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1. Introduction

» Beam-beam interaction is always important in a
collider
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1. Introduction

» Collision schemes
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2. Electric potential (beam frame)

» Fundamental equations
e Beam frame
® Poisson’s equation
e Solution: Green’s function or Fourier transform
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General solution based on Green’s function:
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2. Electric potential (beam frame)

3D Gaussian distribution (Green’s function):
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2. Electric potential (beam frame)

3D Gaussian distribution (Fourier transform):
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2. Electric potential (beam frame)

3D Gaussian distribution (Fourier transform):
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2. Electric potential (beam frame)

2D Gaussian distribution:
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2. Electric potential (lab frame)

1D Gaussian distribution (flat beam):
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2. Electric potential (lab frame)

» From beam frame to lab frame
® Lorentz transform
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2. Electric potential (lab frame)

Electromagnetic fields:
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2. Electric potential (lab frame)

Take the limit of 74+ — OO
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3. Beam-beam kick and tune shifts

» The first look of beam-beam effects

e Coordinates system (assume v=c)
e Beam-beam force
® Tune shifts

ry(7) =ax_(7)cosb + (z_ — c1)sinb,

2. (1) = (2 —¢c7)cosl — x_(7)sinb,

Upy = —csinb,
Uy+ = 07
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3. Beam-beam kick and tune shifts

Lorentz force (in e+ beam’s frame):
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3. Beam-beam kick and tune shifts

Momentum kick (in e- beam’s frame, perturbation theory):
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3. Beam-beam kick and tune shifts

Examples from Handbook (Sec. 2.5.4.2, Second edition):

___Momentum kick Vector field Tune shift

Conclusions:
1) Different from normal magnetic kicks, beam-beam kicks are very nonlinear.
2) Beam-beam forces are similar as that of space-charge and electron cloud.

|7



4. Hamiltonian for beam-beam interaction

» Hamiltonian
e Linear one-turn map in the 6D phase space
e Beam-beam effects lumped at the IP
e Analysis of beam-beam dynamics

General form of Hamiltonian:

H (2, ps, Y. py. 2023 8) = Hy + U(x,y, 2 ZO (s — nC)

Q: Is this deﬁnltlon correct?
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4. Hamiltonian for beam-beam interaction

General form of Hamiltonian:
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4. Hamiltonian for beam-beam interaction

Simplified case 1: Y+ — 00, # # 0, and finite o,

U(.z’_,y_,z_):\ 1+C0g0 / (17'/
/—0~+

X
2 2
V(202 + (202, +1)
[m_ cos O0+4(z_ —ec7) sin 9] y2_ [(z_ —ecT) cos@—x__ sin 9—c1‘]
- 252 +t _20'2 +t_ 202
X € T+ y+ z+

Integration over T:

N.or.(1+cosf) [
U(zr_,y_,z_)=—2 / dt
| V2my_o.y  Jo
1
\/(20"+ +1)(205, +1)

\/TT

\/ sin?2 9 1-+-(()s9)
+

[:z: (14cos@)+4z_ sin 0]2
sin? 0+ (204 Z9qtt) (1+cos )2

X

202 +t 202

X ¢ y+ z4



4. Hamiltonian for beam-beam interaction

Simplified case 2: 6 # (0, and super bunch with large o,

N, r,(1 ) [re >
U(r_,y_.z_) = oS / (17'/ dt
V 2/(U~+ /_ L/C 0

X

V(202 + t)(20§+ + 1)
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o D) oy 2 9,2
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Comment: This case is not interesting at this moment.
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4. Hamiltonian for beam-beam interaction

Simplified case 3: Head-on collision with ¢ = 0

Nire
U(r_,y—,z_) 3 \}' ’"J/ (IT/
/_
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Integration over T:

2 2
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Comments:

1) This is the popular form of beam-beam potential.
2) The form is the same as that of 2D electric potential.
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5. Amplitude-dependent tune shifts

Change to action-angle variables:

U = \/2‘6“(8).]u COS (f)u
2.J (7

Pu = — (Sill (.bu T (Y, COS (:)u) u=I,vY,z
Pu
., | | ¥ S
Dy = WYy + S — Vy—FH
0 .-Bu('s) R

Effective Hamiltonian:

H(Jy, Yuy Sy, Uyy Sy 02) = pade + piydy + poJ, + U Z Op(s — nC)
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5. Amplitude-dependent tune shifts

Amplitude-dependent tune shifts (2D):

Avy(Jy, J,)

Avy (S, Jy)

Or (3D):

Avy( Sy, Jy, J.)

Avy(Jy, J,. J.)
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0 0.J,

24



5. Amplitude-dependent tune shifts

Case 1: Head-on collision with ¢ = 0

2B, _Jzx cos2 b QBy_ Jy c:os2 by
2 o 2
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. Z\‘T ’ ‘e > ]. - _‘—
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Q: Why should | change the sign here?
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5. Amplitude-dependent tune shifts

Equivalent form of the previous solution:
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5. Amplitude-dependent tune shifts

Case 2: Crossing angle with finite o,

N.r.(1 + cosf >
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5. Amplitude-dependent tune shifts

Case 2: Crossing angle with finite o,

Inthecaseof ./, = () :
U( Sz, Ozy Jys 0y, 0, 0,

X

Effective beam width:
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/ \/20-+ +1

\/2(7:+ tan?

l—e

QBy_ Jy (,Ob ¢y

+20-++f

2B,

].L- C0S2 ¢J;

202++t

20 g+ tan2

v
Opt = \/0;+ + 0 ot tan? (2>

Piwinski angle (Important parameter for e+e- colliders) :

b,

oF

Oz Y
— an | —
v 2

(g)+203++t




5. Amplitude-dependent tune shifts

Apply equations in p.26 to KEKB:

SuperKEKB
HER LER




5. Amplitude-dependent tune shifts

Apply equations in p.26 to KEKB LER:
PlotRange->{200,,200,}

Head-on Crossing angle

0.15
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5. Amplitude-dependent tune shifts

Apply equations in p.26 to SuperKEKB LER:
PlotRange->{200,,200,}

Head-on Crossing angle
0.08
0.06 :::,Mu l.
<>: 0.04
0.02
1.2 0(?8000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030
Av,

¢, ~ 20
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