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The sign problem in Monte Carlo methods

* E.g., in finite density QCD
z = [avawe SV

/ a7 e—SalU

The fermion determinant becomes complex in general.

detM[U] = |detM[U]| el V]

Generate configurations U with the probability e~ SalU] |[det M [U]]

and calculate o[Uu] "V,
©W) A= rw

becomé’exponentially small as the volume increases
due to violent fluctuations of the phase [

(reweighting)

Number of configurations needed to evaluate <O> increases exponentially.

“sign problem”




Sign problem occurs also in many
other interesting cases

* finite density QCD

e gauge theories with a theta term

* [KKT matrix model for superstring theory
* real-time evolution of quantum systems
* Yukawa interactions

e supersymmetric theories

e chiral fermions

* systems of strongly coupled electrons etc. |

N

— fermionic origin

Solving the sign problem will be a great breakthrough
in theoretical physics |




A new development toward
solution to the sign problem 2011~

Key : complexification of dynamical variables

The original path integral / Z = /dz w(2)

q . . . .
7 — /d:r;w(ac) Minimize the sign problem by

deforming the integration contour
/ “Generalized Lefschetz Thimble Method”

- \ This paper

An equivalent stochastic process

The phase of w(x) of the complexified variables
oscillates violently (no sign problem !)
(sign problem) “Complex Langevin Method”

The equivalence to the original path integral
holds under certain conditions.



Two big problems in generalized
Lefschetz thimble method (GLTM)

K Numerically costly

In order to obtain the deformed contour, which minimizes the sign problem,
one has to solve the holomorphic gradient flow eq. at each Metropolis updates.
In particular, one has to calculate the Jacobian, which is time-consuming.

* Ergodicity problem

The ergodicity problem occurs when there are more than one thimbles that
contribute to the path integral.

~—

Both these problems can be solved by the worldvolume approach.
Moreover, the standard Hybrid Monte Carlo (HMC) algorithm is

applicable.
» This makes the GLTM much more powerful.
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1.Brief review of the GLTM



We consider a general model
defined by a multi-variable integral

_ —S(x)
Y /RN dx e

(O(z)) =

SU:(ZU]_,'-- amN)ERN

S(x) € C

/ dx O(x) e 5(x)

Difficult to evaluate due to the sign problem.




The generalized Lefschetz thimble method

(G LTI\/I ) A.Alexandru, G.Basar, P.F.Bedaque, G.W.Ridgway
and N.C.Warrington, JHEP 1605 (2016) 053

Lefschetz thimble
"- <

deformed integration contour

05(z)

0z

holomorphic
gradient flow

fixed point : 0

original integration contour

As a result of the property of the holomorphic gradient flow,
the sign problem becomes milder on the deformed contour !




he holomorphic gradient flow

(’7‘ — OO) Lefschetz thimble

(<

deformed integration contour

05(2) _

Z

holomorphic
gradient flow

O

fixed point :

original integration contour

S (¢(x; a)))

a . —_
solve %cbk(x,a)—( o

fromo=0tooc=r
with the initial condition ¢(z;0) = z € RY

One obtains a one-to-one map
from x to ¢(x; 1)



An important property of the
holomorphic gradient flow

05(¢p(x;0)) 0¢y(x; o)

d . —_—
—5(8(;0)) =

0Py oo
_ 9S8(¢(=;0)) (as(qb(:c; o)))
eloj? Oy,
_ ‘aswx; )|’
elof?
real positive |

— L

Real part of the action increases along the flow,
while the imaginary part is kept constant.




The integration is dominated by a small
region of x as the flow-time increases.

ImS is constant on each thimble.

B

deformed integration contour

05(z) _

z

Lefschetz thimble

holomorphic
gradient flow

fixed point : 0

original integration contour

As a result, the sign problem becomes milder !




The deformed integration contour

- = {¢(z; 7)|z € RNV}
N-dimensional real manifold in CV

Z=/ drz e~ 5 (@)
RN 5

— dob c—5(9) Jp(x; 7) = 8—gbk(:c; T)
>, L

_ : —S(¢(z;7))

— /R | da de

— / d e Seff(7)
RN

Seff(x; 7) = S(p(x; 7)) — logdet J(z; 1)

(e~ IMSerr (@) O(¢(2; 7)) ) Res
<e—iImSeﬂ-'(£U;T)> ReSeff

eff

(O(x)) =

(reweighting)



Problems in the GLTM

* One has to solve the holomorphic gradient flow

2 gy aio) = (aS(qb(:c; a)))

0Py,

to sample each pointon >

In particular, the Jacobian Jy(z;7) = aicbk(ar; 7)

has to be calculated by solving the corrgéponding flow eq.,
which is the most time-consuming part.

* When there are more than one thimbles,
the tunneling from one thimble region to another
does not occur very frequently for large 7.

» ergodicity problem



2. Worldvolume approach to the GLTM



The basic idea of the worldvolume approach

Consider Monte Carlo simulation on the “worldvolume” R
obtained by the one-parameter family of the deformed contour.

® Choose the potential W in such a way that
one can sample configurations from a wide region of T

large T region : sign problem becomes weaker

{ small T region : no problem with ergodicity
> Measurements should be done here.



The measure for sampling points on the worldvolume

The worldvolume R is (N + 1)-dimensional mfd embedded in CV
and each point is parametrized by {¢/} = {(7,z;)} e RV 11!

C2 248 =o' (x:7) i=1,---,N

(g) qb ( J ) ) ) o g \\v
] a 1 X 27

tangent vectors : E, = 25(5) —‘Z

E, -
: flow Xt
By = foiwin) =3 /o
E; = 873_@(:1:;7') = Jz’j(ﬁUiT) \

Jacobian for the change of variables

induced metric on the worldvolume

> _ v Ei E°
B W SR
= E, V

the volume element on the world volume : Dz = \/§dN+1£

This is the measure that is used effectively
when sampling the points z*(¢) on the worldvolume.




Explicit results for the volume element

ds® = g, detde” g = (7, ;)
= o?dr? + v;;(dz’ + B'dr)(da? + Bldr)
ADM decomposition (well-known in GR)

vij = Re(BE;) = (J1J);;

Dy — \/_dN+1

= ay/dety dVT1l¢

Modulus of the Jacobian is
naturally taken into account !!!

Zw = [dre WO /ZT.\)S(@

det JdVz = | det J|e*? dN x

— / Dalo—1et? e—iImS(z) e—ReS(z)—W('r)
No need to calculate
treated as a reweighting factor in measurements  y during MC simulation !

0
J(z, 7) = a—xl@k(w;’r)




3. Brief review of HMC algorithm



What does Monte Carlo algorithms do ?

7 = /dwe_s(w)

S(z) R
(O(x)) = i/da:@(x) o~ S(z)
Z

“configurations”

generate {@} (k=

1727"' ,?’L)

with the probability oc e (%)

(O(x)) = lim

n—0o0

Markov chain:

Define transition prob. P(z(*) — z(k+1)) st

1 3 O (k)
" k=1

“ensemble”

“ensemble average”

finite n — statistical error

e_S(x)P(a: — ) = e_S(:E!)P(:L" — )

“algorithm”

“detailed balance”



Metropolis algorithm
»(B) _y (k1)

Metropolis algorithm
1) Propose a new configuration z’

2) Calculate AS = S(z) — S(z*))

3) Accept z/ with probability min(1,e=25)
x(k—l—l) —
Otherwise reject it, and keep the previous one.
(1) — (k)

¢ ¢ The most basic algorithm applicable to any system.

One can make only small updates in Step 1)
in order to keep reasonable acceptance rate.



Hybrid Monte Carlo algorithm

Duane, Kennedy, Pendleton, Roweth, Phys.Lett.B 195 (1987) 216

Use the information of S(x)

Theidea: s 1) of Metropolis algorithm.

"momentum”

Introduce new variable p conjugate to
xr

Z = /d{L‘ e~ S(@) — /dg; dpe—H(%p)

1 . .,
H(x,p) = 5p2+5(ﬂ:) “Hamiltonian

. . _ 1,2 .
a) generate p with probability oc e 2? needed for ergodicity

b) solve a fictitious time evolution using H(z, p).
(x(k)ap) — ($l’p/)

NANH~0 Hamiltonian conservation
not exact due to|errors from discretizing time

})absorbed completely
by Step c)

One can make large updates within reasonable acceptance rate.

c) accept =’ with probability min(1,e~



If you want to learn more about Monte Carlo methodes,...

TEEENRE - i
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MarkovChainMonteCarlo

Masanori Hanada So Mg’gsuura
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(Univ. of Surrey, UK) YWIATEME Y FH IV OEORBMA (Keio Univ)
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4. HMC on the worldvolume



MC algorithm on the worldvolume

the Hamiltonian dynamics constrained on the worldvolume

“The normal force” has to be taken into account.

CN - RQN N \
¥\

X,
It has to be orthogonal to |
all the tangent vectors : £, = 825(5) S
{ E(?f) — (151(33‘ 7-) Bzz
1 —_ .
B = qub@(a: 7) = J;ij(z; 7)
Re(NEL) =0--------- (#)
Re(NiEY)=0 (j=1,---,N .
(N g) - (J ’ V) Re(FjE}) = Im(E] E})
\) Ni= SN NFL, MER, Fi=iE] = Im(JTJ)k;
k=1 =0

A, should be chosen to satisfy (#).



Hamilton eqg. on the worldvolume

dp e 5(®)

21

= Dzla"let? e

—iImS(2)| ,—ReS(2)—W ()

treated as

a reweighting factor in measurements

V(z,z) = Re(S(2)) + W(r(z,2))

H = 7t 7" -

Hamilton eq. -

_V(Zaz)
et _
dt‘
dm? 19, ;
= — V(2 +N
Tt o7V (»2)
“normal force”
-

should be determined s.t.
7t € Tz (tangent space)



Discretizing the Hamilton eq.

“RATTLE” H.C.Anderson(’83)

c.f.) Fujii et al. JHEP 10 (2013) 147,
Fukuma, Matsumoto, Umeda, arXiv:1912.13303
Alexadru, talk at LATTICE2019, Wuhan

' (1) dm? o)
1 de® _ 0 j
T ? oz ()TN
. iy
ZZ ‘ 'S o > d—zt = 7

How to determine the normal force A at each step.

(1) Require 2’ to lie on the worldvolume.

(2) Require 7’ to lie on T, (tangent space at 2’)

Z*(nAt) : on the worldvolume exact at the
7t(nAt) : on the tangent space at z'(nAt) discretized level !



Determining the normal force (1)

. @t) G Y
‘ (1) dn’ 9
1 - _ o i
. 1 |
ZZ ) L > d—z-; = 7'('7’

@(At) — 21(0) + At (A;)
Require z(At) to lie on the worldvolume. c.f.) 24(0) = ¢'(z; 1)
ie., A(u,h) s.t. 2H(A) = (z+u;THh) e (b)

N . . .
=Y MNFL, MN€ER, F,=1iE]
The normal force —
Re(NIEL) =0----vv-- (#)

(2N + 1) unknowns : u!, h, Ay Can be solved by iterative methods
(2N + 1) equations : (b), (#) like the Newton method.



Determining the normal force (2)

7':('_’2,
; i (At At OV (z,z) ;
(AL = (7) T2 07 A N
dr’ o,
> = —V N*
/ \/ \ S
dz :
v (
> > — =7
’ dt
] : . tangent vectors :
Require 7'(At) to lie on T, ay). 54
= " oEH
m'(At) = projection of # onto T, ap g = Re(Ei, E})

g" E!, Re(FEy, 7) " = (g7



appearance of the Jacobian

Ei
Note: { E?
J

S oi(w;T) = 25
a%jcbi(w;’r) = J;j(z; 1)

In solving the Hamilton eq. on the worldvolume, .
the Jacobian J appears only in the form :  J;;(z; 7) v/

2 Jij(a; 0) = Hy(3C@ o)) T (@1 0) O(N®) calculations
”U?;(O') = JZJ(CL‘, O') ’Uj ’Uj - R
(%vi(a) = H;;(6(z; 0))vi () O(N?) calculations

(For local field theories, O(NN) calculations)



5. Results for Random Matrix Theory



Random Matrix Theory for finite density QCD

Zn(m, p) = /dX det(D + m) e—ntr(XTX)‘

D = 0 X T+ p M.A.Stephanov, PRL 76 (1996) 4472
— | ixt + u 0 [hep-lat/9604003]

C - X,LJ — _Iﬁ general n x n matrix

flow these variables into complex plane!
exact results :

Zn(m,u) = ne" =" [ dpe " fo(2nmy/p) (p = )"

(Prh)y = ii log Zn(m, u) “chiral condensate”
2nom
(sz) = 19 log Zn(m, 1) “fermion number density”

2n0u



Results for n = 10, m = 0.004

chiral condensate fermion number density

0‘96? T I'; 2.0:—
ras ; % rewcighting _ I ¥ reweighting
0@4; —— exact 3 15_ —exact
~ 083f : s |
2 e ' s 10r
=~ 002 . e :
001f | reweighting method —
0.00f ] :
_OOL;I 1 1 1 1 1 1 1 1 1 1 1 1 ] OOl . . . 1 . . . 1 L . . 1 . . . 14
0.2 04 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
7.
oo6f . / worIdvqume GLTM \
rast WV_TLTM : 20F WV-TLTM
084 : complex Langevin _ complex Langevin
[ — ] o 15' m— exact
= 0@3; exact : :‘3} _
S o002t ] = 10}
5 L
001 complex Langevin
0.00F ; E
—001F, .o 00— 7
0.2 04 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
H u

Worldvolume GLTM works even near the phase transition ! (c.f., reweighting)
Complex Langevin method fails for this model because of the singular drift problem.




6. Summary and Discussions



Summary and discussions

® Solving the sign problem in Monte Carlo methods
is extremely important in theoretical physics.

® Many methods are being developed in recent years.

» density of state method conventional MC
» complex Langevin method |
» generalized Lefschetz thimble method
» path optimization method

complexifying variables
using holomorphicity

» tensor renormalization group method non-stochastic method
» gquantum computing different hardware
my opinion

Choose the best method depending on the system.



As for approaches based on complexifying variables

® Complex Langevin method is the best whenever it is applicable.
(easy to write a code and computationally less demanding)

. | as in ordinary
O(N) Calculations | Monte Carlo methods

So, try it first!
It may fail in some parameter regions, though.

® |n that case, use the generalized Lefschetz thimble method !
(It is expected to work even in cases where the CLM fails.)

needed to calculate Jacobian
at measurements.

O(N3) calculations

The worldvolume hybrid Monte Carlo algorithm is really
the key to application of the GLTM to many interesting systems |




