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Introduction

Nahm construction

Calorons are (anti-)self dual ((A)SD) instanton solutions of SU(N)
Yang-Mills theory. They are not only periodic instantons but also have
N-constituent monopoles. In addition these holonomy leads skyrmions
by Atiyah-Manton ansatz.

The duality between the real and the moduli space of instantons was
proved, which is called the Atiyah-Drinfeld-Hitchin-Manin (ADHM)
construction. For calorons, it is called the Nahm construction.
In the method, caloron gauge fields are called Nahm data.
One of those are the bulk data
which are
Hermite matrices
smoothly defined in the interval
of the moduli space.
The data must satisfy the bulk Nahm equation

The corresponding gauge fields of k-caloron in the real space are
obtained from the zero mode
,
, which must satisfy
the Weyl equation

The data realize the reality condition
.
Another is the boundary data W which is a k-row vector of quaternion
components. The data must satisfy the matching conditions

and the boundary Weyl equation
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Nahm transform

where
is the bases of quaternion. In this time we set
those as
then the Weyl equation
can be written the bulk Weyl equation

Skyrmions
For example (2,2)-caloron denotes one in SU(2) which has instanton
charge 2 and net monopole charge 0. It also have non-trivial holonomy.
General solutions of the caloron were proposed by one of us.

The gauge field of the caloron can be obtained by orthonormalized
zero modes as

Atsushi Nakamula, et.al., JMP 51 043503 (2010)
We derive the solution of 2-caloron from (2,2)-caloron which has
trivial holonomy and compute its action densities.

Bulk data of 2-caloron

Boundary data of 2-caloron

The bulk data of 2-caloron is the same as the one of (2,2)-caloron
which can be written as

The boundary data of 2-caloron can be parameterized as

Then the matching condition can be written as
where (a,b,c) is a permutation of (1,2,3) and the coefficients of the
non-monopole type solution can be written as

We find

and the matching condition is only

Thus we obtain the Nahm data of 2-caloron with following
10 moduli parameters
where

Solve the bulk Weyl equation
The bulk Weyl equation can be decomposed into ordinary differential
equation and the solutions can be obtained by Runge-Kutta method
in terms of appropriate initial conditions. The number of the
independent initial conditions at each pole of the bulk data can be
estimated as follows. If we write the bulk Weyl equation to a concise
form
, the number is exactly equal to the number of
positive eigenvalues of the matrix
. In the present case the
eigenvalues are

for an arbitrary . Thus we can obtain n solutions
The
can be obtained in terms of two independent linear combinations
where

sn, cn, dn are Jacobi elliptic function, k is these moduli and

.

Solve the boundary Weyl equation

Realization of the action density

The boundary Weyl equation can be written as

where
,
. This equation
is generally overdetermined for given solutions of the bulk Weyl equation.
In this time the overdetermined can be eliminated as follows. If we solve
the upper two rows, we obtain

which can be regarded as the linear equation for . It can be solved by
Gauss elimination in the calculation. If we take the linear combination,
the components of
automatically satisfy the equation and the
overdetermination will be removed. Our method to solve the Weyl
equation is schematically illustrated in Fig.1.

. Substituting those in lower two rows

To investigate the configuration of calorons in real space it is useful to
visualize the action density of the calorons which is positive real number.
With the fact that the field strength of calorons

is anti-symmetric tensor and the (A)SD conditions
the action density of the calorons can be written as

Since the variable
can be removed, we do not have to compute
the time derivative of the field strength and we can take t as a parameter
in the calculation. Visualization of the action density of the calorons
can be performed, for example by Mathematica.

Similarly to the linear combinations of the solutions, we expand left hand
side as
where
we obtain

are coefficients of the combinations.

Fig.1 The method of solving the boundary Weyl equation removing the
overdetermination.

Numerical analysis of 2-caloron

Fig. 3 The action densities on
zx-plane with
.

Fig. 2 Action isosurface plot of 2-caloron
with
.

Roles of the moduli parameters

It is already known that the k is a parameter of geodesic motion of two
BPS monopoles. In Fig. 2 we present the action isosurface plot for several
values of k, k = 0.0, 0.7, 0.9.
The D can be identified as a scale parameter of the solution because
the Nahm and the Weyl equation are invariant under a scale change

Since our main concern is to clarify role of the moduli parameters of
2-caloron, we keep maximal number of parameters as possible.
At beginning we consider a special case
with the positive sign in the matching conditions. The can be solved

where
which is the same as the case of 2-symmetic caloron.
Now the roles of each moduli parameter become clear.
The
are parameters of parallel transformation in R3 S
because the transformation can be absorbed as
,
The describes a rotation around y-axis in R3 because the bulk data
can be written as

i.e. D controls the scales of real and moduli space.
The
are parameters of the boundary data. In general calorons
are invariant under the group
as
.

where
and
is a unit quaternion.
and
are the
image of a rotation R in the 2, k-dimensional irreducible representation
respectively. One can easily confirm that for rotations about y-axis
W is invariant only for
. This means that the calorons are
not always axially symmetric even if the bulk data is invariant (Fig 3, 4).

Fig. 3 The action densities on
zx-plane with
.

Conclusion
• We found the solutions of 2-caloron with 10 moduli parameters.
• We numerically performed the Nahm transform of it by directly
solving the bulk and the boundary Weyl equations.
• For vanishing net magnetic charge, so called (2,2)-calorons, our
program also will works well. The (2,2)-calorons have maximally
16 moduli parameters which is exactly the same as the dimension
of its moduli space, whose roles are still not fully understood.
The analysis for finding such calorons is now in progress.
• Atiyah-Manton construction leads configuration of skyrmions from
the holonomy of the calorons. Those skyrmions can be regarded as
skyrmions with finite temperature. It is certainly worth examining
such skyrmions in terms of our 2-, or (2,2)-calorons, for study of a
high energy collision of the nucleon or a high density phase of the
nuclear matter. The analysis will also be reported in near future.

