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Entanglement of multipartite systems is studied based on exchange symmetry under the permuta-
tion group SN . With the observation that symmetric property under the exchange of two constituent
states and their separability are intimately linked, we show that anti-symmetric (fermionic) states
are necessarily globally entangled, while symmetric (bosonic) states are either globally entangled
or fully separable and possess essentially identical states in all the constituent systems. It is also
shown that there cannot exist a fully separable state which is orthogonal to all symmetric states,
and that full separability of states does not survive under total symmetrization unless the states
are originally symmetric. Besides, anyonic states permitted under the braid group BN must also be
globally entangled. Our results indicate that exchange symmetry can be powerful in determining
the entanglement of multipartite systems.

PACS numbers: 03.65.-w, 03.65.Ud, 03.67.-a

I. INTRODUCTION

One of the prominent properties of quantum states is entanglement [1], which is an essential element underlying
the impossibility of emulating genuinely quantum phenomena based on classical local realism [2]. This impossibility
has been experimentally confirmed in various physical systems [3, 4, 5, 6] over the last few decades, and now we
are taking up the issue of non-local realism [7, 8]. Besides its significance in the foundation of quantum mechanics,
entanglement provides an indispensable resource in many branches of quantum information science [9, 10]. In spite
of the vital importance in these areas, entanglement defies our understanding both conceptually and theoretically,
especially in multipartite systems. This is due to the inexplicably rich and intricate structure of multipartite quantum
states, which results in the exponential increase in the number of ingredients of entanglement when the number N of
the constituent systems becomes large. For example, it is known that for N = 2, qubit (level n = 2) systems have
only a single class of entanglement ordered by Schmidt coefficients [9, 10], while for N = 3 the systems can have many
classes of entanglement [11]. The obstacle for grasping entanglement is also seen in the construction of entanglement
measures [12] for multipartite systems, where, for instance, the scalable measure proposed by Meyer and Wallach [13]
(see also [14]) has been shown, despite its feasibility, to be flawed for quantifying the entanglement globally [15].

In physics, symmetry is a fundamental tool to analyze systems as well as to construct models without dealing with
the insignificant detail of the structure [16]. The practical use of symmetry has been seen, e.g., in obtaining the
spectrum of the hydrogen atom by the hidden O(4) symmetry [17, 18], or in classifying relativistic particle states
based on the Lorentz group. One may then expect that a similar utility of symmetry will be found in the analysis
of multipartite entangled systems as well. Among the various symmetries available to multipartite systems, the
most fundamental is perhaps exchange symmetry, which in particle systems characterizes states of bosons, fermions,
parafermions [19, 20, 21] and anyons [22, 23, 24]. In fact, exchange symmetry has been shown to be a key for realizing
independence (or more precisely the i.i.d. property) of subsystems in a large system [25, 26], which is important for
the validity of local experiments to infer the global property of the system.

The aim of the present paper is to demonstrate that exchange symmetry is indeed quite useful to pin down the
entanglement property of multipartite states. After observing an intimate link between the symmetric property under
the exchange of two constituent states and their separability, we shall see that fermionic (anti-symmetric) states are
always globally entangled for general N and n, while bosonic (symmetric) states are either globally entangled or fully
separable (Theorem 1). Anyonic states share the same entanglement property with the fermionic states. We also
show that symmetric states are severely restricted with respect to the full separability of the subsystems. Some of
the previous studies relevant to the subject, though not exploiting exchange symmetry as we do here, may be found
in [27, 28, 29, 30, 31, 32, 33, 34].

This paper is organized as follows. In Sec. II, we provide necessary settings for our arguments of multipartite
entanglement, and thereby present our first lemma on state decompositions. Permutation is introduced in Sec. III
to obtain the second lemma, which gives a certain restriction to states obeying permutation symmetry. Combining
the two lemmas, in Sec. IV we present Theorem 1. The symmetric states are further analyzed with regard to the full
separability in Sec. V, where our results are given by two propositions. Sec. VI is dedicated to our conclusion and
discussions.

http://arXiv.org/abs/0805.3625v2
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II. DECOMPOSITION OF MULTIPARTITE STATES

Consider the Hilbert space H given by the tensor product of the constituent Hilbert spaces Hi = C
n, i = 1, . . . , N ,

for some positive integer n. Each space Hi is equipped with a set of orthonormal basis states,

|0〉i, |1〉i, . . . , |n− 1〉i, i = 1, 2, . . . , N, (2.1)

with which a state |ψ〉i ∈ Hi can be expanded as

|ψ〉i =

n−1∑

a=0

ca|a〉i, ca ∈ C. (2.2)

The total Hilbert space H is spanned by the set of N -fold direct product states,

N⊗

i=1

|ai〉i, ai ∈ {0, 1, . . . , n− 1}. (2.3)

To discuss subsystems of the Hilbert space H , we consider the set of labels of the constituents,

N := {1, 2, · · · , N}, (2.4)

and introduce a partition A consisting of exclusive subsets A = {Ak}s
k=1 covering N , i.e.,

s⋃

k=1

Ak = N and Aj ∩ Ak = ∅ for j 6= k. (2.5)

Each subset Ak determines the tensor product Hilbert space H (Ak) :=
⊗

i∈Ak
Hi as a subsystem of H . In order to

treat the labels of the basis states in H (Ak) collectively, we also introduce

αk := {ai | i ∈ Ak}, (2.6)

and thereby denote the basis states in H (Ak) as

|αk〉 :=
⊗

i∈Ak

|ai〉i. (2.7)

A state |Ak〉 ∈ H (Ak) is then written as

|Ak〉 =
∑

αk

Aαk
|αk〉, Aαk

∈ C, (2.8)

where the summation of αk is over all ai = 0, 1, · · · , n − 1 for i ∈ Ak appearing in αk. For convenience, we assume
that in each of the subsystems the state is normalized:

〈Ak|Ak〉 = 1. (2.9)

By choosing a partition A = {Ak}s
k=1 properly, and taking the direct product of the state |Ak〉 in (2.8) for all k,

we can express any state |ψ〉 ∈ H in the product form of subsystems,

|ψ〉 =

s⊗

k=1

|Ak〉. (2.10)

Note that the expression of the product (2.10) is not unique for a given state |ψ〉 ∈ H , since it depends on the choice
of the bases in the subsystems used in the expansion. Moreover, even under the same choice, the state may still admit
different product expressions having distinct partition number s due to the ambiguity in assigning the partition for
the state. Among all possible s in those admitted partitions for a given |ψ〉, there exists the maximal partition number
which gives the number of subsystems into which the state |ψ〉 can be decomposed at most. Adopting the notation
M(ψ) for the maximal partition number of the state |ψ〉, we say that the state with M(ψ) = d is a d-fold direct
product state. If M(ψ) = N , the state |ψ〉 is called fully separable, and if M(ψ) = 1, the state is globally entangled.
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Otherwise, the state is partially entangled. To the former two extreme cases, we introduce the space T of all fully
separable states and the space G of all globally entangled states, i.e.,

T :=
{
|ψ〉

∣∣M(ψ) = N
}
, G :=

{
|ψ〉

∣∣M(ψ) = 1
}
. (2.11)

Given two partitions, A = {Ak}s
k=1 and B = {Bl}t

l=1, we can construct another partition C = {Cm}u
m=1 by

collecting non-empty intersections of Ak and Bl for all k and l, i.e., if m = m(k, l) ∈ {1, 2, . . . , u} labels such
nonempty subsets formed by Ak ∩ Bl, we have

C = {Cm}u
m=1, Cm = Ak ∩ Bl 6= ∅, (2.12)

where obviously 1 ≤ u ≤ st. We denote the partition defined this way symbolically by C = A ∩ B.
We can also define the complement Āk of Ak as a set satisfying

Ak ∪ Āk = N , Ak ∩ Āk = ∅. (2.13)

Clearly, {Ak, Āk} qualifies as a partition consisting of the two subsets, and accordingly we may also employ

ᾱk := {ai | i ∈ Āk}, (2.14)

for the basis states |ᾱk〉 in the subsystem H (Āk),

|ᾱk〉 :=
⊗

i∈Āk

|ai〉i. (2.15)

The partition just introduced is useful to express the density matrix associated with the subsystem H (Ak). Indeed,
from the density matrix ρ = |ψ〉〈ψ| of the state |ψ〉 ∈ H , we obtain the density matrix ραk

for the subsystem H (Ak)
by the partial trace over the complemental subsystem H (Āk),

ραk
= Trᾱk

ρ :=
∑

ᾱk

〈ᾱk|ρ|ᾱk〉. (2.16)

In particular, for the state |ψ〉 in the decomposed form (2.10), we have

ρ =

s⊗

k=1

ραk
, ραk

= |Ak〉〈Ak|. (2.17)

Now we consider the density matrix ρβl
= Trβ̄l

ρ of the subsystem H (Bl) defined by another partition B = {Bl}
t
l=1.

Analogous to the subsystems H (Ak) where we use αk to denote collectively the basis states, we shall use βl to denote
the basis states in the subsystems H (Bl). Since A = {Ak}

s
k=1 is a partition we have B̄l = ∪k(Ak ∩ B̄l), and

hence the trace of the density matrix ρ over H (B̄l) may also be realized by successive traces over the subsystems
H (Ak ∩ B̄l) for all k as

Trβ̄l
ρ = Trα1∩β̄l

Trα2∩β̄l
· · ·Trαs∩β̄l

ρ. (2.18)

Combining with (2.17), we find for |ψ〉 in (2.10) the identity,

ρβl
= Trβ̄l

ρ = Trα1∩β̄l
Trα2∩β̄l

· · ·Trαs∩β̄l

s⊗

k=1

ραk
=

s⊗

k=1

Trαk∩β̄l
ραk

. (2.19)

With this preparation, we obtain

Lemma 1 If a pure state |ψ〉 ∈ H can be decomposed in two ways by partitions A = {Ak}s
k=1 and B = {Bl}t

l=1,

|ψ〉 =

s⊗

k=1

|Ak〉 =

t⊗

l=1

|Bl〉, (2.20)

then, the state can be further decomposed into subsystems defined by the partition C = A ∩ B, that is, it can be
written as

|ψ〉 =

u⊗

m=1

|Cm〉, |Cm〉 ∈ H (Cm), (2.21)

where H (Cm) are the subsystems associated with the partition C = {Cm}u
m=1 defined in (2.12).
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Proof. Consider the density matrix ρ = |ψ〉〈ψ| and the reduced density matrix ρβl
defined in (2.16). Since the state

admits the decomposition under the partition A , we have (2.19). But since ρβl
= |Bl〉〈Bl| is a density matrix for a

pure state, we have ρ2
βl

= ρβl
and, hence, from (2.19) and (2.18) used for βl instead of β̄l, we find

1 = Trβl
ρβl

= Trβl
ρ2

βl
=

s∏

k=1

Trαk∩βl

(
Trαk∩β̄l

ραk

)2
. (2.22)

This shows that Trαk∩βl

(
Trαk∩β̄l

ραk

)2
= 1 for all k and l, because the trace of a squared density matrix has an upper

bound equal to unity, and this must be attained in (2.22). Since the upper bound is attained if and only if the state
represented by the density matrix is pure, we learn that Trαk∩β̄l

ραk
corresponds to a pure state. It follows that the

state has to be a direct product of the traced part and the rest if none of the subsets, Ak ∩Bl and Ak ∩ B̄l, is empty.
Consequently, the state |ψ〉 ∈ H can be decomposed into three subsystems as

|ψ〉 = |C〉 ⊗ |C′〉 ⊗ |Ā〉, |C〉 ∈ H (Ak ∩ Bl), |C′〉 ∈ H (Ak ∩ B̄l), |Ā〉 ∈ H (Āk). (2.23)

Since this is true for all k, l which generate non-empty intersections, and since the corresponding subsets Ak ∩Bl are
exclusive from each other and comprise the partition C = A ∩ B in (2.12), we arrive at (2.21).

III. DECOMPOSED STATES WITH PERMUTATION SYMMETRY

Next we discuss a consequence of permutation symmetry on the specification of states admitting a certain type of
decompositions. To this end, given an elemant σ of the symmetric group SN consisting of all permutations i→ σ(i)
of the elements of N , we first define the corresponding linear operator πσ by the action of σ on the label of the basis
states,

πσ

N⊗

i=1

|ai〉i =

N⊗

i=1

|aσ(i)〉i. (3.1)

Let Iσ be a set of labels of the constituents which are invariant under the action of the given σ ∈ SN ,

Iσ := {i |σ(i) = i}. (3.2)

The complement of Iσ in N is

Īσ = {i |σ(i) 6= i}. (3.3)

Observe that both Iσ and Īσ are invariant under the multiple actions of σ,

σp
Iσ = Iσ, σp

Īσ = Īσ, ∀ p ∈ Z. (3.4)

With respect to the actions under σp, one can introduce an equivalence relation between i, j ∈ Īσ by

i ∼ j ⇔ i = σp(j), ∃p ∈ Z, (3.5)

which provides the equivalent classes Īσ/ ∼. We note that {Iσ, Īσ} also give a partition with the corresponding
subsystems H (Iσ) and H (Īσ), respectively.

Given two states in different constituent spaces, |ψ〉i ∈ Hi and |ϕ〉j ∈ Hj , we say that these states are equipollent and
write |ψ〉i ≃ |ϕ〉j if all coefficients of |ψ〉i and |ϕ〉j coincide up to a phase in the expansion under some fixed orthonormal

bases (2.2) in correspondence. Namely, if we expand the states as |ψ〉i =
∑n−1

k=0 ck|k〉i and |ϕ〉j =
∑n−1

k=0 dk|k〉j with
some bases {|k〉i} and {|k〉j} in the two constituent spaces which are regarded to be correspondent to each other (i.e.,
|k〉i ↔ |k〉j for all k), then

|ψ〉i ≃ |ϕ〉j ⇔ ck = γ dk, ∀ k, (3.6)

where γ is a phase factor |γ| = 1 common for all k. In particular, if (3.6) holds with γ = 1, we say that the two states
are strictly equipollent. We now show
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Lemma 2 Suppose that a state |ψ〉 ∈ H satisfies
(i) |ψ〉 is an eigenstate for a given πσ with eigenvalue λ,

πσ|ψ〉 = λ|ψ〉, (3.7)

(ii) |ψ〉 is decomposed into states in H (Iσ) and H (Īσ),

|ψ〉 = |I〉 ⊗ |Ī〉, |I〉 ∈ H (Iσ), |Ī〉 ∈ H (Īσ), (3.8)

such that |Ī〉 is a direct product of states |ψi〉i ∈ Hi in the constituent spaces,

|Ī〉 =
⊗

i∈Īσ

|ψi〉i. (3.9)

Then the eigenvalue is unity λ = 1, and the states of the constituents whose labels belong to the same equivalent class
Īσ/ ∼ are all equipollent,

|ψi〉i ≃ |ψj〉j for i ∼ j, i, j ∈ Īσ, (3.10)

in the strict sense.

Proof. We first expand |ψi〉i for all i ∈ Īσ as

|ψi〉i =
n−1∑

ai=0

ciai
|ai〉i, ciai

∈ C, (3.11)

and observe that the left hand side of (3.7) becomes

πσ|ψ〉 = |I〉 ⊗
⊗

i∈Īσ

(
n−1∑

ai=0

ciai
|aσ(i)〉i

)
= |I〉 ⊗

⊗

i∈Īσ




n−1∑

aσ(i)=0

cσ(i)
aσ(i)

|aσ(i)〉i



 , (3.12)

because under the direct product over all elements in Īσ we can exchange the coefficients within Īσ freely. Changing
the labels aσ(i) → ai which are dummy indices of the summations, we find that (3.7) reads

πσ|ψ〉 = |I〉 ⊗
⊗

i∈Īσ

(
n−1∑

ai=0

cσ(i)
ai

|ai〉i

)
= λ|ψ〉. (3.13)

Taking the inner products with
⊗

i∈Īσ
i〈a| for a ∈ {0, 1, . . . , n− 1} in (3.13), we obtain

∏

i∈Īσ

cσ(i)
a = λ

∏

i∈Īσ

cia. (3.14)

Since the product in (3.14) is over all elements of Īσ, we have the identity,

∏

i∈Īσ

cσ(i)
a =

∏

σ(i)∈Īσ

cσ(i)
a =

∏

i∈Īσ

cia. (3.15)

Combining (3.15) with (3.14), we find λ = 1.

Now choose an element i ∈ Īσ and consider the state |ψ̃〉 = |a〉ii〈a|ψ〉 which is equivalent to |ψ〉 except that its

constituent state |ψi〉i is replaced by |a〉i. The inner product of |ψ̃〉 with |ψ〉 in (3.13) then yields

cσ(i)
a = cia. (3.16)

Since this is true for all i ∈ Īσ and a ∈ {0, 1, . . . , n− 1}, we find (3.10).
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IV. GLOBAL ENTANGLEMENT AND SYMMETRY OF STATES

In this section, we focus on multipartite states possessing particular symmetric properties under transpositions. We
first introduce the set of all transpositions TN ⊂ SN by

TN := {σ |σ = (i j), ∀ i, j ∈ N}. (4.1)

Combining the Lemmas in the previous sections and applying them to transpositions, we obtain

Proposition 1 Suppose that there exists a state |ψ〉 decomposed as (2.10) under a partition A consisting of two
subsets, A = {A1,A2}. Suppose further that |ψ〉 is an eigenstate of πσ,

πσ|ψ〉 = λ|ψ〉, (4.2)

for some transposition σ = (i j) ∈ TN such that

i ∈ A1 and j ∈ A2. (4.3)

Then the state |ψ〉 can be decomposed further by the partition C = A ∩ B, where B = {B1,B2} is the partition
defined from A with the elements i and j interchanged. Moreover, the eigenvalue is unity λ = 1 and the states |ψi〉i
and |ψj〉j of |ψ〉 in the constituent spaces Hi and Hj are equipollent |ψi〉i ≃ |ψj〉j in the strict sense.

Proof. With no loss of generality, we may consider the partition

A1 = {1, · · · , i, · · · ,M} and A2 = {M + 1, · · · , j, · · · , N}. (4.4)

Observe that since π2
σ = I (identity operator), we have λ = ±1. Then (4.2) implies |ψ〉 = λ−1πσ|ψ〉, that is, the state

|ψ〉 admits the decomposition (2.10) under another partition B = {B1,B2}, where

B1 = {1, · · · , j, · · · ,M} and B2 = {M + 1, · · · , i, · · · , N}. (4.5)

Lemma 1 then assures that the state |ψ〉 can be decomposed further by the partition C = A ∩ B. Noting that
A1 ∩ B2 = {i} and A2 ∩ B1 = {j}, we find that |ψ〉 has the constituent states |ψi〉i ∈ Hi and |ψj〉j ∈ Hj in
the decomposition. Since these constituent states belong to the subsystem H (Īσ), the rest of the statements of
Proposition 1 follows from Lemma 2.

This proposition implies

Corollary 1 If a state |ψ〉 satisfies πσ|ψ〉 = −|ψ〉 under a transposition σ = (i j), then |ψ〉 cannot be separable with
respect to the constituent subspaces Hi and Hj. On the other hand, if |ψ〉 satisfies πσ|ψ〉 = |ψ〉 under σ = (i j), then
two possibilities arise: either |ψ〉 is not separable with respect to Hi and Hj, or otherwise it is separable with respect
to Hi and Hj where the constituent states are strictly equipollent to each other.

To proceed, we introduce the totally symmetrized subspace,

S :=
{
|ψ〉

∣∣ πσ|ψ〉 = |ψ〉, ∀σ ∈ SN

}
, (4.6)

and the subset,

D = T ∩ S (4.7)

which consists of N -fold direct product states belonging to S . Consider now a state |ψ〉 ∈ H fulfilling

πσ|ψ〉 = λσ|ψ〉, λσ = ±1, (4.8)

for all σ ∈ TN . Since |ψ〉 is a simultaneous eigenstate of the linear operators of the transpositions, multiple operations
of the different transpositions on the state is naturally induced. It is well known that a non-trivial |ψ〉 with the
condition (4.8) must be in one dimensional representations of SN , and from this we have

λστ = λσλτ , ∀σ, τ ∈ SN . (4.9)

There are two different one dimensional representations for SN : one is λσ = −1 for all σ ∈ TN , the other is λσ = 1
for all σ ∈ TN . A state realizing the former is called anti-symmetric whereas a state realizing the latter is called
symmetric [16], and in particle systems these correspond to states of fermions and bosons, respectively. We then
present
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Theorem 1 The following two statements hold:
(i) Any anti-symmetric state |ψ〉 is globally entangled |ψ〉 ∈ G .
(ii) Any symmetric state |ψ〉 is either globally entangled |ψ〉 ∈ G , or otherwise it is fully separable |ψ〉 ∈ T . In the
latter case, all the constituent states of |ψ〉 are strictly equipollent.

Proof. Both of the statements follow immediately from Corollary 1 by applying it to all transpositions.

We note that, in terms of spaces, statement (ii) implies

S = S ∩ (T ∪ G ) = D ∪ (G ∩ S ) . (4.10)

We also mention that statement (ii) allows us to characterize concisely the space D of fully separable symmetric
states by means of unitary operators. To see this, we first consider unitary operators U(θi) implementing SU(n)
transformations on the basis in Hi, where θi = (θi

1, θ
i
2, . . . , θ

i
m) ∈ Θ (m = dim su(n) = n2 − 1) are the set of

parameters specifying the transformations with Θ being the parameter space covering the entire SU(n). The unitary
operator implementing the SU(n) transformations for all the bases in the constituent Hilbert spaces Hi can then be
given by the product ⊗N

i=1U(θi). Since statement (ii) assures that all constituent states in D are strictly equipollent,
we can use the same unitary operator for all constituent spaces Hi with common θ to generate the constituent states
|ψi〉i from, say, the state |0〉i as |ψi〉i = U(θ)|0〉i. If this is done, then we have

Corollary 2 The space D of fully separable symmetric states is characterized by

D =

{
|ψ〉

∣∣∣∣ |ψ〉 =
N⊗

i=1

U(θ)|0〉i, θ ∈ Θ

}
. (4.11)

Note that the foregoing argument for D is meaningful only if we employ a fixed set of bases in all constituent spaces
Hi, since otherwise we can always perform unitary transformations in each of the spaces so that any state |ψ〉 ∈ T

has the form in (4.11). The characterization of D by (4.11) has been obtained earlier in [34] for n = 2.
Our arguments so far can be extended to the braid group BN whose generators σi, 1 ≤ i ≤ N − 1, satisfy

σiσi+1σi = σi+1σiσi+1 for i = 1, 2, . . . , N − 2,

σiσj = σjσi for |i− j| ≥ 2.
(4.12)

Indeed, if a state |ψ〉 follows some one dimensional representations of BN , we have

πσ|ψ〉 = eiχ|ψ〉, ∀σ ∈ BN , (4.13)

for which our two lemmas and proposition hold without modification. This implies that states obeying intermediate
symmetries (i.e., eiχ 6= ±1), which correspond to states realized by anyons in particle systems, must always be globally
entangled.

V. FULL SEPARABILITY AND SYMMETRY

In this section, we focus on symmetric states and discuss their separability further. For this, we first introduce the
total symmetrization operator [35],

T :=
1

N !

∑

σ∈SN

πσ. (5.1)

Since πσT = T for all σ ∈ SN , we see that for any |ψ〉 ∈ H the totally symmetrized state T |ψ〉 is invariant under the
action of the symmetric group,

πσT |ψ〉 = T |ψ〉, ∀σ ∈ SN . (5.2)

Note that T |ψ〉 ∈ S , and conversely, if |ψ〉 ∈ S then |ψ〉 = T |ψ〉. This implies that the space S of symmetric states
(4.6) can also be written as S = { |ψ〉

∣∣ |ψ〉 = T |φ〉, ∃ |φ〉 ∈ H }.

If we let S ⊥ be the space of states which are orthogonal to all symmetric states, we can show
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Proposition 2 A fully separable state cannot be contained in S ⊥, i.e.,

|ψ〉 ∈ T ⇒ |ψ〉 6∈ S
⊥. (5.3)

Proof. To the contrary of the statement, assume that there exists a fully separable state |ψ〉 ∈ S ⊥. Then 〈φ|ψ〉 = 0
for all |φ〉 ∈ S . As before, we expand |ψ〉 as

|ψ〉 =

N⊗

i=1

(
n−1∑

ai=0

ciai
|ai〉i

)
, ciai

∈ C. (5.4)

Choose first |φ0〉 = |0〉⊗N ∈ S where |0〉⊗N := ⊗N
i=1|0〉i for which 〈φ0|ψ〉 = 0. This is equivalent to

N∏

i=1

ci0 = 0, (5.5)

which shows that at least one of the elements of {ci0 | 1 ≤ i ≤ N} is zero. For convenience, we renumber the indices
i = 1, . . . , N of the constituents Hi so that

ci0 = 0, 1 ≤ i ≤ n0 (5.6)

holds for some 1 ≤ n0 ≤ N . Next we choose

|φ1〉 = T (|1〉1 ⊗ · · · ⊗ |1〉n0 ⊗ |0〉n0+1 ⊗ · · · ⊗ |0〉N ) ∈ S . (5.7)

From 〈φ1|ψ〉 = 0 and (5.6), we obtain

n0∏

i=1

ci1 = 0. (5.8)

Since n0 ≥ 1, at least one of the elements of {ci1 | 1 ≤ i ≤ n0} is zero. We renumber the indices again so that

ci1 = 0, 1 ≤ i ≤ n1 (5.9)

holds for some 1 ≤ n1 ≤ n0. Clearly, this process can be repeated until we arrive at

c1a1
= 0, 0 ≤ a1 ≤ n− 1. (5.10)

This shows that |ψ〉 = 0, invalidating the assumption made at the beginning.
We remark that the contraposition of Proposition 2 is

|ψ〉 ∈ S
⊥ ⇒ |ψ〉 6∈ T . (5.11)

This shows that any state orthogonal to S cannot be fully separable, which is an extension of the previous result [34]
for general n.

In passing, we note that since T is a projection operator T 2 = T , it can be used for the direct sum decomposition
of the Hilbert space H = S ⊕ S ⊥. Namely, for any |ψ〉 ∈ H , we have

|ψ〉 = |ξ〉 + |ϕ〉, |ξ〉 ∈ S , |ϕ〉 ∈ S
⊥, (5.12)

with

|ξ〉 = T |ψ〉, |ϕ〉 = (1 − T )|ψ〉. (5.13)

We also add that, if we have local unitary transformations U(θi) in Hi with common parameters θi = θ ∈ Θ for all
i and consider the combined unitary transformation V (θ) := U(θ) ⊗ · · · ⊗ U(θ) in H , the two operators V and T
commute,

V T = TV. (5.14)

We then show
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Proposition 3 If |ψ〉 is a fully separable state whose projection T |ψ〉 on S is still fully separable, then |ψ〉 is sym-
metric, i.e.,

|ψ〉 ∈ T and T |ψ〉 ∈ T ⇒ |ψ〉 ∈ S . (5.15)

Proof. Let |ψ〉 be a fully separable state |ψ〉 ∈ T for which T |ψ〉 ∈ T . This means T |ψ〉 ∈ D , and hence from
Corollary 2 we have T |ψ〉 = V (θ)|0〉⊗N for some θ ∈ Θ. Since T and V commute as noted in (5.14), it follows that
the state

|η〉 := V −1(θ)|ψ〉 (5.16)

generated from |ψ〉 by applying the inverse operator V −1 of V has the projection,

T |η〉 = |0〉⊗N . (5.17)

We then see that since V −1 is a product of local unitary transformations, and since |ψ〉 ∈ T , the state |η〉 in (5.16)
is also fully separable |η〉 ∈ T . Now, from N⊗〈0|T |η〉 = 1 we may write |η〉 without loss of generality as

|η〉 =

N⊗

i=1

(
|0〉i +

n−1∑

a=1

cia|a〉i

)
. (5.18)

The projection of the state then reads

T |η〉 = |0〉⊗N + h1T (|1〉1|0〉2|0〉3 · · · |0〉N−1|0〉N) + h2T (|1〉1|1〉2|0〉3 · · · |0〉N−1|0〉N ) + · · ·

+ hN−1T (|1〉1|1〉2|1〉3 · · · |1〉N−1|0〉N ) + hNT (|1〉1|1〉2|1〉3 · · · |1〉N−1|1〉N ) + · · · , (5.19)

where the coefficients in the expansion (5.19) can be determined from (5.18). For instance, we find

h1 =

N∑

k=1

ck1 , h2 =

N∑

k,k′=1,k 6=k′

ck1c
k′

1 , (5.20)

and

hN−1 =

N∑

k=1

c11c
2
1 · · · ĉ

k
1 · · · c

N
1 , hN =

N∏

i=1

ci1, (5.21)

where the hat in ĉk1 indicates that the factor ck1 is missing in the product. To be consistent with (5.17), all of these
coefficients must vanish. From hN = 0, we see that at least one of the elements of {ci1 | 1 ≤ i ≤ N} is zero, and we
may choose c11 = 0 for definiteness. Then from hN−1 = 0 we find that at least one of the elements of {ci1 | 2 ≤ i ≤ N}
is zero, and again we choose c21 = 0. This procedure can be repeated until we reach h1 = 0 which yields cN1 = 0 and,
consequently, we obtain

ci1 = 0, 1 ≤ i ≤ N. (5.22)

The conclusion will not be changed even if we choose different factors for the vanishing elements in each of the steps in
the procedure. Obviously, similar arguments can be applied for the terms T (|i〉1|0〉2 · · · |0〉N ) up to T (|i〉1|i〉2 · · · |i〉N )
for i ≥ 2 as well. Combining all the results obtained at the end of these procedures, we find

cia = 0, 1 ≤ i ≤ N, 0 ≤ a ≤ n− 1. (5.23)

This shows that |η〉 = |0〉⊗N , which in turn indicates that |ψ〉 = U |η〉 ∈ S , proving Proposition 3.
We remark that Proposition 3 can equally be expressed as

|ψ〉 ∈ T and |ψ〉 6∈ S ⇒ T |ψ〉 6∈ T , (5.24)

which implies that it is impossible to retain the full separability of a state under total symmetrization unless the
original state is symmetric.
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VI. CONCLUSION AND DISCUSSIONS

In this paper, we studied some of the basic properties of entanglement of multipartite systems based on exchange
symmetry for general constituent number N and also for general level n. The states primarily considered are those
which are symmetric or anti-symmetric under permutations of the constituent states comprising the system. We
argued that different partitions of a state are mutually compatible (Lemma 1), and that symmetric property under a
permutation requires a certain rigid structure for the state imposed by the action of the permutation on the constituent
systems (Lemma 2). Based on these observations we arrive at Theorem 1, which states that if a state is symmetric
under all transpositions, it is either globally entangled or otherwise it is fully separable, sharing essentially the same
constituent states. Further, if the state is anti-symmetric, it is necessarily globally entangled. We also presented
a number of propositions revealing the close connection between symmetry and separability, some of which are a
generalization of the recent results of Ref.[34] for multipartite n-level systems.

We remark that the statement of Theorem 1 can be extended to states which are anyonic under transpositions,
that is, like anti-symmetric states, anyonic states with eigenvalue λ = eiχ 6= ±1 must always be globally entangled. If
our arguments can be generalized to systems with an infinite dimensional Hilbert space H , our results may also be
useful for analyzing physical properties of entangled states in, e.g., infinite spin systems or particle systems moving
on a plane where anyonic states are permitted. In this respect, it will be of interest to investigate the possible role
of entanglement in the manifestation of phase transitions or topological quantizations observed in these systems. In
fact, for systems of N -qubits the behavior of bipartite entanglement in symmetric states under phase transitions has
been studied in [36, 37, 38].

The intimate link between symmetry and entanglement found in this paper suggests that there can be a novel account
of known physical properties from exchange symmetry of entangled states. This line of study will be facilitated if we
can extend our arguments to mixed states with exchange symmetry, as has been done for the the case of bipartite
systems in [28, 33] based on approaches specific to indistinguishable particles [27]. Finally, we mention that our
arguments in this paper are given solely on the basis of states and do not rely on any particular entanglement
measures. Thus, our results may also serve as a testing ground to find better entanglement measures in order to
characterize the interplay of multipartite constituent states more comprehensively.
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