4KqAGDsExcMEZaIJr0AJtgMEDeAIv4NV6tJ6tN+t91rpklTMH4I+sj2/V4JjZ</latexit>

ψ(z):	Longitudinal	arbitrary	density.

3. Simulation of SC and CSR effects for cERL-FEL
Setup	of	tracking	simula;ons	using	SAD	
*	CSR	impedance	by	CSRZ.	CSR	wake	lumped	at	the	exit	of	each	dipole	magnet.	
*	LSC	impedance	model	[2]	using	SAD	script:	

*	TSC	impedance	model	[3]	using	SAD	script:	

*	Directly	using	the	3D	SC	model	formulated	on	page.11	is	under	plan.
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Tracking	simula;ons	using	SAD	
*	Ini;al	beam	distribu;on

RF

Arc

Undulator-1 Undulator-2

3. Simulation of SC and CSR effects for cERL-FEL
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Tracking	simula;ons	using	SAD	
*	Beam	distribu;on	at	the	entrance	of	Undulator-1

RF

Arc

Undulator-1 Undulator-2

3. Simulation of SC and CSR effects for cERL-FEL
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Tracking	simula;ons	using	SAD	
*	CSR	effects	from	the	arc	dipoles	are	not	important	in	cERL-FEL	
*	LSC	dominates	the	collec;ve	effects;	TSC	causes	ver;cal	beam-size	blowup	
*	There	are	coupled	effects	of	CSR,	TSC	and	LSC

3. Simulation of SC and CSR effects for cERL-FEL
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Tracking	simula;ons:	Compare	SAD,	ELEGANT,	and	GPT	codes	[11]	
*	Evolu;ons	of	beam	sizes	and	energy	spread	along	the	beam	line	
*	Fairly	good	agreements	were	seen	
*	The	discrepancies	can	be	anributed	to	differences	in	models	of	SC	and	CSR	of	the	codes

3. Simulation of SC and CSR effects for cERL-FEL

[11]	Collaborate	with	N.	Nakamura(ELEGANT)	and	M.	Shimada(GPT)
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4. Summary
*	Theories	of	SC	impedance	and	wake	func;ons	
					**	3D	models	of	SC	impedance	and	wake	func;ons	are	formulated	
					**	Consistent	with	the	exis;ng	theories/models	of	SC	
					**	Condi;ons	of	use	for	various	simple	SC	models	are	understood	

*	Theories	and	calcula;on	of	CSR	impedance	
					**	Interference	of	CSR	and	SC	is	a	possible	issue	in	low	energy	machines	
					**	When	chamber	shielding	is	important	(depend	on	beam	parameters),	numerically	calculated	
impedance	can	be	an	alterna;ve	choice	of	simula;ng	CSR	effects	[12]	

*	Simula;on	of	SC	and	CSR	effects	for	cERL-FEL	
					**	Impedance	models	are	useful	in	evalua;ng	the	SC	and	CSR	effects	
					**	Fairly	good	agreements	are	found	between	SAD,	ELEGANT,	and	GPT	codes

[12]	D.	Zhou,	IPAC2012,	MOOBB03


