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Introduction

The goal of quantum gravity is to understand
beyond the Planck scale phenomena



Historical Background

Problems of quantizing Einstein gravity

* Coupling constant has dimension
e Space-time singularity exists
e Action Is not bounded from below

—> Not renormalizable

In order to resolve these problems,
four-derivative actions are introduced



Four-derivative guantum gravity

e Coupling constant becomes dimensionless
=>»power-counting renormalizable

e Action becomes hounded from below,
but ghost mode appears

1 1 1

m2p? +pt p2 P2 4+ m?
1t~ ghost mode

The models are classified by ideas how to tackle unitarity problem

 Lee-Wick-Tomboulis approach
 Horava approach
« CFT approach




» Lee-Wick-Tomboulis approach (1970s) :

Consider resummed propagator |
for asymptotically free field theories ( 7 = —_.505?3)

1 1

m2p? + Goptlog(p2/A2)  p2[m?2 + Byp? log(p2/A2)]

=>real pole of ghost mode disappears
(This idea is still effective at IR, but not so at UV)

e Horava approach :

Give up Lorentz sym. = make ghosts non-dynamical

 CFT approach (our model) :

Use non-perturbative methods (CFT in UV limit)
Conformal sym. = make ghosts not gauge invariant

————andremove space-time singutarity-
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Renomalizable 4D Quantum
Gravity as a Perturbed Theory
from CFT




‘ Renormalizable 4D Quantum Gravity

The Action (Weyl + Euler + Einstein) weight ¢
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’ e — VT4t p\ Jera M

(. J
~ '\
conformally invariant (no R"2)

“t” Is a unigue dimensionless gravitational coupling constant
Indicating asymptotic freedom

At high energies + — () Cl\, — 0 conformally flat
(Perturbation is defined

“b” is not independent coupling, which is expanded by t  about this config.)

Planck constant

At /1 — () the Einstein action dominates




‘ Wess-Zumino Integrability Condition

Conformal variation of effective action (=path integral over conf. mode)

01" = /dJ‘ TN/ —gw }*}1RWM + mRW +n3R? + V'R + miR + ?’??.-2}

. . y t. conformal anomaly
WZ integrability condition (¢ UV divergence)

[5U1 y 5@,2]1_\ = 8(’:’}'1 + 12 + 37:."3) X /d4m\f—ng[1v2w2] =0
(Last three terms

= require Weyl and Euler combinations are trivial)

1 .
Cl oo = Rone — 2R, + =R?  Determine the type
3 J of UV divergences
_ Gi=R;,,— 4R, + R’ (= bare action)

R”2 is forbidden = no R"2 divergences
(renormalizability is non-trivial !) 8



‘ What Means No R”2 Action

In four-derivative models, R*2 action is commonly
Introduced as a kinetic term of the conformal mode

Therefore, no R*"2 action means that
there is no coupling constant for this mode

1l

Non-perturbative treatment of the conformal mode is required

&> » Kinetic term of the conformal mode is induced
from the measure quantum mechanically
« Renormalization factor of this mode is unity: Z; = 1
and so on

| will show these properties explicitly using dimensional regularization




‘ The Induced Action

/ = /[dg a ']Q=’SKP (EI) — eijgpu

_ / dpdh -]y exp (iS(¢) + il

Practical m(Taasure defined 15 Jacobian to preserve diff. inv.
on the background = WZ action for conformal anomaly

Lowest term of S (:Riegert action) is coupling-independent

2
Si(¢,9) = {@T f d'z f dé/—gE, Ey=Gi— V'R

T\ —@ 295&44:25 + Eqﬁf’) cf. Liouville action

Dynamics of conformal mode is induced from the measure
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Relationship between 2 and 4 dim.

2DQG 4DQG /modified

. 2
R Euler density Fy—Ga= §V2R

vV—9R =/—7 (25245 - Fz) relation  /—gLy=+/—g (4340 + E4)

2

i Ay =V*+2R*V,V, — =RV?
Ay = —V? C((j)_?ff. inv. 4 1 ; 3
E)L ¢ . . b ¢
—— F::f don/—gR WZ action __™ de | dov/—gE,
471_/( 1 ; @ g (471-)2/0" ‘1,/0 dov/—gE,
bL [ o —(.x . 5. by _, o
N _E,/'d VI (@&2@ + R@) - _(4?1.)2 /‘1"437 —9 (2@5’34@"} + E4<D)
Liouville action Riegert action
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Conformal Symmetry as
Diffeomorphism Invariance

Background-metric independence




‘ Diffeomorphism Invariance

Ot = gmvyf}' + Gux Vp,f}' £H T gauge parameter

Mode decomposition traceless
/

20— _ N R 8
gj""y = €7 gl"'t'y g]u,u — (g eth),u.v — Q;.-,A (5AV _|_ thr}lu _|_ iihz)}.}; _|_ . ‘)

\ \

1.
( 0 = ff’l@,x@—FiVAEA

no coupling const. coupling const.

, 1 /e : 1 A
O{’h}_t.p’ — ? (v,u‘gu + vv‘i—p. — 59;1.1)?/\&-)\) + £Avhhp.y
1 . . 1 . .
\ +§h',u./\ (vf/ﬁ/\ o TA&U) + §h‘yz\ (v,u.g/\ o v)\g,u) + O(fghz)

Conformal mode and traceless tensor mode are completely decoupled
13
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‘ Gauge Symmetry att =0 (1)

Introduce the gauge parameter «" = &'/t
and take the limit ¢ — 0 with leaving <" finite

. . 1 .
5ﬂh,uu — V;LHU + v.uf":,u — §§;wv}fﬂ/\
10,0 = 0, X = 0,4, =0

Usual gauge symmetry of the Weyl action

=» gauge-fixed as usual

cf. This is similar to gauge symmetry of vector field

0zA, =V, A
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‘ Gauge Symmetry att =0 (2)

Take the gauge parameter to be a conformal Killing vector:

g . |
gﬂ — CH V,LLCU an VUC,‘.L — EQ;WV/\CA =0

=» Lowest term in the traceless-mode transformation vanishes!

Conformal symmetry (on g, )
e 1o
{ o = (Vg + EV’\C/\

. 1 . . 1 . .
5Ch,u,u — C/\V}«hth + th,)\ (VUCA — VACU) + éhv}\. (V;LCA — VAC,LL)

Q¢ = /(15—23C“ : 'jLD : €15 generators of conformal algebra

. . ,. - + Auy 2 OlcpT
0t =i[Qc, @] Oy =i[Q¢ hyw) TV =5

generated from Riegert and Weyl actions quantum mechanically
=>» fixed by physical state conditions (=WdW eq.) s




For example, conformally coupled scalar field action satisfies
0¢X = L;'Kv;a}i + 1)1 Tg\g’}‘
. | 1,
bely = — / d'zd" X, (q*a—JAA'JrELi-}AQ’*)
_ / fﬂr{_I (39,0 + 9:¢CY) 9y X0, X + (9yCi + i) 0,X8' X

+ [_'li_:"l_!{{:j + ifju; {:—E‘}”C@ + E‘?"_J;E:"I".}] FXIX + é[f}gf}‘?i‘h{;}ﬂl’ﬂ}
= 0

by conformal Killing vectors on flat background

In the same way, the kinetic terms of the vector-field action,
the Weyl action are invariant under the conformal
transformations, respectively.
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The Perturbation about CFT

This model :
Conformal symmetry mixes
+ perturbations positive- and negative-metric modes
Rieg Y (by single “t”) =» light on unitarity in strong gravity

See ref.1 in detall

% Non-perturbative (conformal mode is treated exactly)

( cf. Early 4-derivative models in 1970’s
Gauge symmetry in UV limit does
+ perturbations not mix gravitational modes at all
S eyl (by two couplings) > ghosts appear

% perturbative (all modes are treated in perturbation)
1% graviton picture

[Remark: Lee and Wick’s idea corresponds to mixing all modes by interaction%]



Dimensional Regularization
and Renormalization




On Dimensional Regularization

Dimensional regularization

* manifestly diffeomorphism invariant ~—

e can compute higher-loop corrections
and guarantee

§P)(0) = fdPk =0

conformal anomaly comes from
DOF between D and 4 dimensions

/cf. DeWitt-Schwinger method (exactly 4 dim. method)\

one-loop order

SW(0) = (x]e”P|2)|._o =y conformal anomaly

K heat kernel /
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‘ Renormalizable action Euclidean sign.

' - : . " led with QED
Bare action € D-dimensional WZ integrability coupled with Q

M2

R+ A
A

1 1 e
7 — / d”I\/ﬁ{t—gcﬁm FVGp + F2 4 Y it DY
i—1

2

GESErL

( vAa 4 v
Cf.r,u,lcr — R}WEHR'H AT D—— QR”URJH +

(D =3)*(D —4) 2
(D —1)*(D —2) Ambiguity is fixed !

Renormalization factors
“ 7 1 conformal mode Is not renormalized
L 2o — because this mode has no its own coupling constant

\ Gp =Gy +

Au=2Z A, =2y, e = 2R

j pv

e = Z4.e,, t= 42, (Z. = Zg_l’m)

Ward-Takahashi identity
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‘Conformal Anomaly (WZ action)

T To Residues are functions
D1 (D — 4)2 T of renormalized coupling
=» beta function

Zg =1 Zz =1+

Bare action =» vertices and counterterms

1
7 / Pz, /gF, F*
1
— —ngdDRTE(D_4]¢FT Fiagplgva

/dD {( (D3’24)2 )F Frg%g° 4 ordinary counterterms
. for gauge field
— € new vertices and

1 2 29 pr —pA-vo
i ((D — 4"+ (D =Y+ 22+ )ﬂ Fuk3e979 new counterterms

bl T

Bare Weyl action

Wess-Zumino action

1 _ (D—
. / d°z,/gC2,\, = > / dPz/GeP~99C2, | for conformal anomaly
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Laurent expansion of b

1 s b,,
b= e & (D ay
Euler term
b/d%\@(}*ﬂ

(4:02 / d%{ (Dbi 17D . 1)?

bo _ _ 1 _
b N26A,6) E —Rﬁ)
+(1+D—4+ ) “"ﬁ+18

+%((D—4)bl+bg+~-) 20° D+ s + - --) +}

_|_...)G"L1

b, = by (t,.e;,)
bl (t*r: Efr) — bl + bf] (tru ET)

Positive constant
11Nz 40
by = —
1= 350 T 9

€ counterterms

J

- € new WZ actions and
new counterterms

J

Kineti Ri on) is induced Dynamics of conformal
Inetic term (Riegert action) is induce mode is induced

22



‘ Beta functions

ng 10) t3 Tnp exts .
= - t
& (40 3 ) ame ~ 72 a0

3

r 8”%‘ 5? 3,2
3 (4’}1')2 + (4’111? — g b, )(4ﬂ)4 + O(GTtr)

. \ ect

no t2 correction
bl (t?‘: er) — bl + b‘;r[ (tra er)

Inp e

Be =

11ng 40 ns e
b — ba‘I — F T t?
! %0 T 90 01T TG @ T o)
2n3.  €d
by = QF (i) + o(t}) Hathrell, Ann.Phys.142(1982)34

( — corrections from diagrams with internal gravitational lines)
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Non-renormalization of Conformal

Mode 7, =1

SEEN

/(f\fr“j}s\ kﬁ Cf;l
o + %o o = UV finite

b]tr bltr blt?.
2b, . 4 t2 (1 22 7 20y 4 t2 (1 22 7
Efl—3—_ (= —log = + - E*[3— = | = —log = + —
(47)2 [ (47r)? (g 82T 6 @2 [Pz \e %2 T 1

z: Infinitesimal fictitious mass (IR regularization) D=4—2€
Not gauge invariant =» cancel out ! 1/e=1/e —y +log4n

propagator 1/k* — 1/(k? + 22)?

[Remark : Einstein action cannot be considered as the mass term
due to the existence of exponential factor of conformal mode] 24



‘ Two-point function of e

Vertex function (¢F?, ) of 6

: et
S - - - - - nF'EE ﬂ !"IFE? t “Fﬁf £ i

I
A
e=(4— D)/2

Two-point function of e”6
was also checked.

These are renormalized by
the Z; = 1 condition

g

TIF'EE ﬁFﬁf n,.—&f nF&‘? ¢ !'IF-EE

£ “FE? S E £ L
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AF and Running Coupling Constant

T L 9bsp+ golog [ F2 )L o2 Bt = —Bot;
W = o Po® + .-"j{] 10% 9 C,u.u/\cr t— O%r
t2 [
1 _
= 55—/ Clx k. - momentum defined
t.(p) on the flat backgroun
where
. 1 .
t2(p) = Asymptotic Freedom

Bo log(p?/Ad)
New dynamical scale: Aqae = pexp(—1/2060t?)

Physical momentum: p? = k*/a* with a = e?
(# Conf. anomaly is necessary to preserve diff. inv.)

In UV limit, CFT about ', », = 0, and thus no singularity

In IR limit, conformal symmetry is completely broken at Aqc

=» turn to Einstein gravity

26
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‘ Summary of Conformal Anomaly

Conformal anomalies are divided into two groups:

1. Coupling-independent part (= Riegert action)
& guarantee conf. sym., or CFT att =0,
against the name of ‘anomaly’
< gquantum diff. inv. (= background-metric indep.)

2. Coupling-dependent part (= ordinary conf. anomaly)
< beta function
< violate conf. sym., as the name

The coupling ‘t’ measures a degree of deviation from CFT

In any case, these conformal anomalies are necessary
to preserve quantum diffeomorphism invariance

27



Reproduce Hathrell’s Result of Conf. Anomaly

Hathrell, Ann.Phys.142(1982)34;
Counterterms used by Hathrell Ann.Phys.139(1982)136

e aC? . +bGy+cH>  H=R/(D-1)
t

He carried out 3-loop computations of conformal anomaly in curved space
for various matter fields
and found the following relationship between the residues b and c:

bo = 2¢; | (universal independent of matter contents)

D dim. Gravitational action

(D —3)%(D — 4)
(D—1)*(D—2)

D — 3)? 1
|::> Cl:(D—Q) bgzibg—l—O(D—/—i)

(D—37(D—4),

Gp =G4+ (D—Q)

R €= c=
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Quantum Gravity Cosmology

From CFT spectra to CMB multipoles




'From CFT to Einstein Theory

1/ 1
I_fd4 1/—{——02 G ( R_AdLL )}
! e — YTt P\ Tera A

— /)
'

+ Riegert = CFT :> Einstein theory

Evolution of the universe is described as a function of running coupling

At very high energies beyond the Planck scale

CFT, no space-time singularity [KC/BERlONC7ENe)
Running coupling increasesng to inflationary expansion

At dynamical energy scale Aqg ~ 10" GeV

Time evolution

Space-time transition (breaking of conformal invariance)

1
_2 [ e ———————
ty(p) = 2 log(pQ/j\éG) /\QG (<€ Mp)

30




‘ Inflation induced by Quantum Gravity

Inflation is driven by Riegert + Einstein system

———=By(1)9,¢ +

S2

3M3Ee?® (@;ﬁu + 9,00, m) =0 _

Bo (I'T],) = 1 - (1-1%_?,(?') + .-

1
1 + a.t2(7)

10
0t
-10 +
20
230 |+
40 +
50
-60 |

Inflation

a=e% oxe

start

' ' d — o
] dr = adn  RGE:—T—t, = A(t)

e Inflation starts at Planck time
Einstein
hase 872
1
TA | End at dynamical time (= mp)

HDT

\U

|74

-70

2 3 TA = 1/1’\@(_;

orata, and 1. YukKawa,
D74 (2006) 123502

Running coupling diverges

Phys. Rev



'Einstein Phase E < Aoc

Low energy effective theory of gravity
(=derivative expansion about Einstein theory)

Low = /d*‘szﬁ/—g {Lo+Ly+---}
1 \
tree + 1-loop tree

2
Lo = JUPR 4 EM cf. chiral perturbation theory
Using Einstein Equatlon MR, = T,
higher-derivative terms are reduced to be one
v
j— JJ,.L-’
La= e B R

1-loop correction : a(E) = ao + ( log(E*/Adq), (¢ > 0)

If one taks phenomenological parameter vy to be positive
this term becomes irrelevant at low energies

32



Evolutional Scenario

Number of e-foldings scale a

. (T, m 10759 7
Ne = log ) ~ - pl
t.'I-(Tp) AQG

-> f\QG ~ 101? GeV |+

Expangion of 1 059
the universe

Inflation era

1030 (& N, =70)

Friedmann era 1

- &L -
1 oFT |

inflation era

big bang

today

‘.--.&--__H‘_.'-

&

radiat ion-dominated era

matter-dominated era

‘5:’1 — 1/1’\@@ (>> [pl)

energyE
Mg +10%GeV
Ne +10"7GeV

X SDK

10%° (& 1017GeVv/2.7K)

Resolve the horizon problem

1/Hy (Hubble distance)

1/Hy ~ 10°%¢,

(~4000Mpc)

“~can be observed through CMB



‘ Evolution of fluctuation (From CFT to CMB)

Planck phenomena (CFT) =>» space-time transition big bang =» today

Scale-inv. spectrum at Planck time

Bardeen Potential ®(b;=10, n=0.0156)

0.20 6 10
020 0.10 X
: 0.00 3x 107

0 e
proper time, logyo(t/ty) 1N | >

k[Mpc'l] k[Mpc'lé000
Amplitude decreases during inflation Joon
=» Resolve the flathess problem
2000

CMB spectrum is computed using
cosmological perturbation theory,

From Planck length to
cosmological distance

10> =10" +10”
bt

inflation Friedmann

Spectrum at transition point

wmap 5yrs
acbar2008

which is consistent with WMAP

10 100 500 34500



Conclusion and
Discussion




Renormalizable 4D quantum gravity was formulated as a perturbed

theory from CFT, in which it is essential that there is no R”2 action.

The conformal mode is treated non-perturbatively so that conformal
symmetry becomes exact quantum mechanically at the vanishing
coupling limit.

Using dimensional regularization, | computed higher order
corrections, and then showed that the conformal mode is not
renormalized.

Quantum gravity scenario of inflation is constructed, in which the
conformal mode serves for the scalar field (=inflaton).

It is proposed that the primordial spectrum of the universe originates

from conformal invariance.
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The conformal invariance forces us change the aspect of
space-time at very high energies above the Planck scale,
where a traditional S-matrix description is not adequate at all.
Consequently, this requires a new prescription to deal with
negative-metric modes in the context of CFT.

on R x S"3

Conformal Algebra = SO(4,2) ( [Qar, QY] = 20xnH + 2Ry etc.)

; - . L ;
Q?I — ( V2b1 — Zp) Q%M + yz yz yz Cj_ﬂl,fLJ_F%ﬂ,fﬂ {ﬂ(J)E-'"L'flaJ—_-"rfla'J—|—%ﬂ»fg

X J=0 My Mg

‘ f f
Special conf. transf. +B(J)emy bJ—ﬂhbJ+%Mg + €ary0 T+i My bJMl}

Negative-metric creation mode mixes with positive-metric creation mode
through special conformal transformation
=» negative-metric mode does not appear independently as a gauge-inv. state

- ; iM :
@ T _ ' * T . .
Q% bhan ] = - ; M2 Chng g4i-a, %t i, See ref. 1 in detail
Al ]

1 M i
_ — - ke T
1] (.] 5 ) E enr, C JMy,J—1—M> bJ— < Mo
7 Mo
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Since conformal symmetry mixes positive-metric and negative-metric
modes of the field, we cannot consider these modes separately
and thus the field acts as a whole in physical quantities.

Physical states < diffeomorphism invariant fields (not each modes)
Ex. scalar curvature “Real fields”
This suggests that the correctness of the overall sign of the

gravitational action (not the sign of each mode) is significant
for unitarity.

Naively, two-point function of the “real field” is expected to be positive,
because the Riegert and Weyl actions have the correct sign bounded
from below and thus the path integral is well-defined =» future problem
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Appendix |
Cosmology




Evolution equation for inflation Dynamical factor

2 2
by 1 o x e D o , . Bo(t,) = 1—ait; + -
s Bo(7)346 + 3MEe* (926 + 8,00,¢) =0 ] ]
. 1+ at2(T)
Energy conservation matter density
by 319 4 2 102 ANT2 209 49 4 4@3/
32 By(T) {25‘_,]@8,}@ — 81,?@3”@} — 3Mze*0,¢0,0 + e*?p =0
| t

Energy shift = big bang

2.5 - - : . .
, | g _" Inflation starts at Planck time

i . Friedman ——
- Inflation | 0 EJ.{-I"’ oI

Einstein _-
phase | H=a/a

End at dynamical time
0] 20 40 60 80 100 120

N y proper tme,t Tﬁ — 1/ ‘AQG
»
\
Coupling is small Running coupling diverges 10

H >~ my




‘ Bardeen’s gravitational potentials
ds® = a*[—(1+20)dn? + (1 + 2®)dx?]

Evolution equation for gravitational potentials .
Dynamical factor

b_IBu{T}{—Eﬁ;‘:fI' — 20,005® + (—Ba§¢+ %&2) 2%

82 By(t?) = 1—ogt?+...
. (—12a§¢ - ?.&mﬁ&ﬂ) Oy ® + (l—jaﬁ¢ - %&?) o _ 1
2 10 1+ at3(7)
120,005 0 + (s&ﬁcﬁ + 5&2) O30 + (12&3¢ -3 ,,qbtfz) 8,0
16 2 2 2 2
M2 eﬂ‘i‘{ﬁaﬁ@ 1+ 188,00, ® — 43°® — 66,60, T
+ (12026 + 120,40,6 — 247) 11:} — 0.
Constraint equation
g {T){iia%ma 30, B + (Ea%&— 2 0, 60,6 — gep?) P [ initially & = W
grZ oV 3% KA 3 v T gtete T g —
tr =0
_gaﬂ{ﬁaﬂm + (—gagfﬁ + gaﬂfﬁa,,@ - i;apﬂ) 11:} |:> { (_ r )
2 [i2e_ Lare 10201 ta2 finally & = —\W
+%{46ﬂ@_§a - 4000 + 24 lﬂ} (4 = o0)

T +MEE [—28 — 20} = 0.
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Scale Invariant Spectrum

Initial condition = two-point function of conformal mode

1 T = 1/E3
(p(7i, x)p(Ti, %)) = b log (mx — x'*)) (E; > Hp)
In Fourier space m = a(7;) Hp
&k 4n® m?
— log (m2|}{|2) - /k}E (2m)3 k3 et — 10%272)
@ ™ Delta function
In Fourier space
k < 05 k)|? :
P(T;, -)Zﬁ(\%(m ) >:E by ~ 10

_ _ for GUT models
Harrison-Zel'dovich-Peebles spectrum
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Appendix I
Conformal Algebra




‘ Canonical Quantization on R x S*3

R x S*3 background metric (= mode-expansions become simple)

dﬁ’RxSﬂ

tjkf

dflz =

= Judrtdr’ = —dn® + 4;;dx'da’
1
= —dn’+ i(d.':u2 + df3* + dy* + 2 cos Bdady)

(P} ik ) jf

d3z\/A =

iﬁ"jk);

— 5111 BdadBdy

R=6

V3:

Isometry of S*3 = SU(2)xSU(2)

Tensor harmonics that belongs to rep. (J +¢,,J —¢,) Wwith &, = £n/2

OsY ey = {—2J(2J + 2) + n}Y i

e

AN

M = (m,m’)

exr = (_1)??1—'”1’

. i1 in% __ i1---in
Laplacian Yyt = (—1)"en Y i pie
ngYll ;1151 Kl...iﬂjz[M?g%) — aJng'ngMgds}lsﬁ
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Conformally Coupled Scalar Field

The action on R x S*3
Ie = [dn [ d0aiX (—82 + 00— 1) X
X—/-’ﬁ-‘ o 1135 (—ﬁ.—l— 3—)

dispersion relation & £* — (2.7 + 1)* = 0

Mode expansion

1 . .
X — Z Z OIM E—t{ii+1}nyjﬂf + {Pirrmr EI(QJ+I}HYEH
J>0 M \/Q(QJ + 1) { }

: i 27 +1_, - ,
Scalar harmonics Yy = \—D M = (m,m')
'3

Quantization Wigner D function

(X(1,x), Px(n,y)] =i03(x —y) =¥ [0rr, Pooas) = 01500005
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‘Conformal Algebra on R x S"3

v 2 olcrr

The generator of conformal algebra

V=9 0Guv

QC = [93 dQ23CH - jls[} : 5Cf — E[Qﬁﬁ f] f = O, }1,”_”1 ){j .

T

15 conformal Killing vectors on R x S*3

Time translation: ¢4 = (1,0,0,0)
Rotation on S"3: (& = (0,(R)  (G)mn = AL {YIMV Yiy = YViyViYiy |

Special conformal: ¢& = (&3, ¢3)

1 - . i o
() =5V V€™, (B = —5/Va€"VYTy,
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15 generators <

-

H Hamiltonian

RﬂfN SA3 rotation

QM QM Special conf. + dilatation transf.

[=4 vectors of SO(4)]

Conformal algebra on R x S*3

Qu, Q%] =
H,Qu] =

H, Ryn| =
[Qnrs Ranag,] =

[Rﬂf1ﬂ-rfz . R.ﬂlegﬂ-rf;;_ —

Ryn = —emenR_n_r,

20yNH + 2Ry,

—Qwr,

[@um, QN] =0,

5MMQQMI — EpEN, 5M—MlQ—Mz,

Onty My Bavis e, — €nny €012 0—nonay Bags— iy

— '5Mg Ms RMl My T €M EMS d_ MMz R_ MoMy

Ri;y = Rvu = 6 generators of SU(2)xSU(2)

4+4=8
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Stress-tensor
e I S L 15 o
T;w _ E‘E#A VX — EJ; V.V, X — 5 Vi XVAX + ER); + ER*””A

The 15 generators of conformal algebra 6:X = i[Q¢, X]

Z Z (2J + 1) U‘#“J’U

J=0 M

___y‘y‘y‘y‘ (75 i
Ryn = ’] v G LV y)u8,P T8, PIS:

J:}D 51 Ha Lr

im
QﬂXJ — Z Z CJMI Jal ME\/(QJ‘|‘ 1)(2'}_'_Q)Eﬂff1(i‘gifi—ﬂ»fliigJ+%fvfg
J>0 M, M

SU(2)xSU(2) Clebsch-Gordan coeff. of SSS type

M B .
Comgm = V Vs /5 ) dQ0Y 0 Y Y,

21 +1)(2J05 +1
\/( 1 QJ)_(I_ 12 )CJlml szzo.?lm ng

48




Quantization of Conformal Mode

Riegert action (quantized on R x 5°)

%, e
I=[dn | 0{ - )Eq;}(a;_zmgaj+m§+4aj)¢}

Reduce to second order action by introducing new variable X = ¢

fqﬁ.—fdn[jadﬂg{ (0,307 + 2x05x — 4% + (O w)}+v(aﬂcb—x)}
9 Dirac quantlzatlon [Scalar harmonics on S”3 J
- I = 20415, M= (m.,m
Mode expansion Z Vv, D M= mom)
m
b = 2(G + pn) Yoo + aje” Y 4+ al, e2Y S
@ Zv’a{ ({1’ 1) Yoo ;; \f 3'?4—1) ( JME JM JME JU)
1 .
biﬂ.fe—u:EJ+2 ]‘}} A bJUEeilJ—l—BJ?g}fx }
;}; J r+1)(zj+1)( i)
where
G, 0 =14,  [anmy, arag] = 00000z, [Dayats, bons,] = =00 100,
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‘ Hamiltonian Casimir effect on R x S*3

1
H¢ _ —-}32 + by + Z Z{QJQLMGJM — (QJ + Q)birMbJM}

2
J>0 M
4+4 generators of special conf. transf —SU(2)xSU(2) Clebsch-Gordan

Q?I — ('v 20 Ep) (ln =+ T T T Jul __I_|_ Mo {n(J)E-'nl’flﬂirf—_-“rflaﬂ+%_-wg

J=0 My Mg
‘I'.B(J)E_Ml E?L_Jq,fle+%Jq,f2 + € Mo (1:2,+%__M2 E?__,r_.wl }
Conformal Algebra SO(4,2)

6 rotation generator on S"3

; - 4/
Qi Qn| = 20N H + 2RuN otc.
Special conformal transformation mixes a(J) = /2J(2] +2)

positive- and negative—metric creation modes

B(J) = /(2] +1)(2J + 3)

¢ g _ f
[Qmabmh} = ZEUQ J M J+——Ug J—i—%ﬂfg
Mo
_ -U i
—0 (J_ _) Zﬂfz JMy,J—1 -1, bJ—l My
' Mo
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‘ Traceless Tensor Fields

Traceless tensor mode is decomposed ?s
hoo = h, hoi = hs, h;; = hfjr + E':fijh
Take transverse gauge by using the four x* gauge parameters

Vi =V'hE =0 & h=hY,  h¥=h1"

Gauge-fixed Weyl action at t=0
L= fdn | dﬂg{_%hgﬂl‘ (8% — 20,02 + 03 + 892 — 4005 + 4) by

1
~=h (1605 + 27) Dgh}
i

|
v

Furthermore, we take radiation gauge+ h=h;|;_1 =0

=» residual gauge DOF = conformal symmetry

o1




Vector harmonics = (J +y.J — y) rep. with v = +1/2

. | arizat
Tensor harmonics = (.J + z,.J — ) rep. with » = +1 (polarizations)

Transverse-traceless tensor mode

’I#T — 1 Z Z {CJ(MIJE 12Jny J(Mz) T CJ(M i INHY”LI)}
451 \/J(QJ +1)
1
+22.> dj(mzye” o J+2)nY}jﬁ.’fI
J:»le\/J—I—l)(QJ—I—l){ ‘ (Mz)
—I_dJ(ﬂrII} I(EJHMY}&,T)}

Transverse vector mode

1

hye = — Z > esamye Y,
2 731 My \/ 2J —1)(2J + 1)(2J+3){ ! Y
i i Tk
~Cry)€ B J(My)}
Commutators
.I.
{CJI(MIEIJ?Cirfz[Mzﬂ}] - [dilﬁMlzl}rng[Mgzg)] — 5J1J26M1Mz§1'1rzj
[Eh(ﬂfflyﬂ: Eir.fz{szgj] — _5J1J26M1Mz§y1y2
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The generators of conformal algebra dchy., = i[QF, by
up to field-dep. gauge transf.

h t
H" = Z Z{QJCJ{M::)CJ(ME) - (QJ + Q)JB(MdeJ(Mr)} N
J>1 M,z A = VeI DTy
1 C 9(2g 42
— Z Z(QJ + 1)EJ(My)EJ(My) BU =y (2 _”1;{'2;13;-
AL (20 — 12T + 1)(2 + 2)(2] + 4)

. 5 20 4 2T+ 202J 4
c) \ 2J(2T + 3)

1
M = Z Z EJ{IMIII),J+%{JMEIZ) CE(J)EI'JICJ[:—fvfgllij+%{fvaI2}
J=1 My,x1,Ma,79

+B(T)ert, Btz Bt Mgy + V(I )EMzCL%{—MEIZJdﬂMlm} SU(2)*2 CG coeff.

1pr
+ H:? 121 ): a A(J)EMlcf Mz € J(Mays ]
;ﬁﬁrl@%fz?yz J(Myz1);J (M yg}{ J(—Mz,)5J (May2) E 'gTT type
H : STV type
—i—B(J)EMQEi‘,(_MZyz)dJ(Mlm)} D - SV tillr[:l))e

1
im
2 ]
+ Z Z DJ(E‘I:Ly;]?J—i—%(M'zyg)C(‘I)EﬂfleJ{—fvfly1]eJ+%(ﬂngg)
J=>1 My,y1,Ma,y2

Conformal symmetry mixes all modes in tensor field

Emphasize that negative-metric modes are necessary to form

the close algebra of conformal symmetry quantum mechanically




‘ Physical State Conditions

Confomal symmetry = diffeomorphism invariance

=>»Physical state condition = Wheeler-DeWitt equation

(H — 4)|phys) = Qar|phys) = Ry n|phys) =0

Consider composite creation op. R_n satisfying

vacuum state
[@r, Rn] = [Run, Rn] =0

Q) = e~2019|0)

QEI‘Q> =0

then |ph}-’5‘> — Rn (a'j"ﬂf? bi"ﬂf? o ) EJE.pV/Q_bIG.JH—z)

. p 'i' 'i" -J",r'nff.}
= R, (a'JﬂIr bhnrs - ) € |Q>

H=4 T5) p=-tw/2n, 2w = 2 (1-\1-(—n)/b)

pure imaginary = 4—n+o(l/b)
=» “Real” states, such as scalar curvature
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\ Building Block R_n for Scalar Field

Commutator of Q_M and creation mode

iM
[fo?"ﬂLMl] - \/QJ@J +1) ZEﬂffgcjfﬂh,i—%—ﬂfng—%ﬂfﬁ
M,

Q_M-invariant creation operator is only oo

Consider a bilinear form

L
L
@Em]j — Z Z f (L K)CL KM, KM'Q'::DL KMI*PKMZ

K=0M,M>

_ | B _ (—1)* 2L
Q_Minvariant =» J=L and /(LK) = VL — 2K +1)(2K +1) (ﬂi’)

Thus, Q_M invariant operator in scalar field sector is given by

L
T B e i

X e -X
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\ Building Blocks for Conformal Mode

No creation mode that commute with Q_M
=>» Consider Q_M invariant bilinear forms, which are given by

T _ i T
SIN = QLN + Z Z (L,K)CrY KMy KMo QL— KM QK M,
}'{—1 fk‘fl ﬂlrfg

S_;Z—IN = gb(p)f?T v Tt Z Z (L K)CE }(h;dl KMZQE Kﬂfla;(ﬂfz

}'{'_1 .L"Ir.'fl ﬂlr.'fz

— L_IN 3 :
+ Z Z Y(L, K)CL k10,5 Mo PL— i — 100, KM
K:% My, M2

where

) B (~1)%K oL \ [ 2L -2 N 1 b —in)
LS \/(QL—2K+1)(2K+1)J(2K) (2}(—1)’ A2 \/2(2L1)(2L+1)( 1 ip)’
y([,K) = —2,/(2L — 2K —1)(2L — 2K + 1)&(L, K) (P = _ﬁ(\/ﬁ—@ﬁ)
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Building Blocks of Physical States

rank of tensor index

2

rank of tensor index 0
creation op. fI)LN
level (L € Zxo) 2L +

creation op.
level (L € Z>2)

TL {JH\'TIJ
2L+ 2

Scalar fields U(1) gauge fields
rank of tensor index 0
creation op. Sy
SE_LN
level (L € Z>,) 2L
Conformal mode
rank of tensor index 0 1 2 3
. T T T T T
creation op. ‘? [P - L-i(Ny) Cl(va) D} 1(N2) ,?LE_,W)
AL—].-N'T é’L—l{Nw}
level (L € Z>3) 2L 2L 2 2L 2L

Traceless tensor fields

Classified by using crossing symmetry
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Physical states €=>» Diffeomorphism invariant fields

hys) = lim,, ;.. e~*#7O(n, x)|}
P / n / /

Conformal fields = “real fields” with even derivatives

Level n=0 —g (= dressed identity operator)
n=2  Sje ™), Do ) V—9R, —gX?
n=4 Y enxcj_, b (S3)PIY), Y enS]_ySIvIa),

Nz N
Bl SI 1), (@)%,

vV (,Lw)\a Vv _gR'Za V _QG4: V _QRXQ: V —QX4
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On Positivity of Two-Point Function

Physical states €=>» Diffeomorphism invariant fields
Iphys) = lim,, ;.. e *70(n, x)|2)

Conformal fields = “real fields” with even derivatives
(level of building blocks are even)

At large b_1 limit, scalar curvature operator can be written by

vV—ghR ~ E.JQ';"}’(—(")Q{;i))

1

Using the correlation function (¢(x)o(y)) = T log(|z — u[*)
VIR(x)VIR()) = — Ap =2+
(V—9R(x)\/—gR(y)) = [z — y|?Ar k== by

Positivity means b_1 > 0 (right sign of WZ action)

&> Initial spectrum of the universe




