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‣ Our mission 

‣ Experimental tools 

‣ Theoretical tools

- Quantum Chromodynamics (QCD) 
- Perturbative QCD 
- Lattice QCD 
- Model
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Study of nucleon structure

- Understanding the inside the nucleon 
- Unraveling how quarks+gluons+interaction make up the nucleon

- High-energy scattering at LHC, EIC, RHIC, ….



‣ Factorization theorem - a key concept in PQCD
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‣ Factorization theorem - a key concept in PQCD 

‣ Parton Distribution Functions (PDFs)

- Probability density for finding a particle with a certain 
longitudinal momentum fraction x of proton. 
- Absorb all perturbative collinear divergences. 
- Non-perturbative. 
- Universal.
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‣ Hadronic tensor 

‣ Leptonic tensor

PDFs from DIS
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final state X . If the target hadron remains intact, the process is elastic scattering. The

deep inelastic region is where the target hadron is blown apart by the virtual photon, and

fragments into many particles. I will only discuss the case of fixed-target deep inelastic

scattering in detail. Deep inelastic scattering will soon be studied at HERA by colliding an

electron beam with a proton beam. The kinematics for such colliding beam experiments

is left as an exercise for the reader.

The basic diagram for deep inelastic scattering is show schematically in fig. 1. There

are numerous kinematic variables which are used in the discussion of deep inelastic scat-

tering. In the definitions given below, I will pick the ẑ axis to be along the incident lepton

beam direction. (Warning: in later sections, I will pick the ẑ axis to be along the direction

of the virtual photon.) The kinematic variables are:

p

k', E'

k, E

q = k - k'

X

FIGURE 1.

The basic diagram for deep inelastic lepton hadron scattering. The virtual photon mo-

mentum is q. The final hadronic state is not measured, and is denoted by X.

Kinematic Variables

M The mass of the target hadron. The most important case is for a proton or neutron

target, in which case M is the nucleon mass.

E The energy of the incident lepton.

k The momentum of the initial lepton. k = (E, 0, 0, E), if the lepton mass is neglected.

Ω The solid angle into which the outgoing lepton is scattered.
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‣ General form of hadronic tensor 

‣ Structure functions to distribution functions

Structure functions
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structure functions
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‣ Extract PDFs from experiment data
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Global QCD analysis
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‣ Choices made for the analysis 

‣ Discrepancies between analyses 

‣ Currently dominant errors in Higgs production 

‣ Precise PDFs are needed for new physics
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Global QCD analysis

- Data sets and kinematic cuts 
- Strong coupling constant 
- Parametrization of the PDFs

f (x,Q0, {ai}) = xa1 (1 � x)a2 C(x, {ai})

C(x, {ai}) : interpolation function

20~40 free parameters

Many ongoing or planned experiments 
(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, …)



‣ Uncertainties of PDFs
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Global QCD analysis

Large uncertainties in both small and large x region.
[Jimenez-Delgado et al.(2013)]



‣ Large-x

- SU(6) spin-flavor symmetry 

- Scalar diquark dominance 

- pQCD power counting 

- Local quark-hadron duality
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d/u �! 1/2

d/u �! 0

d/u �! 1/5

d/u �! 0.42

Testing ground for models of hadron structure

Q2 = 100 GeV2

Global QCD analysis

[Jimenez-Delgado et al.(2013)]



‣ Quark distribution by light-cone operator 

‣ Moments

- Written in local operators. Calculable on lattice (in principle). 
- But, higher moments are difficult to be accessed.

-                              : light-cone coordinate 
- Time-dependent.        Not calculable on the lattice directly.

PDFs from lattice
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‣ Light-cone distributions

-                               : light-cone coordinate 
- Boost invariant in the z-direction 
- Quark fields are on the light-cone.

Quasi distribution approach

⇠± = (t± z)/
p
2
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[X.-D. Ji (2013)]
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Z
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‣ Off the light-cone 

‣ Quasi distributions

- Slightly off the light-cone 

- Go to rest frame 

- Proton is moving with infinite momentum 

- Quark bilinear sits on z-axis (spatial). 

- Equal time operator, lattice calculable.

Quasi distribution approach
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- Sit in spatial direction. Time-independent. 
- Boost variant in the z-direction

[X.-D. Ji (2013)] [Chen et.al.(2016)]



‣ Quasi distributions 

‣ Matching (Large Momentum Effective Theory)

-      can be perturbatively obtained. 
- Large       is required for small corrections. 

- Separated in spatial z-direction. Calculable on lattice. 
- In the limit of                , normal distributions are recovered.

Quasi-PDFs
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Z
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2⇡
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[Ji (2013)]
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one-loop [Xiong et al.  (2014)]



‣ Going back to the collinear factorization 

‣ Lattice calculable cross section

QCD collinear factorization approach
[Ma and Qiu (2014)]
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All CO divergences are factorized into the PDFs with PT hard coefficients.
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Quasi-PDFs = the lattice calculable cross section. 

Factorizable to all-orders.



‣ Renormalization of non-local quark bilinear 

‣ Power divergence

Renormalization

-          :      , z-field wave function,      -z-field vertex renormalization 
-  (multiplicative) renormalizability has been proven up to two-loop. 

- The existence of the continuum limit for the HQET has been 
confirmed in the lattice QCD simulations. (numerical NPT proof)
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OC = Z ,ze
�m`(C)

O
ren
C

Z ,z   

- Power divergence makes the theory ill-defined.                     
       (e.g. no continuum limit on lattice.) 
- The power divergence must be subtracted nonperturbatively. 
- Power divergence subtracted non-local operator:

eOsubt(�z) = e
��m|�z| eO(�z)

(Now, all-order proof has been reported.) [T. I. et al (2017), Ji et al. (2017)]



‣ Renormalization of Wilson lines 

‣ Auxiliary z-field (just like static heavy quark)

Renormalization

- Well-known.  
-       : mass renormalization of a test particle moving along 

[Dotsenko, Vergeles, Arefeva, Craigie, Dorn, … (’80)]

�m C
All the power divergence is contained.
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- By integrating out the z-field, the Wilson line is recovered. 

- Additive mass renormalization 
- z-field wave function renormalization

Z
DzDze�

R
x z(Dz+m)zz(�z)z(0) = hz(�z)z(0)i = Uz(�z, 0)

WC = Zze
�m`(C)W ren

C

Zz

�m



‣ Choice of  

‣ Power divergence free quasi distributions

Subtracting power divergences

- One way is to use static         potential          . 

-           is obtained from Wilson loop:  

- Renormalization of           : 

- Renormalization condition (fix a renormalized quantity) :

�m
QQ̄ V (R)

V (R)

WR⇥T / e�V (R)T (T ! large)

V (R)

V ren(R0) = V0 �! �m =
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2
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e
�ix̃Pz�ze

��m|�z|hN (Pz)| eO(�z)|N (Pz)i

[Musch et al. (2011), T.I. et al. (2016)]

V ren(R) = V (R) + 2�m
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‣ Regularization Independent Momentum Scheme

Nonperturbative renormalization

- Calculate matrix elements of the operator between off-shell single 
particle momentum eigenstates in interacting and free case. 
- Regularization independent (lattice, dimensional, whatever) 
- Nonperturbative Z can be obtained by lattice simulation. 
- Matching to MSbar is calculable perturbatively with dimensional 
regularization (easy to manage to go to higher-loop).

Renormalization condition
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‣ Local quark bilinear 

‣ Non-local quark bilinear

- e.g. unpolarized case with Wilson fermion 

- e.g. unpolarized case with chiral fermion
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Operator mixing
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ZV (z)hO�µ(z)iR = hO�µ(z)i.

Z�hO�iR = hO�i.

              could be used for quasi-PDF to avoid the mixing. � = �t

 no mixing.
[Constantinou et.al. (2017)] (PT)
[Chen et.al.(2017)] (NPT proof)

O� =  (x)� (x)

O�(�z) =  (x+ �z)�Uz(x+ �z;x) (x)



‣ NPT RI/MOM renorm factor
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Lattice renormalization factor

Pz = 1.29 GeV

µR = 2.4 GeV

1/a = 1.64 GeV

- Huge value in the large z region is due to power divergence.                  
- Mixing effect might be small.
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FIG. 1. Comparison between the renormalization constants
obtained with the point source and the momentum source for
z  2, taking the pz = 6⇡/L case as an example. The values
are normalized by the central value of the renormalization
constant at z = 0 and the real parts are subtracted by unity
for a better comparison. It is obvious that with the same
configurations, the signal from the momentum source can be
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FIG. 2. The renormalization constant of the quasi-PDF oper-
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PDF operator OI(z) (blue dots) with the momentum along
the Wilson link being 6⇡/L = 1.29 GeV and µ

2
R = p

2 =
5.74 GeV2. The size of the mixing coe�cient is about an or-
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with finite Pz

h�(z, µ, Pz) =
D
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���  ̄(z)�
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n

Uz(nẑ)

!
 (0)

���~P
E
, (17)

where Uz is the gauge link pointing from nẑ to (n+ 1)ẑ,
and ~P = (0, 0, Pz) is the momentum of the nucleon. We
calculate the bare lattice nucleon matrix elements h�z

and hI at Pz = {1, 2, 3}2⇡/L, which are 0.43, 0.86 and
1.29 GeV, respectively. As observed in Refs. [20, 22], the
correction terms for the smallest-momentum distribution

is less well-behaved; thus, we drop it in the rest of this
work. We then renormalize the bare matrix elements
with the RI/MOM renormalization factors defined in the
previous section:

hR = ZV V h�z + ZSV hI . (18)

The mixing with hI turns out to be numerically negli-
gible because hI/h�z ' M/Pz and |ZSV /ZV V | ⌧ 1. In
Fig. 3, we show the bare (h�z ) and renormalized (hR) ma-
trix elements for Pz = {2, 3}2⇡/L. In the renormalized
matrix elements the mixing e↵ect is temporarily ignored.
We note that in both cases, the bare matrix elements
vanish within error bands when the link length reaches
10–12. After renormalization, the error bands become
much broader at large z due to an exponential increase of
the renormalization factor, and consistent with 0 within
error bands.

Next, we Fourier transform Eq. 16 to convert the lat-
tice matrix elements as functions of spatial link length z

into the quasi-PDF with µR the RI/MOM renormaliza-
tion scale. Then we take the one-loop RI/MOM-to-MS
matching calculated in Ref. [41] and mass corrections for
the renormalized quasi-PDF. We invert Eq.(5) to obtain
the PDF in the MS scheme,

q(x, µ) = q̃M (x, Pz, µR)
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2
s
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, (19)

where C(1) is the O(↵s) contribution of C which has been
computed in Ref. [41]. The q̃M (x, Pz, µR) in the above
equation is the quasi-PDF in the RI/MOM scheme with
the nucleon mass correction removed [18, 20],

q̃M (y) =
p
1 + c

1X

n=0

✏
n
c

f+

⇥
(1 + (�1)n)q̃

�f+x
2✏nc

�

+ (1� (�1)n)q̃
��f+x

2✏nc

�⇤
, (20)

where c = M
2
N/P

2
z , f+ =

p
1 + c + 1 and ✏c ⌘ c/f

2
+ < 1

for any Pz. The remaining ⇤2
QCD/P

2
z correction will be

removed by a parametrization, as was done in Ref. [20].
The µR dependence on the right-hand side should cancel
modulo residual O(a2µ2

R,↵
2
s) corrections.

The final results are shown in Fig. 4. The leading
higher-twist contributions are removed by the same ex-
trapolation to infinite momentum ↵(x) + �(x)/P 2

z as in
Ref. [20]. In contrast to the previous result in Ref. [20],
the sea flavor asymmetry is hardly visible, mainly due
to the rapid increase of the renormalization factor with
distance, which amplifies the error. The peak in the
positive-x region is shifted slightly to the left. This is
expected since the renormalization enhances the long-
range correlation, and thereby enhancing the contribu-
tion in the small x region when Fourier transformed to

[Chen et.al.(2017)]



‣ RI/MOM renormalized proton matrix element
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Amplitude in the large-z region is magnified.
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with the renormalization scale µR = 2.4 GeV. The left and right panels show the real and imaginary parts, respectively.
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the antiquark distribution via ū(x)� d̄(x) = �u(�x) + d(�x) for x > 0.

momentum space. After renormalization the unphysical
dip near x = 0 in the previous result also vanishes. This
is because the linear divergence is removed and, there-
fore, the RI/MOM matching kernel has a smoother form
than the matching used to relate bare PDFs.

Another observation concerning our renormalized dis-
tribution is an oscillating behavior in negative-x (anti-
quark) region, which is absent from the previous bare-

PDF results. This is likely because the bare matrix el-
ement h(z) decays very fast with the distance z, so the
long-range correlation plays a less important role. How-
ever, the long-range correlation becomes more important
in the renormalized distributions due to the exponential
increase in the renormalization factor at large distance.
Ideally, we will need the lattice matrix elements at large
values of zpz, which in principle should only come from

µR = 2.4 GeV

Pz =
4⇡
L
⇠ 0.86 GeV

Pz =
6⇡
L
⇠ 1.29 GeV

Renormalized matrix element

hRI/MOM(µR)(z, Pz) = ZRI/MOM(µR)

LAT(1/a) (z, Pz)h
LAT(1/a)(z, Pz)

[Chen et.al.(2017)]



‣ Global QCD analysis results back to quasi-matrix 
element
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Long tail is expected from the global QCD analysis result.

(1) Matching: CJ15 —> quasi-PDF

(2) Fourier Transform: quasi-PDF —> matrix element
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FIG. 5. Comparison of the renormalized function h̃R(z) of this work (dashed lines) and from a Fourier transform of phe-
nomenological PDFs to coordinate space. The solid lines are the Fourier transform of the corresponding CJ15 PDF (blue),
after matching and mass corrections (green and red). The left and right panels show the real and imaginary parts, respectively.

very large pz and relatively small z, so that the higher-
twist e↵ects due to large z are small or under control.
To examine this hypothesis, we discuss one of the global
fitted PDF results, “CJ15”, from the CTEQ-JLab col-
laboration [46], and ignore the error here. We apply the
reverse matching and mass corrections procedure to the
distribution to make a direct comparison with our renor-
malized function h(z). Note that we did not take care of
the quark mass di↵erence here. The result is shown in
Fig. 5. The lattice renormalized h(z) matrix elements at
310-MeV pion mass have a narrower peak around zpz = 0
and di↵er significantly from the Fourier transform of the
CJ15 result at large values of zpz. Note that the PDF
community fits xq(x) and has larger uncertainty near
x = 0; therefore, when q(x)|x=0 is divergent, so their
h(z) will contribute at very large z. Further studies on
removing the higher-twist contribution at large z in the
RI/MOM renormalization will take place.

Finally, we have several comments regarding our
RI/MOM treatment. The first one is the possible gauge
dependence induced by taking the external quarks o↵-
shell in the nonperturbative renormalization. The gauge
dependence should be canceled by the matching kernel,
but the cancellation is not complete, since the kernel is
only computed at one loop. It is encouraging that the
one-loop matching e↵ect is numerically small in Landau
gauge that we employed. Whether the higher-loop con-
tributions will remain small requires further study. The
second one is treating pz of the o↵-shell quark the same
as the proton Pz. Numerically, the renormalization fac-
tor is rather insensitive to pz and µR, so we do not expect
this treatment to cause a big error.

IV. SUMMARY

We have carried out a nonperturbative renormaliza-
tion of the quasi-PDF in the RI/MOM scheme in lattice
QCD. Based on the renormalized quasi-PDF, we have up-
dated the lattice result of the unpolarized isovector quark

distribution from previous studies by some of the au-
thors. The RI/MOM renormalization of the quasi-PDF
is performed in coordinate space, where it is claimed to
be multiplicatively renormalizable. All the UV diver-
gences, including the linear and logarithmic divergences,
are subtracted nonperturbatively by the renormalization
constant. Meanwhile, due to chiral symmetry breaking
from the lattice fermion action we used, there is a mixing
between the isovector quasi-PDF and a scalar operator.
We have taken into account the mixing e↵ect, which is
one order of magnitude smaller than the renormalization
of the isovector quasi-PDF operator.
Compared to the previous results on bare PDFs, our

present result is free of the unphysical dip at x = 0 due to
the smooth matching kernel. However, we end up with a
large uncertainty band that makes it di�cult to evaluate
whether an improvement has been achieved. The reason
behind the large uncertainty band is that the RI/MOM
renormalization constant which grows exponentially at
large z significantly amplifies the error in the nucleon
matrix element of the quasi-PDF. Future work involving
higher momentum and finer lattice spacing (such that the
higher nucleon boosted momenta Pz can be used without
the additional (Pza)n systematics) or other renormaliza-
tion conditions may resolve some of the issues we see in
this paper.
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FIG. 3. The bare h̃�z (z, Pz, µR) (blue) and renormalized h̃R(z, Pz, µR) (red) for Pz = 4⇡/L (upper row) and 6⇡/L (lower row)
with the renormalization scale µR = 2.4 GeV. The left and right panels show the real and imaginary parts, respectively.
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the antiquark distribution via ū(x)� d̄(x) = �u(�x) + d(�x) for x > 0.

momentum space. After renormalization the unphysical
dip near x = 0 in the previous result also vanishes. This
is because the linear divergence is removed and, there-
fore, the RI/MOM matching kernel has a smoother form
than the matching used to relate bare PDFs.

Another observation concerning our renormalized dis-
tribution is an oscillating behavior in negative-x (anti-
quark) region, which is absent from the previous bare-

PDF results. This is likely because the bare matrix el-
ement h(z) decays very fast with the distance z, so the
long-range correlation plays a less important role. How-
ever, the long-range correlation becomes more important
in the renormalized distributions due to the exponential
increase in the renormalization factor at large distance.
Ideally, we will need the lattice matrix elements at large
values of zpz, which in principle should only come from

[Chen et al.(2017)]

 Cutoff (|z|=12) has to be introduced in the Fourier transform.
The cutoff did not give any significant effect in the previous study, 
because bare matrix elements are well-suppressed in large z.
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Fig. 10. Comparison of matched helicity PDF obtained from quasi-PDF computed with either fully renormalized matrix 
elements (blue) or with bare matrix elements multiplied by the local (z = 0) axial current Z-factor, ZA (magenta). 
For purely orientational purposes, we also plot phenomenological PDFs (DSSV08  [51] and JAM15 [52]). However, 
we emphasize that no quantitative comparison with our results is aimed at, since careful consideration of a number of 
systematic effects is still needed. These include: cut-off effects, non-physical pion mass, finite volume effects, possible 
contamination by excited states, extrapolation to infinite nucleon boost, as well as the improvements in the computation 
of MS renormalization functions, postulated in the previous subsection.

In Fig. 10, we show the matched helicity PDF computed with either fully renormalized ma-
trix elements obtained in this work (blue) or with bare matrix elements multiplied by the local 
(z = 0) axial vector current renormalization function ZA (magenta), corresponding to our re-
sults from Ref. [17]. We observe that the renormalized matrix elements from this work move 
towards the phenomenological PDFs, which is promising. In particular, the antiquark asym-
metry is not overestimated any longer and actually this asymmetry becomes compatible with 
zero under current uncertainties. In the quark part, there is an enhancement of the matched PDF 
for all values of x. We emphasize again that the comparison with the phenomenological PDFs 
should be understood as only qualitative. For quantitative comparison, a careful investigation 
of a number of systematic effects is still needed. These include: cut-off effects, non-physical 
pion mass, finite volume effects, possible contamination by excited states, extrapolation to in-
finite nucleon boost, as well as the improvements in the computation of MS renormalization 
functions, postulated in the previous subsection: subtraction of lattice artifacts computed in lat-
tice perturbation theory and reduction of truncation effects in the perturbative conversion to the 
MS scheme.

4. Conclusions and discussion

In this work we have presented a concrete prescription to renormalize non-perturbatively the 
matrix elements needed for the computation of quasi-PDFs. The employed scheme is RI′, which 
is then converted to the MS scheme and evolved to 2 GeV; this is done perturbatively to one-loop. 
We have argued that the renormalization condition properly handles both kinds of divergences 
present in the matrix elements: the standard logarithmic divergence and the power divergence 
specific to non-local operators containing a Wilson line. Furthermore, we provide the renormal-
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FIG. 5. The unpolarized (left) and polarized (right) isovector nucleon PDFs as functions of x; in both cases, a comparison with
global-fit PDFs of the corresponding distribution from largest nucleon boosted momentum Pz = {8, 12}⇡/L. The unpolarized
distribution is plotted using the derivative method while the helicity distribution is obtained from the filter method; both
results look promising. Higher momenta are needed to achieve more consistent results.
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FIG. 3. (Top left) The filter shapes proposed to apply to h(z) with {zmax, zwid} = {36, 24} (blue) and {32, 1} (orange); the
latter is the same as a hard z cuto↵. The real (bottom left) and imaginary (bottom right) matrix elements before (purple) and
after (blue) applying the F (36, 24) filter. (Top right) The soft-filtered PDF (blue) has significant improvement in recovering
the original PDF (gray) while the hard cuto↵ (orange) su↵ers from significant unphysical oscillations throughout the entire x
range.

h(z) at infinite values of z, we take the derivative of the
nucleon matrix elements h0(z) = (h(z+1)� h(z� 1))/2.
The Fourier expansion of this derivative di↵ers from the
original in a known way:

q(x) =

Z +zmax

�zmax

dz
�1

2⇡

eixPzz

iPzx
h0(z) (5)

The upper row of Fig. 4 shows real (left) and imaginary
(right) parts of h0(z) as functions of the nucleon mo-
mentum Pz. Here, we drop the error propagation of the
PDFs, since the correlations introduced by transforming
the pseudo-data becomes degenerate under the deriva-
tive. This does not a↵ect our investigation, since we
know the central value of our final quasi-PDF will re-
produce the original CT14 one. It is expected that the
real (imaginary) derivative matrix elements are antisym-
metric (symmetric) with respect to z = 0. The peaks are
sharper for larger Pz.

The quasi-PDFs using the derivative method (and a
filter F (32, 1)) are shown in the bottom-left of Fig. 4.
The derivative-method PDFs have not only no unphys-
ical oscillation without any filter function needed, but
also recover most of the positive-x region parton distri-
bution for Pz > 4⇡/L. For the antiquark region, how-

ever, we find the sensitive Pz dependence in recovering
the small-x PDFs. With the largest nucleon momentum
Pz = 24⇡/L, we can recover the antiquark distribution
up to x = �0.05. If we apply a soft filter or increase
zlim, it does not make noticeable changes in the distri-
bution with Pz > 4⇡/L. Lastly, we compare the PDF
obtained from the filter and derivative methods, shown
in the bottom-right of Fig. 4 using Pz = 24⇡/L. The
derivative method (slightly more complicated to imple-
ment) recovers the smaller-x region better: 0.1 vs 0.05.
Since real lattice data will have worse signal-to-noise ra-
tios than these pseudo-data, one in principle should try
both approaches to see which one works better with the
data qualities, reliability of matrix elements obtained in
larger z regions, and other issues to address.

We apply the improved PDFs methods to the lat-
tice nucleon matrix elements from clover-on-HISQ lat-
tices [27, 28] and concentrate on the a = 0.09 fm 135-MeV
pion-mass ensemble with lattice spatial length 5.76 fm.
The nucleon matrix elements are generated using Pz =
{4, 8, 12}⇡/L with a 2 ⇥ 2 matrix of standard Gaussian
sources and statistics of 2562 measurements each. Two
values of source-sink separation, 0.9 fm and 1.08 fm, are
used to account for the excited-state contamination using

filter using sigmoidal error function derivative method 

{zlim, zwid} = {36, 24}
{zlim, zwid} = {32, 1}

(derivative) (filter) 

[Lin et al.(2017)]
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-          is a local operator. Renormalized locally. 

- Self-energy of auxiliary field can be identified to Wilson line’s 
self-energy. 

- It can be related to static-heavy light current renormalization.

S⇣ =

Z

z
⇣(x+ z) (Dz +m0) ⇣(x+ z)

h⇣(x+ z)⇣(x)i⇣ = ✓(z)e�m|z|Uz(x+ z, x)

�(z) = ⇣(z) (z)

O�(z) = h�(z)��(0)i⇣O�(z) =  (z)�Uz(z, 0) (0)

[Ji et.al.(2017), Green et al.(2017)]
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FIG. 3. Matrix element for the helicity quasi-PDF versus ⇠ on the � = 2.10 ensemble, for three di↵erent link discretizations,
bare (left) and renormalized (right). Only ⇠ � 0 is shown, since the real part is even in ⇠ and the imaginary part is odd.

FIG. 4. Renormalized matrix element for the helicity quasi-
PDF versus ⇠ on the two ensembles, using five steps of HYP
smearing.

FIG. 5. Isovector helicity quasi-PDF on the � = 2.10 ensem-
ble, for three di↵erent link discretizations, computed from
renormalized matrix elements.

library [34] and the DD-↵AMG solver [35] with twisted
mass support [36].

⇤ jeremy.green@desy.de
[1] X. Ji, “Parton Physics on a Euclidean Lattice,” Phys.

Rev. Lett. 110 (2013) 262002, arXiv:1305.1539
[hep-ph].

[2] X. Xiong, X. Ji, J.-H. Zhang, and Y. Zhao, “One-loop
matching for parton distributions: Nonsinglet case,”
Phys. Rev. D 90 (2014) 014051, arXiv:1310.7471
[hep-ph].

[3] C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos,
K. Hadjiyiannakou, K. Jansen, F. Ste↵ens, and
C. Wiese, “Lattice calculation of parton distributions,”
Phys. Rev. D 92 (2015) 014502, arXiv:1504.07455
[hep-lat].

[4] T. Ishikawa, Y.-Q. Ma, J.-W. Qiu, and S. Yoshida,
“Practical quasi parton distribution functions,”
arXiv:1609.02018 [hep-lat].

[5] J.-W. Chen, X. Ji, and J.-H. Zhang, “Improved quasi
parton distribution through Wilson line
renormalization,” Nucl. Phys. B 915 (2017) 1–9,
arXiv:1609.08102 [hep-ph].

[6] H.-W. Lin, J.-W. Chen, S. D. Cohen, and X. Ji, “Flavor
Structure of the Nucleon Sea from Lattice QCD,” Phys.
Rev. D 91 (2015) 054510, arXiv:1402.1462 [hep-ph].

[7] J.-W. Chen, S. D. Cohen, X. Ji, H.-W. Lin, and J.-H.
Zhang, “Nucleon Helicity and Transversity Parton
Distributions from Lattice QCD,” Nucl. Phys. B 911

(2016) 246–273, arXiv:1603.06664 [hep-ph].
[8] C. Alexandrou, K. Cichy, M. Constantinou,

K. Hadjiyiannakou, K. Jansen, F. Ste↵ens, and
C. Wiese, “Updated Lattice Results for Parton
Distributions,” Phys. Rev. D (to be published),
arXiv:1610.03689 [hep-lat].

[9] M. Constantinou and H. Panagopoulos, “Perturbative
Renormalization of quasi-PDFs,” arXiv:1705.11193
[hep-lat].

[10] B. Yoon, M. Engelhardt, R. Gupta, T. Bhattacharya,
J. R. Green, B. U. Musch, J. W. Negele, A. V.
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�ũ
�

�d̃
(r

en
or

m
al

iz
ed

)

unsmeared
HYP
5HYP

FIG. 5. Isovector helicity quasi-PDF on the � = 2.10 ensem-
ble, for three di↵erent link discretizations, computed from
renormalized matrix elements.

library [34] and the DD-↵AMG solver [35] with twisted
mass support [36].

⇤ jeremy.green@desy.de
[1] X. Ji, “Parton Physics on a Euclidean Lattice,” Phys.

Rev. Lett. 110 (2013) 262002, arXiv:1305.1539
[hep-ph].

[2] X. Xiong, X. Ji, J.-H. Zhang, and Y. Zhao, “One-loop
matching for parton distributions: Nonsinglet case,”
Phys. Rev. D 90 (2014) 014051, arXiv:1310.7471
[hep-ph].

[3] C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos,
K. Hadjiyiannakou, K. Jansen, F. Ste↵ens, and
C. Wiese, “Lattice calculation of parton distributions,”
Phys. Rev. D 92 (2015) 014502, arXiv:1504.07455
[hep-lat].

[4] T. Ishikawa, Y.-Q. Ma, J.-W. Qiu, and S. Yoshida,
“Practical quasi parton distribution functions,”
arXiv:1609.02018 [hep-lat].

[5] J.-W. Chen, X. Ji, and J.-H. Zhang, “Improved quasi
parton distribution through Wilson line
renormalization,” Nucl. Phys. B 915 (2017) 1–9,
arXiv:1609.08102 [hep-ph].

[6] H.-W. Lin, J.-W. Chen, S. D. Cohen, and X. Ji, “Flavor
Structure of the Nucleon Sea from Lattice QCD,” Phys.
Rev. D 91 (2015) 054510, arXiv:1402.1462 [hep-ph].

[7] J.-W. Chen, S. D. Cohen, X. Ji, H.-W. Lin, and J.-H.
Zhang, “Nucleon Helicity and Transversity Parton
Distributions from Lattice QCD,” Nucl. Phys. B 911

(2016) 246–273, arXiv:1603.06664 [hep-ph].
[8] C. Alexandrou, K. Cichy, M. Constantinou,

K. Hadjiyiannakou, K. Jansen, F. Ste↵ens, and
C. Wiese, “Updated Lattice Results for Parton
Distributions,” Phys. Rev. D (to be published),
arXiv:1610.03689 [hep-lat].

[9] M. Constantinou and H. Panagopoulos, “Perturbative
Renormalization of quasi-PDFs,” arXiv:1705.11193
[hep-lat].

[10] B. Yoon, M. Engelhardt, R. Gupta, T. Bhattacharya,
J. R. Green, B. U. Musch, J. W. Negele, A. V.
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‣ Lorentz decomposition of matrix element 

‣ Light-cone

Pseudo-PDFs [A. Radyushkin (2017)]
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M↵(z, p) = hp| (z)�↵Wz(z, 0) (0)|pi
= 2p↵Mp(�(zp),�z2) + z↵Mz(�(zp),�z2).

M+(z, p) = 2p+Mp(�p+z�, 0)

Mp(�p+z�, 0) =

Z 1

�1
dxe�ixp+z�f(x)

p = (p+, 0, 0?), z = (0, z�, 0?)

light-cone PDF



‣ Ioffe time PDF 

‣              limit

Pseudo-PDFs

[B. L. Ioffe (1969)]
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Mp(�zp,�z2) Lorentz invariant. Computable in any frame.

⌫ = �pz Ioffe time

Mp(⌫,�z2) =

Z 1

�1
dxeix⌫P(x,�z2).

Ioffe time PDF pseudo-PDF

Pseudo-PDF has                      support.�1  x  1 [A. Radyushkin (2017)]

z2 ! 0

Mp(⌫, 0) =

Z 1

�1
dxeix⌫f(x)

P(x,�z2) ���!
z2!0

f(x)

✓
Mp(�p+z�, 0) =

Z 1

�1
dxe�ixp+z�f(x)

◆



‣ Quasi-PDF case 

‣ Better choice

Pseudo-PDFs
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M3(z, p) = 2p3Mp(�z3p3,�z23) + z3Mz(�z3p3,�z23).

eq(x̃, p3) =
1

2⇡

Z 1

�1
dze�ix̃p3zM3(z, p)

=
1

2⇡

Z 1

�1
d⌫e�ix̃⌫


Mp(⌫, ⌫

2/p23)�
⌫

2p23
Mz(⌫, ⌫

2/p23)

�
.

eq(x, p3) ����!
p3!1

f(x)

p = (E, 0?, p3), z = (0, 0?, z3)

M0(z, p) = 2p0Mp(�z3p3,�z23).

eq0(x̃, p3) =
1

2⇡

Z 1

�1
dze�ix̃p3zM0(z, p) =

1

2⇡

Z 1

�1
d⌫e�ix̃⌫Mp(⌫, ⌫

2/p23).



‣ Ratio 

‣ Scale evolution (DGLAP)

Pseudo-PDFs
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M(⌫, z2
3) =

Mp(⌫, z2
3)

Mp(0, z2
3)

Mp(0, z2
3) ���!

z2
3!0

1 regular in the limit

By taking the ratio:

  - smaller scaling violation in

  - power divergence is canceled and well defined in taking continuum 
limit

z3 ! 0

d
d ln z2

3

M(⌫, z2
3) = � ↵s

2⇡
CF

Z 1

0
duB(u)M(u⌫, z2

3), B(u) =
"

1 + u2

1 � u

#

+

different different scalez23



Numerical results
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Pseudo-PDFs
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Figure 3. The ratioM(⌫, z2
3) for for z3/a = 1, 2, 3, and 4. : Top: Real part. Bottom: Imaginary part. Left: Data

before evolution. Right: Data after evolution. The reduction in scatter indicates that evolution collapses all data
to the same universal curve.

The real part data of our Io↵e time PDF are shown in left panel of Fig. 3 (top). As one can see,
there is a visible scatter of the data points. Using ↵s/⇡ = 0.1, we calculate the “evolved” data points
corresponding to the function eM(⌫, z2

0). The results are shown in the right panel of Fig. 3 (top). The
evolved data points are now very close to a universal curve indicating that the original scatter was due
to the evolution of the Io↵e time PDF with z2

3. The imaginary part data of our Io↵e time PDF, which
are shown in Fig. 3 (botom) (left: original data, right: evolved), were evolved in the same manner,
also support this claim.

It is reasonable to expect that leading order evolution cannot be extended to very low scales.
However, it is known that evolution stops below a certain scale. By observing our data we can deduce
that this is indeed the case for length scales z3 � 6a. We therefore adopt an evolution that leaves the
PDF unchanged for length scales above z3 = 6a and use the leading perturbative evolution formula to
evolve to smaller z3 scales. The resulting evolved data are presented in Fig. 4. By fitting these evolved
points with a cosine Fourier transform M(⌫; a, b) of the normalized valence PDF qv(x) satisfying
qv(x) = N(a, b)xa(1� x)b we obtain a = 0.36(6) and b = 3.95(22), where the errors are statistical only.
This fit with its corresponding error-band is also plotted in Fig. 4.

Treating z3 = 2a as the MS scale µ = 1 GeV, one can further evolve the curve to the standard
reference scale µ2 = 4 GeV2 of the global fits, see right panel of Fig. 4 1. Our resulting curve follows
closely the phenomenologically expected behavior. Given our limited range of ⌫ the small x results

1We are very grateful to Nobuo Sato who performed this numerical evolution and provided the figure.

evolved to
1/z0 = 1 GeV

By the scale evolution, 
data are nicely aligned.



Numerical results 

Pseudo v.s. Quasi
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Pseudo-PDFs
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Figure 4. Left: Data points for Re M (⌫, z2

3) with z3  10a evolved to z3 = 2a as described in the text. Right:
Curve for uv(x) � dv(x) built from the evolved data shown in the left panel and treated as corresponding to the
µ2 = 1 GeV2 scale; then evolved to the reference point µ2 = 4 GeV2 of the global fits.

are prone to larger systematic errors that need to be studied more carefully. However, it is clear that
in order to obtain results that reproduce the experimentally determined PDFs one needs to perform
more realistic dynamical fermion calculations including quarks with physical masses as well as treat
evolution at higher accuracy than the one we used here.

4 Summary

In this talk a new approach for obtaining PDFs from lattice QCD calculations is presented. We in-
troduce a ratio of matrix elements that takes care of UV divergences allowing for a well defined
continuum limit. In addition, this ratio has improved convergence properties to the light-cone limit al-
lowing for a practical method for performing these calculations with realistic computational resources.
We tested this approach in the quenched approximation in order to understand the basic features of
the method and work out the details of the methodology. An important finding of our calculations is
that our data are consistent with the well known scale evolution of the PDFs. Armed with the lessons
obtained by the quenched approximation, we are currently applying this approach to realistic lattice
QCD calculations aiming towards obtaining a precise determination of PDFs from lattice QCD.
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qv(x) ⇠ xa(1 � x)b
Functional form is assumed.

- By taking the ratio, pseudo-PDF is better for renormalization.                  
- Small-x region requires large              ; eventually large momentum data 
is required (?) 

⌫ = �pz

Mp(⌫,�z2) =

Z 1

�1
dxeix⌫P(x,�z2).



‣ New approach for lattice calculation of PDFs has been proposed: 

‣ Many tools have been developed: 
- Renormalization (perturbative, nonperturbative) 

- Treatment of power divergence  

- High-momentum smearing technique 

‣ Similar approach to quasi-PDFs: 

‣ Some other approaches: 

‣ Lattice QCD could help global QCD analysis. 

‣ Transverse momentum dependent parton densities (TMDs) and 
Generalized parton distributions (GPDs) could also be addressed 
toward full scan of 3D structure of nucleons.

36

Summary and outlook

[X.-D. Ji (2013)]Quasi-PDFs

Pseudo- PDFs [A. Radyushkin(2013)]

Hadronic tensor
Compton amplitude

[K.F. Liu et al. (1997-2017)]
[A.J. Chambers et al. (2017)]


