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IntrodutionReent experimental developments in avor physis| B fatories, Charm fatory, ...) need preise theoretial preditions (' 2%)of hadron matrix elementsLattie QCD alulations:for heavy quarks ( and b), large O(amQ) errorWe need a framework whih has(i) ontinuum limit(ii) systemati improvementsuh as Nonperturbative renormalization tehnique (for mq ' 0)(iii) modest size of omputationPrevious approahes (�10% systemati auray):a). E�etive theories (NRQCD, et) | (i)�Thaker and Lepage, Phys. Rev. D 43 (1991) 196.b). Relativisti framework | (iii)�). Fermilab approah (with/without mass dependent tuning)El-Khadra et al., Phys. Rev. D 55 (1997) 3933.Srozynski, et al., Nul. Phys. B (PS) 83 (2000) 971.| (ii)�To ahieve alulations with �2% preision, we needyet another approah whih satis�es above ondition (i){(iii).) our proposal: Anisotropi lattie



Anisotropi lattie QCDAnisotropi lattie: a� < a� ) Anisotropy � = a�=a�Quark ation: O(a) improved, along with Fermilab approah2 bare anisotropy parameter F :in general, to be tuned mass dependentlye.g., using meson dispersion relationÆ Continuum limit ? yes ! ��̂Æ Modest omputational ost ? yes ! ��̂Æ Systemati improvement ?If quark mass is suÆiently less than a�1,tuned paramerers for massless quark are appliable.!nonperturbative renormalziation tehniqueL�usher et al., Nul.Phys. B 491 (1997) 323.Our expetation:For mQ � a�1� , (not neessarily mQ � a�1� ),mass dependenes of parameters in the ation are so smallthat the tuned parameters for massless quark are alsoappliable in suh a quark mass region.Then, systemati improvement is possible. ��̂(performed at mq ' 0)) To be justi�ed numerially, and in perturbation theory.



Anisotropi quark ationQuark ation: SF = Xx;y � (x)K(x; y) (y)K(x; y) = Æx;y � �� �(1� 4)U4(x)Æx+4̂;y + (1 + 4)U y4(x� 4̂)Æx�4̂;y����Xi �(r � i)Ui(x)Æx+î;y + (r + i)U yi (x� î)Æx�î;y����E Xi �4iF4i(x)Æx;y + r��B Xi>j �ijFij(x)Æx;yT. Umeda et al., Int. J. Mod. Phys. A 16 (2001) 2215J. Harada et al., Phys. Rev. D 64 (2001) 074501� Construted following the Fermilab approah.El-Khadra et al., Phys. Rev. D 55 (1997) 3933� r = 1=� (ation retains expliit Lorentz invariant form)(f. another hoie r = 1 was adopted in several works.)� Tadpole improvement: E = 1=u2�u� , B = 1=u�3u�, u� : mean-�eld values of spatial and temporal link variables� Parameters varied in simulations: (�; F )F � ��u���u� ; 1� = 1��u� � 2(F + 3r � 4) (= 2(m0F + 4))F : bare anisotropy parameterm0: bare quark mass (in units of a�1� )



Anisotropi quark ationExpetation: for mQ � a�1� ,mass dependenes of parameters are suÆiently small.If this is the ase, mass dependene of F must be small.F : most signi�ant parameter for relativity ondition)Without tuning, i.e. setting to F (mq = 0),heavy quark an be orretly desribed.For heavy-light systems: atually hold ?Æ Tree-level analysis | yesÆ In numerial simulation | yes, as shown belowCalibration of F :with meson dispersion relation
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F at massless limit is used in the following simulation.



Numerial simulationSimulation: on quenhed anisotropi lattie ofsize 163 � 128, a�1� ' 1.6 GeV and anisotropy � = 4.Quark parameterslight quark: mass � 1:5msheavy quark: 7 values with mQ = 1 { 6 GeVbare anisotropy: tuned value at massless limit (F = 4:016)Heavy-heavy, heavy-light meson dispersion relationsE(~p)2 = m2 + ~p 2�2F + O(~p 4)! fermioni anisotropy �F�F 6= � signals breaking of relativity relation
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Æ mq < 0:3 : for heavy-light mesons, F tuned for masslessqaurk an be applied within 2% aurayÆ mq < 0:2 : both heavy-heavy, heavy-light mesons areorretly desribed within 2% auray0:2 < mq: heavy quarkonia su�er from larger O((ap)2) error



Heavy-light meson deay onstant (preliminary)Simulation: quenhed anisotropi latties with � = 4,Æ 163 � 128, � = 5:95, a�1� ' 1.6 GeVÆ 203 � 160, � = 6:10, a�1� ' 2.0 GeVLight quark: 3 values with masses 1{1:5 ms! hiral extrapolationHeavy quark: 4 values with masses 0:7{1:5 GeV(target mass: harm quark)Heavy-light pseudosalar meson deay onstant:Æ mean-�eld improved tree level mathing
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β=6.10 (K* meson mass scale)
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� = 5:95 � = 6:10 previous works�fD=f� 1.566(43) 1.515(43) 1.55(11)fDs=fD 1.140(14) 1.142(14) 1.12(2)�Average of quenhed works,S.Ryan, Nul. Phys. B (PS) 106 (2002) 86.



Conlusion and outlook2 Test of relativity relation:For a�mQ < 1:2, heavy-light systems are orretly desribedby F = F (mq = 0).| mass dependene is atually small.) Tuned parameters for massless quark are expeted to beappliable.2 Deay onstant of D meson:| present alulation is for onsisteny hekwith other approahes at O(10%) level.Outlook:2 Improvement onditions for other parameters (B and E)e.g., onsisteny of dispersion relations, masses andsplittings of other hadrons! verify that (mq=0) suÆes for heavy quark mass2 Further development with F = F (mq = 0).Æ O(a) improvement by nonperturbative renormalization2 Mass dependent tuning for bottom quark regionÆ Tree level F may be a good approximation.2 Appliations to heavy-light matrix elements! High preision omputation atually possible ?



Conjeture of anisotropy parameter (appendix)Conjeture of a� dependene of tuned anisotropy parameter(�gures roughly at harm quark mass)Æ ahh-hl� : above whih heavy-heavy and heavy-light systemsare inonsistent for single F value. O((a�p)2) error in quarkonia, not improved by anisotropyÆ ahl-ll� : below whih F (mq) ' F (mq = 0) holds,within ertain (say, 2%) auray.Below ahl-ll� , F (mq = 0) orretly desribes heavy-light systems.Isotropi lattie Anisotropi lattie (� = 4)
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Anisotropic lattice (ξ=4)

ahl-ll� < ahh-hl� ahl-ll� >� ahh-hl�| ahl-ll� is extended by a fator �.In the following,we �x a� (' 1.6 GeV), set F to F (mq=0),and study mass dependene of fermioni anisotropy �F .



Tree level analysis (appendix)
E2 =M 21 + 0B��tree�treeF 1CA2 ~p2 + A1a2�(~p2)2 + A2a2�Xi p4i + � � � ;

Æ �F=� : redued bya fator of anisotropy
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Æ A1: redued bya fator of anisotropy
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Æ A2: not redued, samesize as massless quark| severe in heavyquarkonium (p � �mQ)
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Numerial result (appendix)Inonsisteny among binding energies ofheavy-heavy, heavy-light, light-light mesonsI � 2ÆMhl � (ÆMhh + ÆMll)2M2hlÆM =M2 �M1 ( kineti mass � rest mass )M2 = �2F�2M1S. Collins et al., Nul. Phys. B (PS) 47 (1996) 455A. S. Kronfeld, Nul. Phys. B (PS) 53 (1997) 401
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� Set-I: F tuned for massless quark� Set-II: mass-dependent tuning of FFor a�M2hl > 1, inonsisteny grows:same behavior as on isotropi lattieSimilar behavior of I for Set-I and II)mass-dependent tuning does not improve I .



Numerial result (appendix)Hyper�ne splitting of heavy-light mesonvs kinati meson mass inverse
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Similar behavior for Set-I and II)onsistent with Fermilab interpretationSmall nonzero interept: O(a2) error


