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This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thereof, nor any of
their employees, makes any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any information, apparatus,
product, or process disclosed, or represents that its use would not infringe privately owned
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endorsement, recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein do not necessarily state
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ABSTRACT

The distortion functions as introduced by Collins are derived using the canonical Hamil-
tonian formalism. Beam shape distortions in the horizontal and vertical phase spaces due to
skew quadrupoles, normal and skew sextupoles and normal and skew octupoles are in turn
calculated in terms of these distortion functions. The lowest nonvanishing contributions to
the tuneshifts introduced by the above multipoles are also computed analytically. Finally
applications demonstrate the degree to which the above calculations agree with experimental
data.
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1 Introduction

No machine is perfectly linear. There are systematic sextupole components in dipole
fields from steel saturation, remanent fields, persistent currents, eddy currents, and random
sextupole components due to field errors. Of course, there are also sextupoles placed around
the ring on purpose to counteract the above and to modify chromaticity. Higher multipoles
are also possible; for example, the octupole components from beam-beam collision. The
theory therefore becomes nonlinear. This does not mean though that we lose all our pre-
diction of the beam shape by the beta functions. For a large size storage ring, the need for
sophisticated diagnosis of minor faults demands a rational beam behavior. Such rational
behavior is also required for a beam pipe of small bore so that the magnet size and conse-
quently the cost can be reduced. All these imply a machine that is as linear as possible. As
a result, perturbation theory can be used away from resonances. Collins! has proposed a
set of distortion functions for each order of the perturbation. These distortion functions are
closed, i.e., periodic. They are independent of the beam amplitude and are very similar to
the beta functions and alpha functions of the linear theory. Of course, the beam profile is
not so simple now, because horizontal and vertical motions are coupled together. So it no
longer manifests itself as an ellipse in each transverse phase space. Instead, it becomes a
four dimensional hyper-egg and we can only talk about its projections onto the transverse
phase planes. However, these distortion functions can give us the exact projections. They
can also give us two important numbers: the transverse betatron tuneshifts Ay, and Av,,.

In sections 2, 3, 4, 5 and 6 we shall derive the beam-shape distortion and the tuneshifts
due to skew quadrupoles, sextupoles, skew sextupoles, octupoles and skew octupoles, using
the Hamiltonian approach. In the derivation we follow exactly the same ideas used by Ng®
for the case of sextupoles. So this note is a continuation of Ng’s note??>. Lastly, in section 7
some applications are discussed followed by general remarks.

We start from the Hamiltonian describing the motion of a single beam particle,

H, = 1[Pz-i-K (s)X?% + 1[Pz-f-K (s)Y?] - B, XY
VT glhe i oty v Bp~
" n

B
+ = (X3—3XY2)——§—=—(3X2Y—Y3)

6(Bp) 6(Bp)
+ B;” (X4__6X2}’2_+_y’4)_ _B’E”_(Xs},—-‘xya) , (1.1)
24(Bp) 6(Bp)

where P; and P, are the canonical momenta conjugate to the horizontal and vertical displace-
ments X and Y, K.(s) and K,(s) are proportional to the restoring forces due to the ring’s cur-
vature and the field gradients of the normal quadrupoles. The term —(B./Bp)XY gives only
the skew quadrupole potential with Bp denoting the magnetic rigidity of the particle. The
term [By/6(Bp)](X*~3XY?) gives the normal sextupole potential, [B;/6(Bp)](3X*Y -Y?)
gives the skew sextupole potential, [B}'/24( Bp)}(X*~6X*Y?4Y*) gives the normal octupole
potential and [BY'/6(Bp))(X3Y — XY?) gives the skew octupole potential. :
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We next perform a canonical transformation into the Floquet space using the generating

function

Gi(z, Peyy, Py;s) = Y [ (%) Pu+ﬁ;u} . (1.2)

u=z,y

The new Hamiltonian becomes

R 22 R y? B. (8.8,\"*
H: = o5 (ﬂ”” ﬂ) zﬁy(ﬂ“’“ﬁo _RE?(ﬂ&)

RB; /5. ﬂz_ﬂ:y” .| RB! (ﬁzﬁy)‘“z _(@)“’23
8B )(/@o) d 3(ﬂ3 e '\ ) V&) Y
RB”’ RBIII

+

(ﬂz) 4 _ Gﬂ-‘tﬂy 2y2+ (ﬂy)
B) " B Bo

In the above, the independent variable s has been changed to the more convenient § = s/R,

528 .63\ Y?
() 20 (55) =]

(1.3)

24(Bp) 6(Bp)

where R is the average radius of the storage ring.
This Hamiltonian is now solved exactly to zeroth order in multipole strength by canonical
transformation to the action-angle variables I;, e, and I,, a,. The generating function

1
G2(azy pz,a‘yi Pya 0) = Z 5601’121 cot [Qu(e) + a'u] (14)
U=,y

is used to obtain the transformation -
w = (21,60)"* cos [Qu(8) + a.] , (1.5)

Bopu = —(21.80)"* sin [Q,(8) + a.] , (1.6)

where Q,(8) = ¥.(0) — v.0, ,Gopu = du/di, and is denoted by u’ below. In the above, v, is
the betatron tune and
¢ ds'

Yu(s) = 305

is the Floquet phase at the location s. After the transformation, the new Hamiltonian
becomes
H; = v, I, + v, I, + multipole terms . (1.7)

From here on, we treat each multipole term separately.
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2 The Skew Quadrupole Term

2.1 Beam Shape Distortions due to Skew Quadrupoles

The skew quadrupole term in the Hamiltonian Hj is

RE: (58,

Bp \ 5§
Transformation to the action-angle variables I, and @, yields
RB, 1/2 1/2 1/2
AHs|sq= -2(Bp) (B8,)%(21:)'%(21,) ?[cos (Q+ +a4) + cos (Q_+a )], (2.1)
with Q@ = Q: + @, a4+ = a, + a,. We note that the expressions
RB, 1/2 1Q
2(Bp) )

are periodic functions of 4, so they can be expanded into harmonics. And so we get

AH; = -(QIar)l/z(Zva)l/2 Y [Aimcosgr + A_m cos q-], (2.2)

where ¢4 = @t —mb+ay, and

Asmet®Em = — 3 et (@2 tmOe (2.3)
m
k

The summations in Eq. (2.2) are over all integers m from —oo to +o0o. The summations in
Eq. (2.3) are over all skew quadrupoles at position #; along the ring. Here we treat the skew
quadrupoles as elements of infinitesimal length £;, at position 8, and with strengths

(B0

B (2.4)

g = (BB,

In Eq. (2.3), the harmonic amplitudes 4.,,, A_,, and the phases a,m, a_, are real numbers.

For the first-order beam shape, we can solve the equations of motion obtained from the
Hamiltonian H; to the first order. However, because we are interested in the second-order
tuneshifts also, it will be advantageous for us to make another canonical transformation from
(ay, 1) to (by, J,) so that the J,’s become constants of motion up to first order in ge. This
is called a Moser transformation with generating function

Gs(az, Joyay, Jy30) = azd, + 0,J,

mo. Ao .
~(2J3)1/2(2Jy)1/22( Ay SIn Qim + smq_m) , (2.5)

w \m—v, m-—v_

where vy = v; = v,. By definition the new Hamiltonian is

H4 = UIJ;,_- + Vny + AH4 ‘sq s (26)

4



FN—423

where A Hy|sq does not contain any zero-order or first-order terms g;. The first-order changes

in I, and a, are therefore given by

0G5
I, =1, —Jy= — —Ju, .
da, (2.7)
b
Eauzau—buzau—a—ij. (2.8)

Explicitly they are

Aim A
§1, = —(21:,,)‘/2(2I!,)1/2 Z ( T oS Gim + cos q_m) ,
m-—vy m—Vv.

61, = —(21.)'*(21,)'*) (T:+’I: COS Qrn — r:_m cos q_m) ,

m.

m-—v,

INY'< (A Am
5a,:(i> Zn:( + qu+m+m—u_ smq-m) ,

LY Asm A
ba, = (_I:) ; mju+ SIN @4m + ———— q_m) . (2.9)
These are related to the changes in amplitudes and phases. Recalling from Egs. (1.5) and

(1.6) that
u= A cos[Qu(B) + ]

u = —A,sin [Q,(0) + a.] , (2.10)
where
A, = (2L60)'? . (2.11)
we have changes in amplitudes
,Bo 1/2
§A. = | — ] 6l.. 2.12
o (2) -
As for the angle variable a,, if we solve the Hamiltonian Hj, we get
dau 8H3
T a1, v, + quadrupole terms (2.13)

Thus, for the unperturbed part,

a,(8) = v, + constant . (2.14)

Here, the constant should be chosen as ¢, — %, where ¢,(6) is the instantaneous betatron
phase and ,(f) is the Floquet phase designating the location at the point 6. Although

5
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both of them depend on 4, their difference is §-independent. Such a choice of the f:onstant

is necessary, because su_bstitution of
0y = Vb — Py + ¢y = du— Qu (2.15)
into Eqgs. (2.10) gives
u = A, cos ¢, , and v =-A,sing, . (2.18)

Therefore, the change in the angle variable a, is just the change in the instantaneous phase,

or

5, = ba,, . (2.17)

But before we calculate the changes in amplitudes and phases, let us simplify Egs. (2.9) by
performing the summation over m. This can be accomplished easily using the formula

~ T bt v -7 g<h<on

© i(mb+ b) B sin v 218
e M-V B . (2.18)
— 7 cot mvetd 6=0.
This leads us to* )
q4+m .
Zfl_ﬂ"i__ = +(B, +iA,),
m m— vy
A_petd-m ié 4
T =Y (B_ +1A_ .
; ——— =" (B-+id.), (2.19)

where ¢, = ¢, = ¢y, and B, A, and B_,A_ are two sets of distortion functions defined by

Colli
ollins ]

' Gk
B = - ) —cos[Ypl, — ¥i(d) - ,
£(¥s) = —5— — g 5 oS — Y (6) — ver]
Ax(¥:) = Bi(¥s) , (2.20)
where ¥y = ¢, = ¥y,

Vuk b, — 8 <27

Yo = (2.21)
Yue +27v, O —0>2r u=zory,

and the prime on B, denotes differentiation with respect to the argument. Instead of ¥},

we can also write the argument of the cosine in Eq. (2.20) as
[Wak — Y2(0)] £ Wy — Yy(B)] — vaT (2.22)

The way that it was written in Refs. 2, 3, and 4 is incorrect. The distortion functions
defined above are in fact, as explained in Refs. 2 and 4, lattice functions due to the presence

*For an illustration of how this can be done see Refs. 2 and 4
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of skew quadrupoles, just as the 3 and a are lattice functions due to the presence of normal
quadrupoles. They are periodic functions of the ring and closed after one revolution. The
vector (B, A, ) rotates around the ring according to the angle equal to the phase advanced.
At a skew quadrupole of strength g, A, jumps by ¢x/2 while B. remains continuous but
exhibits a cusp. ‘

We are now in a position to calculate the distortion of the beam shape projections.
Substituting Eq. (2.19) into Egs. (2.9) and using Egs. (2.12) and (2.17) we arrive at

A,

Thus the distorted beam shape in phase space can be written as

§A, = A [(A+sing — B, cos¢,) + (A_singp_—B_cos¢_)], (2.23)
6A, = A [(Aysing, — B cos¢p+) — (A_sing_—B_cos¢_)] , (2.24)
S = %[(A+ cos¢, +Bising.)+ (A-cosp_+B_sing_)], (2.25)
6¢, = f"—{(AJr cos¢,+B,singd,)+ (A-cos¢p_+B_sing_)]. (2.26)

r = (A:+6A;)cos(p.+6¢;), (2.27)
g = —(A.+6A)sin(¢.+6¢;) , (2.28)
y = (Ay+8A,)cos(dy+6¢y), (2.29)
y = —(A+8A4)sin(¢,+84y), (2.30)

where §A,, 6§A,, 6¢., §¢, are given by Eqgs. (2.23) to (2.26). These distortion formula are
exactly those given by Collins.

Finally at this point we would like to remark that the term distortion functions used here
is not very successful since we are dealing with a linear problem. The term error functions

would be a more appropriate one.

2.2 Second-order Tuneshifts

The first-order tuneshift due to skew quadrupoles vanishes. This is because the first
order-term in the perturbation Hamiltonian has the form zy. But since cos ¢, cos ¢, has a
zero average there is no shift in the tune to first order. The lowest nonvanishing contribution
to the tuneshift comes from the second order. To obtain the second-order tuneshifts, we
need to evaluate the second-order skew quadrupole terms in the Hamiltonian H,. From the
generating function Gj of Eq. (2.5), we get

2J 1/2 A m ‘4—""
(2L)'/? = (2J:)'" [l ) E2JZ§1/2 Z,,: < ek - q')l (250

m-—uv, m—uv_

and similar expression for (2,)'/%. Then the second-order terms in the Hamiltonian is

, Aim Am
AHylg= Z(A.Hn' tos gy +A_micosg.) [(ZJy)Z (m:w cosq. + —— - cos q_)

m'

7
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+(2J,)Z( Atm cosq, — A-m co_sq_)] : (2.32)

m m-—-v, _ m—v.

Since betatron tunes are defined per revolution, we average over . This leads to

\ A A2 A2 A?
AH;g,q:JyZ( ™ )+J,Z( T "‘) - (2.33)

m m—-v, m—v_ m-—-v, m-—v_

Now we need to sum over the harmonics using again Eq. (2.18). Written in terms of the

distortion functions, we have

Aim _ LZ(q&)k, (2.34)

m-—v, 4m

>

A% 1
DD el Z:,(qB-)k : (2.35)
The tuneshifts are given by
OAH; OAH,
Avy = 1 Ay, = 4 ;
v EXA and Vy al, (2.36)
Using Eqs. (2.33), (2.34), and (2.35) we obtain the tuneshifts
1
Avy =~ (Big— B_q) (2.37)
Tk
1
Avy = — ) (Big+ B_q)s . (2.38)
4r 7

As expected the tuneshifts are independent of the amplitude.

3 The Normal Sextupole Term

Even though the formule for the beam shape distortions and the second-order tuneshifts
due to normal sextupoles have been derived extensively before, in Refs. 2, 3 and 4, we shall

include the derivation here, for completeness.

3.1 Beam Shape Distortions due to Normal Sextupoles

Let us start from the sextupole term in the Hamiltonian (1.3)
RB" 323 1/2 ﬁ 3/2

13 ;y—f) oyt - (—’) z° 3.1

%) - (% 1)

Al o= ~ 6(Bp)
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and expand it into harmonics to get
AHs o= (21,)%%8)"* ) (3A1m Sin g1 + Asm Sin gapm )

—(21.)Y%(21,)BY"* 3" (2B1m 50 Prm+ B S0 pam + Bom sinpr) ,  (3.2)

with fm = alm_m0+az, q3m = a3m_m0+3am, Pim — ﬁlm"’mg"‘a:, Ptm = ,Bj:m‘m0+ai,
ay = 2a,+ta,, and

Appei®im = L3 o i(Qq+mb)y | _
1me€ Sam 2 k€ ; (3.3)
Asmeiaam — _1'_ Zskei(BO_:‘{"mo)k , (34)
Bimeim = 812 (Qetmb)s (3.5)
k
BimetBem — Siz eH(Qe+mh) (3.6)
k
where Q.+ = 2Q, £ Q.. The sextupoles are assumed to have infinitesimal length ¢, with
strengths
( 53)‘/2(3;'e)k . (Bjﬁ,)" *(Be), 57)
= -—_— y S = . .
Bo/, 2(Bp) Bo 2(Bp)
At this point, because of our interest in the second-order tuneshifts, we shall proceed by
making a Moser transformatlon from (a,,I,) to (b,,Ju), u = z,y, using the generating
function
3A1m Asm
Ga(azy Jzyay, Jy; 8) = axdz + ayJ, — (2.],)3/2,9;/2 Z ( ™ cos Gim + 33 cos qgm)
m —Vz - T

2Bim Bin B_m
+(2J, )1/2(2] g;/zz(m 1 COS Pim ~ —— 2 COS Pimm + y cosp_m) {3.8)

Yy m-—vy m—v_

where vy = 2v, £+ v,. By definition, the new Hamiltonian is
Hy=v.J. +v,J, - AHy|ns , (3.9)

where AHy |, does not contain any zeroth or first-order terms in s, or 3. The first-order
changes in I, and a, which are given by Egs. (2.7) and (2.8) are

3/21/2 3A1m 3_4.*. i )
01, = (21.)°*B, mg (m—uz Sin qym + — SiN §am
2B B B_
e 21,1- 1/2 I 1/2 i m — " s m = 1 -m s
(21.)'%(21,)B¢ ; — sin p; S, sinps —— - sinp
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2B.,. . -m .
5Iy = "(213)1/2(21y)ﬂ;/22 (m_+ SIN Py + 25 sin P—m) )

sy (e

€OS im +

cos q3m)

Vg

Bim B .
—(2,)" (21, )ﬂllzz( ™. €S Prm + —— COS Pim + cosp-m> :

m—v, m—v_

m B_n
T COS Prm + cosp_m) . (3.10)
-V, —V_

€OS Pim +

§a, = —2(2I,) "’ﬂ"’Z(

We shall relate these changes to changes in amplitudes and phases. But first we are going
to simplify (3.10) by doing the summation over m. We use again formula (2.18) to arrive at

Z__f}_l_’f__eiqlm — _]'_eiqsz(_iBl + Al) ,
—m— Vg 3

Z ﬁ"‘_ei‘hm — Ee:ﬁd’:(_iBs + ‘43) ,
p— — 3u,, 3

ST gipim = (ifa(—iB 4 ),

tm_cipim — '+(—iB, + 4,),

m-—u+

M _iP-m = - (—iBy + Ad), (3.11)

—Vv_

Sa
Samn

where ¢ = 2¢, + ¢, and the distortion functions are defined by

1
By(¢.) = 2sin 70, Ek: r cos ('bzk "pfc_"”/z) y
Ax(92) = Bi(¥a)
Ba(3¢) = —— 5k cos 3(Yle— e —Ts) ,

2sin 3wy, 7 4

A3(3¢z) = B:’;(3’¢?z) ’

B(wz) = . Z g—k cos (¢;k—¢m_WVz) ’

2sin Ty, w4

A(¥:) = B'(¥2) ,

2sinTy,

Bu(s) = g 3 2 cos (¥~ s =)
k

10
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Aa(¢+) = B;(¢+) )

Bafth) = s 3 cos (¢!, —p_—mv)

2sinTy_ . 4

Adb-) = Byfs-) , (3.12)

with ¥ = 2¢, = ¢, and ¢ and 7, defined in Eq. (2.21). From Egs. (2.12) and (2.17) we
recall that the distortion of the amplitudes A, and phases ¢, are given by

Bo 2
SA, = (57;) 51, (3.13)
and
6¢, = ba, . (3.14)

Using Eqgs. (3.10) to (3.14) we obtain
6 A, = Al{(Aysin ¢, — By cos ¢;) + (Assin 3¢, — B cos 3¢, )]
— A2'2(Asin ¢, — B cos ¢, ) + (A, sin ¢, — B, cos ;) — (Agsin ¢_— Bacos¢_)] , (3.15)
6A, = 24, A,[(A,sin ¢, — B, cos ;) + (Agsing_— Bycos ¢_)] , (3.16)

8¢ = A;{3(A1 cos ¢, + By sin @) + (Az cos 3¢, + Ba sin 3¢,)]

—%[Z(A cos ¢, + Bsin¢.) + (A, sin ¢, + B, cos ¢ ) + (Aacos ¢_+ Bysing_ )l
(3.17)
8¢y = —2A;2(A cos ¢+ Bsin ¢, ) + (A, cos ¢ +B,sin¢. )+ (Agcos ¢_+Bysing_)] . (3.18)

The sextupoles have an average dipole effect on a charged particle which leads to a distortion
of the ideal closed orbit. This can be obtained by separating out from Eqs. (3.15) and (3.17),

§A'; = 2A2(A;sin ¢ — By cos ¢;) — 2A2(Asin ¢, — Bcos ¢,) , (3.19)
AL8¢, = 2A%(B, sin ¢+ A, cos ¢.) — 242(Bsin ¢+ A cos §.) , (3.20)
which correspond to a closed orbit distortion of
bz =2(A2B-A’B)), (3.21)
bz’ = 2(AZA-Al4)) . (3.22)

Thus the distorted beam shape in phase space can be written as

z = bz + (A +6A;)cos(¢.+6¢z) , (
g’ = 6z’ — (A, +8A.)sin (¢ +6¢.) , (
y = (Ay+8A,)cos(d,+8¢,) , (3.25
y' = —(Ay+8A,)sin(d,+6¢,) (

11
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where 6A, and é¢, are given by Eqs. (3.16) and (3.18), 6z and 6z’ by (3.21) and (3.22) and
6 A, and 8¢. by the differences of Eqgs. (3.15), (3.17) and (3.19), (3.20), or

§A, = Aﬁ[—(Al sin ¢, — By cos ¢ ) + (Azsin 3¢, — B; cos 3¢ )]
——A:[(A, sing, — B, cos ¢, ) — (Aasinp_ — Bycos ¢_)] , (3.27)

8¢ = A;[(A; cos ¢,+81 sin ¢ ) + (A3 cos 3¢, + B; sin 3¢, )]
2

_%[(A, cosd. +B,sing,) + (Agcos ¢_+ Bysing_)] . (3.28)

3.2 Second-order Tuneshifts

The first-order perturbation produces no tuneshifts. The reason, as in the case of skew
quadrupoles, is that the first-order term in the perturbation Hamiltonian is of the form
z®—3zy®. But since cos® ¢, —3 cos ¢, cos® ¢, averages to zero, there is no resultant shift in
the tune to first order and we must seek higher approximations. The lowest contribution to
the tuneshift comes from the second order. From the generating function G of Eq. (3.8),

we get
Aim . Asm .
QLYY = (20.)° + 9(24. 78" ¥ (22 sin g+~ sin gun
| 2B Bim . B
-3(2J,)(2J;) 3”; (m_luz sin pim + m—+u+ SINPym + — 51np_m>(3.29)

and a similar expression for (21,)'/?(21,). Then the second-order terms in the Hamiltonian
1s

AH‘t lns: 2(314],": sin Qim' + Agml sin q3m') X

m!

x [gﬁo(zjz)”; (

2Bim . B.,. . B_, .
SCRCIAT ] o EIPIRE S I inpn|

—v; m-—v, —v_

o (3.30)

Alm . A3m
Sin q1m +
m-—v, m-—3v,

sin qu)

If we now consider only the #-independent terms we obtain

9 3A? Al
AH; Iss: EﬂO(ZJI)ZZ( im 4 3m )

mw \m—-v, m-=3u,;

4B? B? B?
( 1m + +m + —-m )

m-—-v, m-—v, m-—v_

‘TL‘%ﬁD(sz)z Z

m

cos(aym —Oim)| - (3.31)

B? B? 641, By
+2ﬁo(2"Jy)(2J,)Z[ m -m _ im7l

| m-vy m-v_ m-v,

12



FN—423

Summation over the harmonics leads to the following result

A3 1
Z_L = T ea (Bls)k 3
m M—Vz 727!' %
A 1
= = - (B33)k y
gm_:;'/z 727[’ k
B} 1 _
= - Z(Bg)k ’
;m—-u, 8w ’
2 .
Z B+m — __1_ (Bag)k ,
m m—Vy 8T x
B? 1
S = = Y (Badh,
wm—v_ 8w <
Aim Bim 1 )
; nl'z——ulz cos (a1m — Bim) = Y™ %:(Bls)k . (3.32)
So the tuneshifts given by (2.37) are
AV,_- = ——I—-Ai Z(3B]S+B3s)k - LA; Z(B"§+Bd§-231§)k , (333)
4T ’ 2 -
= 1
Ay, = —EI;AZZMBHB,E—B,,E),, - gAf__ 2(3,54.3‘,5"2315% _ (3.34)
k k

4 The Skew Sextupole Term

4.1 Beam Shape Distortions due to Skew Sextupoles

We start from the skew sextupole term in the Hamiltonian (1.3)
1/2 3/2
BBy 2 ﬁy) 3
3 2y — | 2¥ , 4.1
(%) == (3) (41

AH;| = (ZIy)afzﬁé/z Z(3A'1m €OS P1m + Aj,, €OS P3m)

RB!
6(Bp)

AH3 |ss: -

and expand it into harmonics to get

—(21,)V3(21,)BY* Y (2B),, c08 gim + B..,, €05 gom+ B, 0Sq_m) , (4.2)
y m +

with Pim = allm_m0+a‘y7 P3m = aam_m6+3a’y’ Gim = B;m—m0+qy’ G+m = B’im_m0+ai"
a; = 2a,ta,, and

- A’]meza;m - — ZsLEZ(Qy-Lma)k

(4.3)
247 .

b

13
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105, _ #(3Q,+mé -
A;me 3m — Tzk: Q!l ) (44)
B{meiﬂ;"‘ = 1 Lel(Qy'i'mg)k , (4.5)
87
B, ¢Pim = él_ 5 eiQe+mb)i (4.6)
where Q- = 2Q. + Q,. The skew sextupoles are assumed to have infinitesimal length ¢,

with strengths

o (B (B o ﬂ:ﬂy)”’(B;'e)k
k= (/3) 2(Bp) ’ "‘(ﬂo . 2Bp) (4.7

Again here, because we are also interested in the second-order tuneshifts, we shall proceed
by making a Moser transformation from (a.,I,) to (by,J.), ¥ = z,y, using the generating
function
3A; A;
1/2 m - m
G3(axz, Jmasty§0) = ‘1#]:: +ayJy + (2Jy)3/2ﬁ0/ gn: (m lu SIN Pym + ;n_—%z—/— SmP3m)

— Yy Ty

! 4 !

- (20,2008 Y (B— A T
V.

sinq_m) , (4.8)

v — Vi - V_
where v = 2v, + v,. By definition, the new Hamiltonian is
Hy = vod, +vJy + AHy s (4.9)

where AH, |, does not contain any zeroth or first-order terms in s or 5. The first-order
changes in [, and a,, are given by Eqs. (2.7) and (2.8). Explicitly they are

V_

! 2BI
81, = —(21, )1/2(21 ﬁ”zz( 2B ™ COS Gy + ~ —™ cos q_m) ,
V -—

[}
3m

Cos pgm)

!
81, = (21,6 % (i’i

m
COS P1m +
by v

1/2 B’ B’
—(21,)*(2I.)B, Z ™. COS Qi + — 2 COS @y — ——— €OS @ |

vy m-—vy m—v_

m-—Vv_

+

1/21/2 2B 1m . B;m . Bim .
ba, = 2(21,)" "B, Z sanlm+m ” sinqym + sing_n |

4

A
Sa, = —3(21,)'/* ’/22; m =7 sin pam
-3 I¢) ” — sin Pym + 3, Sin pa

2By, . B.,. . B, .
+ (21 ) 1/2(2] )51/22 (ﬁ sin ¢ym + m_*y SIN Qi — — sin q-m) . (4.10)
m Y + -

14
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We shall relate these changes to changes in arhplitudes and phases. But first we need to
simplify (4.10) by doing the summation over m. We use again formula (2.18) to arrive at

' . .
Z Alm eZP1m — _lez¢y(31+i141) )
m M Vy 3
Z Agm eipgm — _.1_e3i¢y(B3+’iA3)
— m—3uy 3 ,
Z B eiqm — _eid’y(B—{-ifi),
m M—Vy
' . .
i—rr_n_elq_‘.m = —el¢+(B, +7'Aa) ’
m Mm—Vi
B' . .
5 Bin jom _ b (Bridy). (411

~ m-v_
where ¢1 = 2¢, + ¢, and the distortion functions are defined by

Bu() = e T cos (= by—04)

2sinwyy,

Al(wy) = B;(wy) 3

B3(3¢y) =

2sin 3wy, A

1 s}, ,
Z " cos 3(P, -y, — V),

A3(3¢’y) = B:’s(:w’y) ’

2sin Wy, m 4

B(y,) = 1 Zicos ("/’;k"‘py“"”’y) )

fi(’ﬁy) = BI(¢y) )

1 & .
T cos (¢~ pu —704)

2sinwv, 7 4

Bs(¢+) =

A,($+) = Bi(¥4)

Bu(.) = " Hcos (9 v ),

2sinwy_

Aa(y-) = By(¥-) (4.12)

15



FN—493

where ¥4 = 2¢, £ 9, and ¢, and ¢} are defined in Eq. (2.21). From Egs. (2.12) and (2.17),
we recall that the distortion of the amplitudes A, and phases ¢, are given by

B\
6A, = (g) 61, (4.13)
“and
5¢u = 5a'u . (414)

Using Eqgs. (4.10) to (4.14), we obtain
6A, = 24, A [(A,sin¢; — B,cos ¢, ) + (Agsinp_— Bycos d_)] , | (4.15)
§.A, = A[(A;sin ¢, — By cos ¢,) + (Assin 3¢, — Bs cos 3¢,)]
— A[2(Asing,— Bcos@,) + (A,sing, ~ B, cos ¢, ) — (4qsing_ — Bycos¢_)], (4.16)
6. = —2A4,[2(Acos %‘FB sin ) + (A, cos ¢+ B,sing, )+ (Agcos ¢_+Bysind_)], (4.17)
by = Ay[3( Ay cos ¢y + By sin @) + (Az cos 3¢, + Basin3¢, )]
—%{2(@ cos ¢y + Bsing,) + (4, cos ¢+ B,sind,) + (Agcos p_+ Bysinp_)] .
(4.18)
The skew sextupoles have an average dipole effect on a charged particle which leads to a

distortion of the ideal closed orbit. This can be obtained by separating out from Eqs. (4.16)
and (4.18), ’

§A', = 2A%(A;sin ¢, — By cos ¢, ) — 2A%(Asin ¢, — B cos ¢y) , (4.19)
A,b¢, = 2A%(By sin ¢, + A, cos ¢,) — 2A%(Bsin ¢, + A cos ¢,) , (4.20)
which correspond to a closed orbit distortion of
by =2(AIB - AlB)), (4.21)
by = 2AM2A - A24,) . (4.22)

Thus the distorted beam shape in phase space can be written as

z = (Ap+8A4,)cos (¢, +66,) , (4.23)
"= (A +6A,)sin (o +642) (4.24)
by + (Ay+6.A,) cos (¢, +69,) , (4.25)
(4.26)
(4.22)

8
1

@
1

y' = 8y — (Ay+6A)sin(¢y+8¢y)

and 6.4, and 8¢, by the differences of Eqs. (4.16), (4.18) and (4.19), (4.20), or

8A, = A|~(Aysin g, — By cos ¢,) + (A3sin3, — Bs cos 3¢, )]
- A%[(A,sing, — B,cos ;) — (Aasind_— Bqycos ¢_)] , (4.27)

16
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6¢, = Ay[(Ascos ¢, + Bysin¢,) + (A3 cos 3¢, + B3 sin 3¢, )]
_%[(Aa cos ¢, +B,sindy ) + (Agcos ¢_+ Bysing_)| . (4.28)

4.2 Second-order Tuneshifts

As expected from the symmetry between the equations for the normal sextupoles and
the ones for the skew sextupoles (if one interchanges z and y in the equations for normal sex-
tupoles, one gets the equations for skew sextupoles and vice versa), the first-order tuneshift
due to skew sextupoles also vanishes. To obtain the second-order tuneshifts, we need to eval-
uate the second-order sextupole terms in the Hamiltonian Hy. From the generating function
G; of Eq. (4.8), we get

!

Al A
(2114)3/2 = (2Jy)3/2 + 9(2Jy)2 3/22 ('m I cos Pim + 3; C°5P3m)

m — —

Yy Yy

™ y —Vy —V_

~ [ 2B; B! B!
—3(2J.)(2J) 3/22 (ﬁ €OS @im + — T oS Gom — — —™- cos q_m) (4.29)

and similar expressions for (21,)'/?(21.). Then the second-order terms in the Hamiltonian is

AH4 lss= 3A] 1 COS P1my + A, , COS Pam! ) X
1m 3m

ml

2 A'lm Aam
X |960(2J,) Z — COSP1m+m = €05 Pam

m Yy -3y

2By, B .. B,
—3(2J,)(2J2)60 Y (m_ly oS gim + mqu, COS Gm — ——— COS q-m)]
m 4 -

T o (4.30)

If we now consider only the #-independent terms we obtain

.. 9 342 A2
AH4 iss: §B0(2Jy)2 Z ( 1 ‘+' 3 )

m—v, m-—3y,

1 4B} B? B?
~Bo(2J,)2 im tm_ -m
+2ﬂ0( ) ;(m——uy_{—m—m, m—u-)
B} B? 64}, B;
i J +m -m . Im™~1lm ] - ) 431
ca(2r)2a) Y | m  Pn MnBln oy 1) (e
Summation over the harmonics leads to the following result
A 1 :
Y = == (B,
mealll (RS 7S 2r T
A2 1 ,
v Am 1 spy,,
' m—3y, 2w <

17
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Bi, L5~ par

Loy = e B
B%, 1

m - B,_' ,

m—vy 8T Xk:( e
B,-zm 1 =1

Y —= = gzk:(Bds )k

A'mB'm ! ] ]‘ =t
; _T_:l_:—l;ly— CcOS (alm - ,Blm) = —-2—4;? ;(Bls )k . (432)

So the tuneshifts given by Eq. (2.37) are

_ 1
Av, = —Zl;Af__ Y (4B5'+B,3'— B43')i — EAjZ(B,EHLB,,g'—zBls),, , (4.33)
k k

and

' 1 1
Auy = —aAz ;(3315'—{—335');: — ﬂAi;(B,gl—l-BdE'*ZB]E')k . (4.34)

5 The Octupole Term

5.1 . Beam Shape Distortions due to Normal Octupoles

The normal octupole term in the Hamiltonian (1.3) is

5 2
(G- @] o

If we expand this into harmonics, we get

RBY
ke = 23(B5)

AH.’S ]oct: (2-[:)2/30 Z(3A?n COS Jom + 4A2m cos q2m+A4m Cos q4m)

m

—(21..)(21,)Bo 3" (2BY, c08 Pom 2Bz €OS Pom

+2Bym 08 pym + Bim cOs pim ~ B cos p_p)

+(21,)*B0 Y (342, cos T = 4 Ay €OS Tom + Ay COS Tarm) (5.2)
where gom = al —mb, @am = a,, —mb+20,. qum = @, —mb+4a., pom = B2 — mé,

Pem = Fem—mO+20s, pym = Bym—mb+2ay, pon = Fem—mb+2a,,pn = F_n—mb+2a_,
Tom = @2, —mb, roy = @om—mb+2ay, Tam = G4m — mb +4a,, ax = a,*a,, and

’ 1 X H
Agnelgm —_ - kaflm k ,
64m
. 1 . ’
Azme'LQZm — 64_# mk(z(zQszo)k :
k

18
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A, 6%m = g%-Zm (i(4Qz+mb)
™%
BoeiBn - 3 Y mieimOe
327
. 3 . 2 0)
Bz ezﬁzm — _kaez( Qz+m k ,
327 <
B ¢Bym — % 3 maei(2Qutmb)i
k
By, ePem — _3_kaez(2Q:t+m0)k
327 7
. s=0 1 md
Ay etdm = — N "m etk
64w 7
it 1 = i(2Q,+mb)
Ay etrm = ——kael( y ko
64w 7
Agmeldm = L, (i(4Qy+m)i (5.3)
64w 7

with Q1 = @, £ @Q,. The normal octupoles are assumedto have infinitesimal length ¢, with

strengths
m. = (@)(BL"W _ (%)(B;"f)k i (@;)(B{,"f)k (5.4)
o \BJ6Bp) T "\ B J6(Bp) ~ \Bo/ 6(Bp) - '

For the first-order beam shape, we shall solve the equations of motion obtained from the
Hamiltonian Hj to first order, instead of performing a Moser transformation. This is because,
unlike the previously analyzed multipoles, normal octupole has a first-order tuneshift which
can and will be calculated directly from the Hamiltonian Hj.

The equations of motion are given by

dl, dH ) i
ﬁ' = - aaa = (ZIr)zﬂO Z(SAZm sin q2m+4"§4m sin (I4TH)

—(21.)(21,)B, Z(4B=m SIN Pem+2B.im sin popm —2B_sinp_p,) , (5.5)
dl o0H ) X
d_ﬂy = - Ba: = —(21;)(21,)Bo §(4Bym SIN Pym ~ 2B Sin Py

—2B_sinp_pn) + (21,)*60 Z(Sﬁzm SIN T2 - 4 A4 SN Ty ) (5.6)
de, _ OHs

5 = 57 = e+ 4(21)80 3 (3A%, €05 om — 434, €05 Gam + Ay, €05 Gam)

—2(2Iy)ﬂ02(2Bfn €08 Pom + 2 Bzm €0S pem ~ 2B ym €08 pym + Bym €08 pim+ B_mcosp_pm)
m
(5.7)

day . 8H3
6~ 8I,

=y — 2(2];),50 2(2321 €OS Porn = 2B €08 Porn + 2By €OS pym + By €OS Pim

m
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+B_pn co5p_r) + 4(21,)B0 Y _(3AY, cOS gom +4A2m COS Ty + Agm COS Tupm ) - (5.8)
The solution of Egs. (5.7) and (5.8) gives, in the absence of octupoles, a, = »,0+ constant.

Again, we choose

a, = Vuo - ’¢'u + ¢u ) (5'9)

where 1, is the Floquet phase at position # and @, is the instantaneous phase of the betatron
oscillation. Since we are interested in solutions accurate up to lowest order in m,, m, and M,
only, on the right hand side of Eqgs. (5.5) to (5.8), I and I, can be considered as §-independent
and Eq. (5.9) can be substituted for a,. Then we can integrate all four differential equations
easily. Denoting by § the deviation from the situation where the octupoles are absent, we

obtain

, 8A A
61, = (21.)* 5o Z ( '22"' COS gom + ';m cos q4m)

m—2v, m—4v,

4B.m 2Bim 2B_n
_(2II)(2Iy)ﬂozm:(m_z2y COS Pom + m—;u+ cosp+m+m_zu_ cosp_m) ,(5.10)

4B 2Bim 2B_,,
61, = —(21.)(21,)Bo ; (m——y;/y COS Pym + — COS Pim — —— - cosp_m)
Sx‘izm 4A4m
+(2Iy)2ﬂo; (m—ZUy COS Pam + ——y cos r4m) , (5.11)
3A2 A :
ba, = -4(211)&,2 ( r_nm sin Qom + _‘_22’/ SIN g2m + :m sin Q4m)
2B? 2B
+2(21,)Bo Z ( - $in pom + —— SN Paern
ZB m . B+m . B—m .
m—y2uy SIN Pym + —" SinPim + —,_ it p_m) , (5.12)
0
day, = 2(21,)Bo Z ( sin pom + SIN Pem
B B_
ym . +m . m .
— 81N Py + — SINPym + —— sin p_m)
3A° 445 . Apn .
—4(21,)6 ; ( mm sin rom + m—;z/y Sin Ty, + m—4 " sin 7'4,,,) , (5.13)

where vy = v, + v,. Finally we are going to perform the summation over m, using for-
mula (2.18). This yields the following results

. 219
A, i e~"re .
_=2m qim _ _ B A ,
;m—Zv,e 4 (B; +i4s)
. o LA,
.Z-—éﬂ——e’q""‘ - _°t (B; +i4y) ,
e~ m -4y, 4
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;m—B_ﬂ;—lzeip”m _ —362:¢E(Bs+iA5),
;_%eimm _ —362;¢+(B3+iA3),
; —m—%eip‘"‘ = —362;¢- (By +iA,) ,

where ¢, = ¢. = ¢, and the various sets of distortion functions are defined as follows

Bi(tge) = g 3 Rk cosdlgl—ve—mve)
A (4¢=) = By(4Y:) ,
By(2.) = 5= W,M ;fcosz ($amtamrrc)
Az(2¢=) = B'(2¢=) ;
By(2s) = 5———— m 3 T cos 2(¥ v —mvy)
As(2¢+) = By(2¢4) ,
B(24-) = e M L UASU L R
Ay(29-) = By(29-) ,
Ba(2e) = g 3 sy
As(22) = By(24) ,
Bs(2¢,) = m 2 = cos Y~y — )
As(2¢y) = B'(Zwy) )
Br(4y,) = > 5 cos (¥, —mn) |

2 sin 7r4uy

A7(4¢U) = 7(4%) ’
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1 = .
B3(2'¢7y) = m Z Lr'slk Ccos 2(’(/);k ¢’y 7l'1/y) ;
Y k
Ag(2¢y) = By(29y) - (5.15)

Here, again ¢, and 9, are defined by Eq. (2.21).
We recall that the distortion of the amplitudes A, and phases ¢, are given by §A4, =
6(21,00)? and 8¢, = ba,. Then using Egs. (5.10) to (5.13) and (5.14) we arrive at

6A, = A2[(A;sind¢, — By cos 4¢,) + 2( Az sin 26, — B; cos 24, )]
—3A, A2(2(A45 sin 2, — Bs cos 2. ) + (A3 sin 26, — By cos 2¢,) + (A4 sin 2¢_ —B, cos 2¢_)),
| | (5.16)
§A, = —3A2A,[2(Agsin 2¢, — Bg cos 2¢,) + (Azsin 2¢, — B3 cos 2¢..)
—(Assin2¢_ — B, cos 2¢_)] + A3[2(Assin 2¢, — B cos 2¢,) + (Arsin4¢, — By cos 44, )] ,
(5.17)
8¢, = A%[(B,sin4¢, + A cosd¢,) + 4( B, sin 2¢, + A; cos 2¢. )]
—3A22(Bs sin 2¢. + As cos 2¢,) + 2(Bs sin 2¢, + Ag cos 2¢,)
+(B3sin2¢y +Ajcos 2¢, ) + (Bysin2¢_ - Agcos2¢ )], (5.18)
6¢, = —3A2[2(Bs sin 2¢, + As cos 2¢. ) + 2(Be sin 2¢, + Ag cos 2¢,)
+(B3sin 2¢, + Az cos 2¢, ) + ( By sin 2¢_ + A4 cos 2¢_ )]
+A2[4(Ag cos 2¢, + Bg sin 2¢,) + (A7 cos 4¢, + Brsin4¢,)] . (5.19)

Here we would like to comment on those terms of e, and éa, in Egs. (5.12) and (5.13),
whose denominator is m. Even though they seem to diverge when m = 0, this should not
be the case because they really come from the Hamiltonian (5.1) which is a finite quantity.
In fact, there is a missing term in Eqs. (5.12) and (5.13) corresponding to the lower limit,
6o, of integration over the angle §. So in reality these “divergent-like” terms are of the form
Zm(eima ~eim0°)/m which does not diverge for m = 0. This lower limit of integration 6,
determines the position around the ring where the initial conditions are considered. So, in
general, there will be one more term contributing to the expression for é¢. and 8¢, which
will be some complicated function of 6.

In the particular case of integration of the equations of motion over exactly one turn
around the ring, one obtains an interesting, though expected, result. Recall that the origin
of the “divergent-like” terms is the part of the Hamiltonian which is independent of the
angle variable, ¢. If one writes the equations of motion for a, and a, for this part of the

Hamiltonian and integrates them over one turn, one gets
! 3 2 3 2 A
ba, = gAx Y m, - ZAyka , (5.20)
k k

and

3 3 .
6(1; = _ZAizk: mg + gAz;T_nk . (0.21)
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As we shall see in the next section these expressions are just the first-order tuneshifts (in
units of 27). This particular case represents the experimental reality more closely. Indeed,
one usually chooses a point around the ring as the observation point and then one follows
the behavior of the beam at this same point for every turn. In this case the expressions for
the phase distortions are simply given by the sum of Egs. (5.18) and {5.20) for the horizontal
plane and the sum of Eqs. (5.19) and (5.21) for the vertical plane.

5.2 First-order Tuneshifts

In the case of a normal octupole, there exist first-order terms in the Hamiltonian A Hy|qct
which are #-independent and yield a first-order tuneshift. The f-independent part of AHj|oct

18
AH} |oee= 3(21.)2BoA] cos af ~ 2(21.)(21,)Be By cos B3 + 3(21,)* By Aj cos & . (5.22)

If we recall Eqgs. (5.3) we find that

Afcosgg = %;mk :
Agcos&g = gi;;mk ,
Bl cos 3 = 52—71_ Ek: my (5.23)
So AHj|oce becomes
AH;loa= Miw(zl,)%zkjmk - %(2],)(2Iy)ﬁ0§mk - ﬁoz;mk . (5.24)
And the tuneshifts are
Av, = %(zmo); my, — ;7;(2lyﬂo)§kj mi
Av, = -3-3;(21,50)5%mk + T:—T(zfyﬁo)gk:mk . (5.25)

Recalling that the amplitudes A, and A, are A, = (21.5)"/? and A, = (21,5,)'/?, we arrive
at

3 3
oAy, =AY m, - A Y m (5.26)
k k

and 3 9
27[’Al/y = ——ZAizmk‘-{- gAiZﬁ'tk . (5.27)
k k
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6 The Skew Octupole Term

6.1 DBeam Shape Distortions due to Skew Octupoles

We recall that the skew octupole term in the Hamiltonian (1.3) is
B’"

(Bs) (ﬂﬂﬂ) ”3”‘(%?3)1/2”3} : 6

If we expand this into harmonics we get

AHS lso: -

AH:; !50: —(213)3/2(2131)1/2,30 Z(3A]+m COS @14m + 3A1—m COS q1_p,

m

+A3+m cos q3+m + A3-m Cos qS—m) .
+(2Iy)3/2(21m)1/2ﬂ0 Z(3Bl+m €os Prim + 3B1_m cos Pi-m

+B34m 08 p3im + Ba_mcosps_n) , (6.2)

where q1im = ayim—ml+ay, ¢1om = a1-m—mb+a_, gsn = azim—mb+3a, + ay, g3y =
Qg3 m_m0+3a:: Qyy P14+m — ,Bl+m"m0'm+7 P1-m = /Bl—m—m0+a—y P3+m = ,63+m—m0+a; 3ay,
P3-m = B3_m—mb+a; — 3ay, ay = a, £ a,, and

A1+mezal+m — lﬁwzmke O++m0)
Al_meial‘"‘ — ———kael (Q-+mb),

Agyn€l@3m — 167|-Zm ez(30,+Qy+m0)

Az_pet®3-m = 16W2mke (3Q--Q,+ m0)
BHmeiﬂ”"‘ = __1__ rhkel(Q‘F +mé)s
167 < ’
Bl_meiﬂl—m - 1 mkei(Q_+m0)k
167w 7 ’
; 1
Bym (O¢+30y—|—m0)
By e Tom Ek_:mke
BymePsm = 1§ i(Q:—3Q, +ml)y (6.3)
16m <
where Q. = Q. = Q,. Again here we assume skew octupoles with infinitesimal length ¢,
and strengths
(ﬂzay)”’(B;"m i (ﬂzﬂ;?)”zw;"f)k (6.4)
m. = , mp = . .
&) (B A8 6B
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Skew octupoles induce a second-order tuneshift, which we would like eventually to calculate.
So instead of solving the equations of motion obtained from Ha, we proceed by making a
Moser transformation from (a,1,) to (by,J.), v = z,y, using the generating function

3‘41+m

m—v,

Sin g14m

G3 = a'a:J:t + any - /30(2JI)3/2(2Jy)1/2 Z (

3A1..m . A3+m . AS-—m .
SIN G1-m + SINGg34ym + —————< SINQG3_p
m—(3vz—vy)

Cm—v_ m—(3vz+vy)
(SBH.m . 3Bl—m

+,80(2Jy)3/2(2J=)1/2 ; m-v, SI1N P14+m + m—uv_
B3+m B3-—m

4+ ———  5in m i - , 6.5
m—(vat3ry) P T M (va—3y,) T '") (6:5)

SIN Py

where vy = v, £ v,. So the new Hamiltonian Hj is
H4 = VIJJ, + Uny + AH4 ISO ; (66)

where AH, |, does not contain any zeroth or first-order terms in m; and 7. The first-order
changes in I, and a, which are given by Eqs. (2.7) and (2.8) are explicitly the following

3-41--171 3A3+m COS G34+m

3A14m
§1. = —(2L.)*/*(21,)*Bo Y [m_li R I
m + - * v

3A;- 3B,
™ —m| + (2L)(21)760 Y M m
m—(3v;—vy) €08 8- ] (24,) ( )" Bo ~ |m—v, oS P+
3B1-m B3+m BB—m
+ e —_— m+ ————— -m| » (6.7
e £ m—(v.+3v) €08 P34m + m— (v, —3v) €08 Pa-m (8.7)

34:,m 34,1 A34m €OS G34m
61y = (213)3/2(2.[3’)1/2’302 [_m:; COS 1+m + m—ly COSqQ1-m — f—(Ti}-—)_
m ... - f y

A3-m
—(3vz—vy
3Bi-m 3B34m 3B3_mm

. L STmm - 6.8
— cospy (v + 30, COS P34m + )cosp3+ ] , (6.8)

+ COS P14m

) coSs qs_m} — (ZIy)?’/z(zI;-)l/zﬁDZ

m

[_ 3Bl+m

—(vz—3v,
A1+rﬁ . 3A1-m . A3+m sinq3+m

' 3
ba, = 3(2]2_)1/2(213])1/2/302 [m_y+ SINQ14m + _y SING—m + m——(BU——m
m - T y

_ ) 3Biim .
b sins. m] (21,)" ‘/2(21y>3’2602[m L G B

m ¥+
3B1—-m .v -B3+m . B3—m

SIN P3ym + mm—(uz—Buy)

A m 3A -m . A m sin m
ba, = (21,)Y*(21.)*?B, Z [ T Sin gram + m—lu SIN @1-m + _i:(gu—j_"’:_)
vy - T Vy

: + — SIN P3_sm| , 6.9
m—v_ m—(v; +3vy) P } (89)

Az-m
m—(3v.—vy)

3B1im

vy

SiN P14m

SiIll]a-m] (21 )1/2 21 1/2ﬁ Z[
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3B1-m sin + _ Bam sin + Ba-m
m—v_ P1-m m—(vz+3vy) P3+m

+ Sin P3-m . (6.10)

These changes will yield the changes in amplitudes and phases. But let us first simplify
Egs. (6.7) to (6.10) by performing the summation over the harmonics with the aid of for-
mula (2.18). The result of the summation is

5 Avem iquim — (i%+(B, +ids),

m M=V

3 Am igiom = (19-(B, +id,),

~ m—v_
> _Aaimigsem = (361 8))(B, i),
m m—(3Vz+Vy)
Z Aa_m eiqa.-m ei(3¢z_¢y)(Bz + 1A2) ’
m m'—(3Va:_'Vy)

Biym P14m ei¢+(Bs +14s) ,

m M—Vy

5 Bi-m _iprom ‘P~ (Bs + ids)

~ m—v_
5 Bon g _ 8t38)(B, i)
— m—(v.+3vy)
Z _—_%:ﬂ\___eip:;_m — ei(¢=—3¢y)(B8 + ZAg) . (6'11)
™ m-(l/z—?tl/y)

where ¢+ = ¢, + ¢,. The various sets of distortion functions are

_ 1 M Pt Y o ,
31,2(3¢3i¢y) - 25in 7r(31/1.:*:l/y) ; 8 COS[(szkiwyk) (3'¢’zi¢y) (31}1 == Vy)] ’
Ar2(3%2 £9y) = B ,(3¥-9,) ,

1 '
Ba(¥+) = ~mmwr & B cos(W— s v
As() = Ba(¥s)
1 '
Bg(ib_) = -m ; EE COs ('l/)-k—'lb_ —71'1/_) y
As(¥-) = By(y-) ,
Bs,6(¢’t) = —‘2*5?;1#—”; ; %C(’S‘ﬁik—d’i—m&) s
A5,6(¢i) = Bé,s(lbi) )
! ki ! ! - —m{v.£3v
B7.8(¢’ri3¢y) = _2;iHW(V::t3Uy) Zk: ?cos[(“pzkizwyk)—(wl‘*B;by) 71'( =13 y)] )
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A7.B(¢=i3'¢y) = B;,s('d)zi:hby) ’ (6'12)

where ¢; = 9, = ¥, and ¢’z and ¥, are defined in Eq. (2.21).
Recalling that the distortion of the amplitudes and phases are given by Eqgs. (2.12) and
(2.17) and using Eqs. (6.7) to (6.11), we arrive at

§A, = 3A2A,{(Assind, —Bicos ¢, ) + (Agsing_— Bycosp_)

—A;sin (3¢:+¢y)— Bicos (3¢ +¢y)] + (A2 5in (3¢, — ¢, ) — Bz cos (3¢, — ¢, )]}

—A;{B(As sin ¢, — Bscos ¢, ) + 3(Assing_ — Bscos ¢_)

+[A7sin (¢z+3¢,) — Br cos (¢-+3¢,)] + [Assin (¢— 3¢, ) — Bscos (¢.—3¢,)]} ,
6A, = A2{3(Assing, —Bacos ¢, ) — 3(Assind_ — B, cos ¢_)

~[Aysin (3¢ +¢y) — By cos (3¢, + ¢, )| — [Azsin (3¢, — ¢,)— Bz cos (3¢.— )]}

—3A4, A2{(Assin¢p, — Bs cos ¢, ) — (Assin ¢_ — Bg cos ¢_)

—{Azsin (@z+3¢, ) — By cos (- +3,)] — [Assin(p.—3¢,)— Bs cos (¢, —3¢,)]} ,
b¢, = 3A. A, {3(Ascosp,+ Basing,) + 3(Ascosp_+ Bysing.)

+[A;cos (3¢ +¢y)+ By sin (3¢, + )] + [Az cos (3¢ — &)+ By sin (3¢.— ¢,)]}
3
—%{3(1‘15 cos ¢, + Bssin g, ) + 3(Ag cos p_ + Bgsin ¢_)

—[A7cos (¢z+3¢,)+ Brsin (¢ +3¢,)] + [As cos (¢ —3¢,)+ Bgsin (¢.—3¢,)]} ,

b¢, = —j—f{3(A3 cos ¢, +Bising, ) + 3(Agcosd_+ Bysind_)
+{A; cos (3¢, +¢y)+ By sin (3¢ +y)] + [A2 cos (3¢.— @)+ Basin (3¢. - ¢, )]}

-3A, A, {3(Ascos @, + Bssing,) + 3(Agcos¢_+ Bgsin¢_)
—[ A7 cos (¢ + 3¢, )+ By sin (¢p=+ 3¢, )|[As cos (¢ — 3¢, )+ Bs sin (¢ — 3¢, );} .
(6.13)

6.2 Second-order Tuneshifts

Skew octupoles do not produce any first-order tuneshifts. The first-order perturbation
Hamiltonian which has the form z®y—zy® or cos® ¢, cos ¢, — cos ¢, cos® ¢, averages to zero,
therefore the first-order tuneshift vanishes. In order to obtain the second-order tuneshifts
we need to evaluate the second-order terms in the Hamiltonian H,. From the generating
function G; of Eq. (6.5), we get

(21.)*3(21,)"? = (2J.)%%(2J, )% (1 - 360(2J:)'/(24,)'/* x
x Z( 3A1+m 3Al—m

oS G14m +
and similarly for (21,)%/2(21;)*2. Then we can write the second-order terms in the Hamil-

m—v, m—v_
tonian and from them keep only the #-independent terms which are

3 [9A? 942 JAZ 3 A2
AH‘; Iso: (2‘]:)2(2Jy)ﬂgz {__ [ 1+m + 1-m + 34m + 3-m

~ |2 |m-vy, m-v. m-(3v.+v,) m—(3v—v,)

COS Qiomn + - .. (6.14)
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4 [9A1,mB 9A;_mBi-m
5 |22 o i) - 2R o5, )
3 [9B? 9B? 3B? 3B2
20,)(20, P32 Y (S | dm _ T aom e 3
+(2J2)(2Jy) :30; {2 [m—w. m—u._ * m— (v, +3vy) m—(um—3uy)]
gAl-mBl—m

0 —_—
m—v, s (Brem —@14m) + —

_;1_ [9A1+mBl+m c cos (B1-m _a1—m)}}

1 [9B? 9RB? B2 2
+(2Jy)3ﬁ32{§[ 4m , Z7lom sem . Bam H

m—-vy m—v. m—(vz+3r) m—(v.—3up)
A? 9432 A}
NCYR 3R 4 o L S I— =
~l2im-vy m-v. m-Qv.tv,) m-(3vz—v)
(6.15)
If we sum over the harmonics we obtain
' A¥+ 1
Liem SN (Bym)s
; m—v, 167 zk: :
A2, 1
Z miV_ = 16 Z(BAm) b
4,
= = Blm 3
; m—(3v,+v,) 167r ;
A3
—m _ B
; m—(3v,—v,) 167 g( M)k
B}, . 1 _
move  Tor o B
m + T %
B} 1
Y = ——> (Bem ,
m m—v_  16m
BZ, 1

Z,,:m-(3 = l6r §(B7ﬁ')*’

ve+3uy)
B? 1
—Bem - Bart
; m—(v,—3y) 16w Ek:( 8
A1+mBl+m _
; m—v, [of0]] (ﬂl-}-m Q1. ,m = —6— zk:
Ay By 1
; -——}T—nt;l_——cos (Brom—a1-m) = Ton Ek: (6.16)

Now we are in a position to calculate the tuneshifts

1 .
A]/: = —,AiA§Z[3(QB3m+QB4m—»BB,m °332m) — 4(9337h—934rh)Jk
k

—

Ton 43 "[3(9Bsm—9Bem— 3Bz —3Bgm) — 4(9Bsra+ 9By )],

k
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k

and

Avy = -1—;—,4: Y "[3(9Bsm+9Bym +3Bym+3B;m) — 4(9Baym —9Bymn) i
m k

+§1—A§A§ Y "[3(9Bsm— 9B+ 3By —3Bgiit) — 4(9Bai+9Bym)|k
™
k

3
+er A 3" (9Bsm +9Bgm+ By + Bgin )y . (6.18)
k

7 Applications

Here, we present some examples in order to, first illustrate how these formula can be
used and second to show the degree to which canonical Hamiltonian formalism provides a
faithful description of the nonlinear effects on the motion of the beam in the machine. In
the first example, the above formulation will be used to display the beam shape distortions
due to sextupoles which will be compared with experimental data. In the second example,
we show how one can have control over the amplitude dependence of tune using a set of

octupoles.

7.1 Beam Shape Distortions

In 1985 some studies of the perturbation of the motion by nonlinearities were made in
the Fermilab Tevatron.>®7 In particular, 8 normal sextupoles at stations 32, 34, 36, 38 in C
and F sectors were powered in pairs so as to excite the resonance at the betatron oscillation
tune of 19 1/3. The Tevatron injection kicker produced a horizontal betatron oscillation
with an initial amplitude such that a particle at the centroid would perform a stable motion
close to the separatrix. Figure 1 is the phase space plot of the motion described above with
small-amplitude tune 19.34 in dots. The horizontal axis is displacement z from the central
orbit in mm. The vertical axis is 2’ normalized to mm. o

There was no oscillation induced in the vertical plane, hence the vertical motion was much
smaller than the horizontal. Also, there was practically no linear coupling in the machine.
Within these bounds (the absence of both vertical motion and coupling), the problem can be
simplified to the study of only one plane instead of 4-dimensional phase space. Even though
it may seem as a digression, we will proceed with the justification of our assumption on the
absence of linear coupling. _

In a machine, where the only nonlinearities are introduced by normal sextupoles, and
where the vertical motion is negligible compared to the horizontal, linear coupling is intro-

duced through skew quadrupoles only. Indeed, let us start from the Hamiltonian

1 2 Y v 2 1 2 723 B.,t xroL B;, -3 ryr2
Hy = - K D, - K, (s)Y* - -2} -~ X°-3XY*). 7.1
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Figure 1: Phase space plot from experimental data (dots) and the predictions of perturbation

theory (solid), in the presence of sextupoles.

30



FN—493

The equations of motion for X and Y are

. Bl BII .
X+ K ()X = 22Y — —L (X?-Y?), 7.2
(6)X = B2V = 5y (X7 =Y (7.2
. B’ B;I
==X+ XY . .
V4 KoY = 52X + 5 (7.3)

From Eq. (7.3) we see that even though we may start from ¥ = 0, a Y-motion can develop
due to its X-dependence through the skew quadrupole term (B./Bp)X. The traditional
way to minimize the coupling is to adjust the skew quadrupole strength so as to minimize
the separation of the two observed tune lines (4,v;) and hence the coupling:® A measure of
the linear skew field in the Tevatron is the parameter

1 B, —
which can be measured easily from the relation
lv1 —Valmin = 2|k - (7.5)

In this experiment the optimum value of the current through the skew quadrupoles was
found to be -6.53 A at 400 GeV. The corresponding value of the linear coupling parameter
was

|k| ~ .014 (7.6)

In the presence of a small but not vanishing |k|, resonances of the form v, + v, = m, m being

an integer, could be excited (see the skew quadrupole term analysis we did in Sec. 2). In

order to reduce such a possibility, the tunes were split as far apart as possible so that their
separation was

Av = 0.1014 (7.7)

So the Hamiltonian which describes the above experimental situation where both vertical

motion and z-y coupling are absent is

1 BII
H=-[P? = Ny ¥ X3, 7.8
P2 ()X + gt (78)

This expression comes from the general Hamiltonian (1.1) where the only nonlinear contri-
bution comes from the normal sextupole term.
The equations describing this ‘distorted’ one dimensional motion are

= bz + (A.+8A;)cos(gp.+8¢;) , (7.9)

g’ = bz’ — (A +6A,)sin(d:+6¢,) (7.10)

where 8§ A, and 6@, are the distortions of the amplitude A, and phase ¢, due to normal
sextupoles and they are given by the one degree of freedom version of Eqs. (3.27) and (3.28)
correspondingly, namely,

6A, = A2[(Assin 3¢, — B;cos 3¢:) — (A1 sin ¢.— By cos ¢,)] , (7.11)
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6¢z = Ag[(As cos 3¢, + By sin 3¢;) + (A cos ¢, + Bysin ¢, )] . (7.12)

The closed orbit distortions éz and 6z’ are given by*
= —2A*B, , (7.13)

6z’ = —2A%4, . (7.14)

The experimental situation under consideration, with 8 normal sextupoles of 15 amperes
excitation, corresponds to A.B; = 7.09 x 10~%, 4. B; = —.1064, A, A; = —1.88 x 1073,
A,Az = —.1137 at the location of the horizontal beam position monitor HE24. If we use
these numbers to plot Eqs. (7.9) and (7.10), we obtain the solid curve in Fig. 1 which clearly
follows the real motion very closely.

7.2 Tuneshifts

Let us consider the problem of devising a set of octupoles to control the amplitude
dependence of tune in both degrees of freedom in Tevatron, without driving any resonances.®
Octupoles give rise to amplitude dependent tuneshifts which, according to Egs. (5.26)

and (5.27), are given by
21 Av, = Z( ) (B, ) ey (ﬂzﬂy) (B (7.15)
P

(Bp) 4 Bo ] 6(Bp)
and 82\ (Bue) 8.6, (BI"0)
_3 ) III k —53— 2 =0y ;II k
2mlv, = 2 3 A Z(ﬁo) 5(By) 4A¢2k:< G ) 6(Bp) (7.16)
Let us call L (B7)
y ke

since it is a measure of the current through the k-th octupole. So the expressions for the
tuneshifts take the form ‘

I Av, = §A§Z(ﬁ31)k - %AiZ(ﬂ,ﬁyI)k , (7.18)
k k

and

2wy, = S ALY (BN~ 1AL (BB e (7.19)
k k

In one degree of freedom, these expressions are reduced to
3 N
2T A, = gAf,Z(ﬁiI)k (7.20)
k

and so, it is clear that the amplitude dependence of the tune can be controlled by adjusting
the current I through the octupoles. The next question is to find the octupole configurations
which do not excite any resonances. Normal octupoles can excite half-integer resonances,
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2vy, = m,u = z, y, or 2(v, L v) = m, where m is an integer, and quarter-integer resonances,
4v, =m,u =z, y or 4(v, + v,) = m [this can be seen easily from Egs. (5.14)]. However, if
one chooses the location of the octupoles carefully the resonant driving terms, more or less,
cancel each other, so the octupole configuration as a whole does not excite any resonances.
In this particular case, if we power 4 octupoles Oy, O, O3, O4 of the same polarity in series,
the phase advance between 2 adjacent octupoles being 136°, the contribution to the above
mentioned resonances is small. A clear way to see this, is by representing graphically the
contributing terms to the summations of (5.3),

Y m,el(2@a+mb) (7.21)
k
and )
)3 m, eH(4Q=+m0); (7.22)
k
If we substitute ¥.(8)— v, 8 for Q,, the above sums become
kaei[2¢,+(m—21/:)0]k : (7.23)
k
and )
kaez{4¢;+(m—41/z)9]k , (7.24)
k

The summation is over the 4 octupoles. Near the resonances, m — 2v, ~ 0 and m — 4, = 0,
so the two sums become really

kaei(zwf)" , (7.25)
k

and

> rpkei(4¢’)’° , : (7.26)

which turn out to be small quantities as one can see from Fig. 2. Fig. 2(a) represents
the contribution to the first sum from each octupole separately as well as the resultant
contribution, which is indeed small. The horizontal tune is 37/2 = 19.5. Fig. 2(b) is the
corresponding vector diagram for the quarter-integer resonance. Here the tune is 77/4 =
19.25.

In two degrees of freedom, we would like to control the following 4 quantities

§(Av,) §(Av,) 8(Avy) 8(Av,) (7.27)
5(A%) T (A T 8(A) 5(A) '
which are given by the expressions
6(2rAv;) 3 )
TS 8 Ek:(ﬁ:f)k ; (7.28)
6(2rAv.) 3
6(—.A§) - 4 Zk:(ﬁmﬁy])k 3 (7'29)
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(a) | (b)

Figure 2: Vector diagrams showing the driving terms for the resonances (a) 2v, = 37 and
(b) 4v, = 77. (Recall that the integer part of the Tevatron tune is 19).

6(2rAy,) 3

___.5_(7?:)_ =~ ;(ﬂmﬂyf)k , (7.30)
6(2rAv, ;

%%2 _ %;(ﬂjl)k. (7.31)

We see immediately that only 3 out of the 4 quantities above are independent and so it is
clear that we need to power the octupoles in 3 circuits with currents, say, I,,I,,I3. Each
circuit will consist of 4 octupoles, according to the one degree of freedom analysis, so that no
resonances will be excited. This results in the multiplicative factor 4 in the above expressions.

Keeping this in mind, the problem takes the following matrix form

3 3 3 \ (6(271‘.31/1)\
( 58 5(Bz)2 5(B2)a L 5(A2)
§(2rAv,)
=388, —3(B:By)2 —3(B0,)3 L= "‘W ) (7.32)
3 2 3, 2 3 22 I
—('ay)l _(ﬂy)z _(IBy)3 3 6(27FAVy)
\ 2 -2 2 ) \——~—-——-—6(A§) )
MI=D. (7.33)
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That is, once we know the matrix M, and we are given D, we can solve for the appropriate
octupole strengths, denoted by the column vector I above.

So the question now is what the matrix M is, or equivalently, what the positions of the
3 circuits should be around the ring.

From Egs. (7.33), we see that if we want to be able to solve for 7, M has to be invertible,
hence detM # 0. This imposes a constraint on the beta functions at the positions of the 3

circuits. Specifically

detM #£0 &
2 BN (B IB212(820s — (B2)s(620a) +
(B=)2(8,)2((B3)1(82)s — (B2 (By)a)+
(B=)(8,)s(B2)2(B2)2 — (B2):(B2)]} # 0 (7.34)
The following is a set of sufficient conditions for the above relation 1o be true,
(B:)2(By)s # (Bo)s(By): (7.35)
or
(ﬂz)3(/3y)l # (6:)1(ﬂy)3 [} (736)
or
(/Bz)l(ﬁy)2 # (ﬂz)2(ﬁy)1 . (737)

This means the ratios of the horizontal to the vertical beta function in any two circuits should
be different from each other. The solutions given above are in consistency with the situation
at the Tevatron where 2 of the octupole circuits are placed at (8;); = 100m, (8,); = 28m
and (8:)2 = 28m, (8,)2 = 100m.

Finally we would like to add one more comment. From the matrix form Eq. (7.32), we
observe that the optimum situation is when each element of D is controlled fully by just one
of the 3 circuits and not by a linear combination of all 3 of them. This translates into M
being a diagonal matrix. Since it is impossible for M to be exactly diagonal, we can search
for solutions where the diagonal elements of M are considerably larger than the off-diagonal
ones. In fact, all we need is that the (1,1) element of M be much larger than the (1,2)
and (1,3) elements. Similarly the (2,2) element be much larger than the (2,1) and (2,3) and
the (3,3) element be much larger than the (3,1) and (3,2). Unfortunately a quick inspection
shows that such a solution is impossible. So, one can not have an independent control over
the tune variations with amplitude in the two degree of freedom case.

However, one can think of a situation where the (1,1) element is larger than the (1,2)
and (1,3), so it controls most effectively the first element of D, while (1,2) and (1,3) provide
the “fine tuning.” Hence in the Tevatron, for example, one could place the first octupole
circult at a (0;); of approximately 100m (in the neighborhood of focusing quadrupoles) and
(By)1 = 30m, while the second circuit could be at (8 ), ~70m, (8,), ~70m, and the third at
(B:)s ~30m (in the neighborhood of defocusing quadrupoles) and (8,)s ~100m.
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Remarks

1. Usually the strength of a normal multipole is much bigger than that of the corre-
sponding skew multipole. Therefore, the tuneshifts due to skew multipoles are much smaller
and can be neglected in most cases. Furthermore, the tuneshifts due to normal octupole are
of first order while those due to a skew octupole are of second order. Thus the latter can be
neglected.

2. There is no closed orbit distortion due to skew quadrupoles, octupoles and skew
octupoles. In all these cases the jumps that z’ and y' undergo when the particle crosses the
multipole, are such that they average to zero.

3. A derivation of the generating function Gj3 is given in the appendix of Ref. 4.

4. A more straightforward derivation of the distortion functions is given implicitly in
Ref. 9. Starting from the Hamiltonian expressed in terms of action-angle variables, one
integrates the equations of motion directly to get the distortion of the amplitudes and phases.
From these expressions the distortion functions can be read out readily. Even though it may
seem that the derivation we followed throughout this paper is unnecessarily elaborate, there
is an advantage to the method: By expanding the multipole terms into harmonics and then
summing them up, one can understand and treat the resonance cases much easier. All is
needed is to keep the resonance term and neglect the rest of the harmonics.
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