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V) Summary



Kondo effect

Resistance/Resistance{T=0 Celsius) x 10000

{from W.J. de Haas and G.J. van den Berg,
Physica vol. 3, page 440, 936)
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By “infrared divergence”

Kondo effect was firstly observed in experiment as an
enhancement of electrical resistivity of impure metals.



Progress of Theoretical Physics, Vol. 32, No. 1, July 1964

Resistance Minimum in Dilute Magnetic Alloys

Jun KONDO

Jun Kondo
(1930-)

J. Kondo has explained the phenomenon based on the
second order perturbation of interaction between
conduction electron and impurity.



Conditions for the appearance of Kondo effect

0) Heavy impurity
i) Fermi surface

ii) Quantum fluctuation (loop effect)

iii) Non-Abelian property of interaction

(spin-flip int.)



Conditions for the appearance of QCD Kondo effect
K. Hattori, K. Itakura, S. O.and S.Yasui, PRD92 (2015) 065003

0) Heavy quark impurity

i) Fermi surface of light quarks

ii) Quantum fluctuation (loop effect)

iii) Color exchange interaction in QC




QCD Kondo effect

Heavy quark impurity

/ charm or bottom quark

(light) quark matter with ¢ > Aqcp



QCD Kondo effect

(light) quark matter with 1> Aqcp



QCD Kondo effect
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» The strength of the g-Q interaction increases as the energy scale decreases,
and the system becomes non-perturbative below the Kondo scale.

» QCD Kondo effect is also induced by strong magnetic field, instead of

the Fermi surface.

» Magnetically induced QCD Kondo effect
[S. O., K. Itakura and Y. Kuramoto, PRD94 (2016) 07401 3]




QCD Kondo effect from CFT

T. Kimura and S. O, arXiv:1611.07284

T. Kimura and S. O, in preparation



QCD Kondo effect
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In order to investigate QCD Kondo effect in IR region below
Kondo scale, we have to rely on non-perturbative method.



Non-perturbative approach for Kondo effect

» Numerical renormalization group [Wilson]

» lattice QCD

» Bethe ansatz [Andrei] [Wiegmann] ....

» |+ dim. conformal field theory (CFT) approach

[Affleck-Ludwig]
k(multi)-channel SU(2) Kondo
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Non-perturbative approach for Kondo effect

» Numerical renormalization group [Wilson]

» lattice QCD

» Bethe ansatz [Andrei] [Wiegmann] ....

F} | +1 dim. conformal field theory (CFT) approach \

[Affleck-Ludwig]
k(multi)-channel SU(2) Kondo

k-channel SU(N) Kondo with k >= N
k-channel SU(N) Kondo including N > k >1

K T. Kimura and S. O, arXiv:161 I.O7y




Effective |+ dim. theory at high density

High density QCD in the presence of the heavy quark

» |+] dim. (Dimensional reduction)
[E. Shuster & D.T. Son, and T. Kojo et al.]

ST = / d*z W [i[*0,] ¥ — GUT* wQTt*Q

Dimensionless coupling G is obtained from gluon exchange

o / d’q  (ig)?
-(27T)2 q2 o m%

kr
,02D / df2, (ig) 2D — ki w0
= pp — ¥ _
4217T q> — m3 ™ 7
4 4
= o log— = a, log—7T <1
o)



Effective |+ dim. theory at high density

High density QCD in the presence of the heavy quark

» |+] dim. (Dimensional reduction)
[E. Shuster & D.T. Son, and T. Kojo et al.]

ST = / d*z W [i[*0,] ¥ — GUT* wQTt*Q

® W is light quark fields with 2Nf components of flavor

and Nc colors. The 2 comes from spin d.o.f.in 4 dim.




Effective |+ dim. theory at high density

High density QCD in the presence of the heavy quark

» |+] dim. (Dimensional reduction)
[E. Shuster & D.T. Son, and T. Kojo et al.]

ST = / d*z W [i[*0,] ¥ — GUT* wQTt*Q

® W is light quark fields with 2Nf components of flavor

and Nc colors. The 2 comes from spin d.o.f.in 4 dim.

® This is nothing but k-channel SU(N) Kondo model
in |+1 dim.,where k = 2N, N = N..




|+ dim.boundary CFT

Hamiltonian density of QCD Kondo effect

= ivt Y + GUTt" W C5(z)

ox
Mg — large
where QTtQ > C(x)

x =0 TT




g-factor and Impurity entropy

Partition function
f[ universal quantities )\
Z(L, B) L — oo . GRi, X eW6CBL | c= 2NC]\;f:centraI charge
Rimp0
oy = —o—— 1 g-fact
boundary  bulk kglep Seo ST Orj
(impurity) (Spun : modular S-matrix )
Free energy
1
F=——logZz
o
Entropy
OF
S(T) = — &
oT

Impurity entropy at IR fixed point (T=0)

Simp — S(T) — Sblﬂk(T)‘T:O — log (gRimp)



g-factor and Impurity entropy

g-factor provides the impurity entropy:

Rimp - (anti-)fundamental representation

ex) SU(2), k=1 (standard Kondo effect)

Simp = log(2s + 1)

InUV, s =1/2
Simp — 10g2

In IR, s — 0 (Kondo singlet)
Simp — 0




Overscreening Kondo effect in multi-channel SU(2)
Kondo model

Standard Kondo effect
k =1 (single channel)

> { :integer

> Fermi liquid at IR fixed point

Overscreening Kondo effect

k =2 (two channel)

> { :non-integer

> non-Fermi liquid at IR fixed point



g-factor in QCD Kondo effect @ IR fixed point

(zero temperature)

:1—|—2\/g (Nf = 1)

g
g =2.24598... (N;=2)

g =2.53209... (N;=3)

» In general Nc and Nf, the g-factor is non-integer, and thus
QCD Kondo effect has non-Fermi liquid IR fixed point.

» In large Nc limit: N. — oo, Ny :fixed
g—1 Fermi liquid at IR fixed point



Specific heat, susceptibility and the Wilson ratio

In 1+1 dim. CFT, correlation functions are exactly
determined by

® Conformal symmetry in |+1 dim.

® Kac-Moody algebra of color currents 7% = Ut*W

T (@), TW) = i T @) — ) + Nys™ Lo —y)

_ C1 2
x —y|2

(O1(7)02(y))

/A determined by conformal symmetry
(1,2 determined by OPE with KM algebra

From the correlation functions, one can evaluate T-dep. of
several observables of QCD Kondo effect in IR regions.



i) k=1 & arbitrary N [Affleck 1990]

Leading irrelevant operator
OH1 =TT (x)d(x)
)\1 ~ 1/TK

From the perturbation w.r.t. 0, we can evaluate
T-dep. of several observables from impurity contribution.



Observables

7 = e BE(TAR) L — o0
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Free energy can be divided in to bulk and impurity parts

F = Lfbulk + fimp

which is expressed in terms of several correlation functions,
including that of the leading irrelevant operators.

2 O°F

oT? on|,




» Bulk contributions to C' & X for arbitrary k & N

Chulk = gNkT
B k
Xbulk — 9

These are well known properties of
free Nk (bulk) fermions in I+ dim.

WitthQNf, N = N,



» |mpurity contributions to C' & X with k=1

2 -
Cimp — —)\1 k(NS 1)7T2T
k(N + k) — Fermi liquid behaviors

Ximp — _)\1 9

» Wilson ratio (k=1)

P <Ximp> <Xbulk> N
W Cimp Couk /) N — 1

Unknown parameters are canceled, and thus
the Wilson ratio is universal.




ii) k > |, Overscreening case (relevant for QCD Kondo effect)

Leading irrelevant operator
0 = ATZ19%(x)0(x)

¢“ :adjoint operator, appearing when k = 2Nf >|
scaling dimension is A = N./(N. + 2Ny)

J,, :Fourier mode of J“(x)
A~ 1/TE A <1

From the perturbation with respect to the leading
irrelevant operator, we can evaluate Cimp, Ximp

in the multi-channel cases.



Specific heat of QCD Kondo effect

()2 142 2( T2 1 —-2A F<1/2_A)F(1/2) 2
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2
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(2Nf > Nc)

(2N = N,)

>T (Nc>2Nf)



Specific heat of QCD Kondo effect
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Low T scaling ‘

725 (2N; > N,) Non-Fermi
Cimp x § T'log(Tk/T) (2Ny = N,.) Non-Fermi
T (Ne > 2Ny) Fermi

For Nc > 2N, although the g-factor (at IR fixed point) exhibits
non-Fermi liquid signature, T-dep. of Cimp shows Fermi liquid
behavior. —— Fermi/non-Fermi mixing [T.Kimura and S. O, arXiv:1611.07284]



Susceptibility of QCD Kondo effect

> T(1—A)

1
2 2 K
Ximp = { 27" (Ne + Ny)* log (?)

—2A+1
e
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Low T scaling ‘

T24-1 (2Nf > NC)
Ximp — log(TK/T) (2Nf — NC)
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(2N} = N.)
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Non-Fermi
Non-Fermi

Fermi



The Wilson ratio of QCD Kondo effect

Ximp Xbulk
Rw =
W < Cimp ) / ( Cbulk )

2
SNC(NC2_]‘)

Again, unknown parameters are canceled, and thus the Wilson
ratio is universal in the case of 2Nf >= Nc.

2N/ (N, + 2Ny)

Y

_ (Ne + Ny)(Ne + 2Ny /3) (Ne + Ny)?
w = N2 -1 ~ 2Nj(N. +2N;/3) (Ne > 2Ny)
! Ne(Ne + Ny)
)\2
with 7 = 4T~
A1

For Nc > 2Nf, the Wilson ratio is no longer universal, which
depends on the detail of the system, such as \, T



IR behaviors of QCD Kondo effect (k-channel SU(N) Kondo effect)

(k >= N) (N> k>1)

g-factor
(IR fixed point)

non-Fermi non-Fermi

Low T scaling non-Fermi Fermi

Wilson ratio universal non-universal

Fermi/non-Fermi mixing

T. Kimura and S. O, arXiv:1611.07284



Summary

» We apply CFT approach to QCD Kondo effect and investigate
its IR behaviors below the Kondo scale.

» In the vicinity of IR fixed point, QCD Kondo effect shows Fermi/

non-Fermi mixing for Nc > 2Nf, while it shows non-Fermi
behaviors for 2Nf >= Nc.

» Our CFT analysis for k-channel SU(N) Kondo effect can be
applied to SU(3) Kondo effect in cold atom and SU(4) Kondo

effect in Quantum dot systems with multi-channels.






