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Wigner distribution
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The proton spin problem

The proton has spin %.
The proton is not an elementary particle.

m =AY+ AG+ L+ LY
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Quarks’ helicity

Orbital angular

Gluons”helicity —\\ 0 entum (OAM)

Quark model prediction: AY, =1

AY ~ (.7 with relativistic effects



‘Spin crisis’

In 1987, EMC (European Muon Collaboration) announced a very
small value of the quark helicity contribution
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Latest results from NLO global analysis

AY ~ 0.3

/1
0.0

- 0.14

?

dx AG(x) ~ 0.2

5

DeFlorian, Sassot, Stratmann, Vogelsang (2014)



QCD angular momentum tensor

QCD Lagrangian = Lorentz invariant ot — ot + Wz,

- Noether current 3@%“”‘ =0
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Jaffe-Manohar decomposition (1990)

I 1
5 = 2AE+AG+Lq + LY
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Based on the canonical energy momentum tensor
Operators NOT gauge invariant.

Partonic interpretation in the light-cone gauge AT = ()



Ji decomposition (1997)

Improved (Belinfante) energy momentum tensor

THY — Tcﬁéb’fn + 8PGWW & One can add a total derivative.
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Further decomposition in the quark part

S W5 R T T 1
Pi DV = i DVep = 2770, (Y1570) [Jq = §AE+Lq]




Generalized parton distributions (GPD)

Non-forward proton matrix element
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Two spin communities divided

Jaffe-Manohar

I

measured by PHENIX, STAR, COMPASS, HERMES

/

AZ +AGH+ LE 4+ L7

common and not measured yet
well-known not even well-defined?
Ji ¢
1 Define rigorously.

Must be related to GPD!

\t

accessible from GPD at JLab, COMPASS, HERMES, J-PARC...
also calculated in lattice QCD



Complete decomposition

Chen, Lu, Sun, Wang, Goldman (2008)

2 I Wakamatsu (2010)
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Gauge invariant completion of Jaffe-Manohar
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OAM from the Wigner distribution

Wigner distribution in QCD Belitsky, Ji, Yuan (2003)

i = [ o o 3) v (043
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position momentum Need a Wilson line !

Define

E — /dede [; X ]2 <W(E) E)> Lorce, Pasquini (2011)

Which OAM is this??



Canonical OAM from the light-cone Wilson line  YH (2011)

- - - - <=
/dqb X k <VVlight—cone(b7 k)> — <¢fy'ub X1 Dpure¢>

Kinetic OAM from the straight Wilson line
Ji, Xiong, Yuan (2012)

/dk l; X E <Wstraight(b7 k)>
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Difference between the two OAMs

Lpot = L — Legpn = b x /da:_ﬁ Torque acting on a quark
' Potential’ OAM Burkardt (2012)



Twist analysis

YH, Yoshida (2012)
see, also, Ji, Xiong, Yuan (2012)

1 1
5= 5AS+ AG + LY, + LY,
Understand this relation at the density level
AY = dxAqy(x) AG = | dzAG(x)
> [ e /
Lgan — / degan(x) ??
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‘Density’ of OAM

Ji's OAM canonical OAM ‘potential OAM’
<1Zb x Dip) = <¢b X Dpyre®) + 19 <sz X Aphys¥)
1
Aghys — FF—FM
“F-type”

For a 3-body operator, it is natural to define the double density.
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The D-type and F-type correlators are related.
Eguchi, Koike, Tanaka (2006)

<1;b X D¢> — <1Eb X Dpure¢> _|_ Zg@Eb X Aphy3¢>

doubly-unintegrate
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Canonical OAM density

The gluon has zero energy
—> partonic interpretation!

— T2 — I =0
L1
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Relation between ¢ (x) and twist-3 GPD
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From the equation of motion,
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Quark canonical OAM density

Wandzura-Wilczek part

e(x) g1 e(xz) 7.
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genuine
] twist-three
First moment: J7= E&E + L2, + Lpot
The bridge between JM and Ji



Gluon canonical OAM density 19 (z)
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twist-three gluon GPD
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Cam




Complete transverse spin
decomposition?

Longitudinal YH, Tanaka, Yoshida (2012)
L 1 q 9
§ B §AZ T AG T LCCWL + Lcan

Transverse same!

Vo
L

1
= _AY + AG+ LL9
2 2 VWV

can

cannot be separated in a
frame-independent way



Summary so far

e Complete gauge invariant decomposition of
nucleon spin now available in QCD, even at the
density level.

11
> = AT+ AG + LY, + LY

2 can can

* Relation between the two decomposition schemes
(JM vs Ji) fully revealed. The connection to twist-3
GPDs clarified.

* Progress towards calculating spin components on

a lattice. Ji, Zhang, Zhao (2013,2014); YH, Ji, Zhao (2013)



Husimi distribution
for nucleon tomography

Hagiwara and YH, arXiv:1412.4591



Wigner distribution

Phase space distribution in quantum mechanics

/ " dze= I plg — /2) (g + 3/2000)
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Wigner distribution for the harmonic oscillator

4H
H _ p 4 mw=x fW(q,p) _ 2(_1)n€—2H/thn (ﬂ)

Laguerre polynomial
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e -\—\;JProbabilitydistribution?
No way!




5D imaging of the nucleon:

Wigner distribution in QCD

Ji (2003)
Wigner distribution of quarks in the nucleon Belitsky, Ji, Yuan (2003)
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b, integral > TMD
momentum recoil

i integral > GPD (relativistic effect)
1



Model calculation

Lorce, Pasquini, (2011)
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light-cone quark models

(no gluons included)




Husimi distribution

1

fH(qu) — % /dq/dplemw(q'q) /h—(p'—p) /mwhfw(q/,p/)

Gaussian smearing of the Wigner distribution
Aqg=+\/h/2mw  Ap=+/hmw/2
AqAp = h/2

Positive definite!

fr(g,p) = (AlpIA) = [{($IN)|* >0
Kodi Husimi (1909 —2008)

al\) = A|A) coherent state B




Husimi distribution for the harmonic oscillator

Localized around the p mw°x

classical orbit o2m )



Husimi distribution in QCD

Hagiwara and YH, arXiv:1412.4591

Define

HF (:E) gJ_a EJ_)
[ xR R T 0
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2

The parameter ¢ is arbitrary, but it is natural to take £ < R}, ,dron



Positivity?

Inthe A+ = () gauge

2 £2Ai
H ~ /d2AJ_ B_ZAL .

< (P+A/21L6(K —(1—2)pt)e Btk y | P A/2)

|

‘good component’

Positive definite if it were not for the momentum recoil /\

However, the Gaussian factor suppresses /A



Perturbative calculation

Wigner distribution for an on-shell quark
AT = ( gauge
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Zeroth order
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First orderin (Xg cf. Mukherjee, Nair, Ojha, 1403.6233
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Husimi distribution: Numerical result

Before (Wigner) After (Husimi)
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Before (Wigner) After (Husimi)
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Speculations : relation to Color Glass?

At small-x, the gluons can be treated as a classical coherent state

McLerran, Venugopalan (1993)

Husimi distribution is the coherent state expectation value.

¥ =In 1Y

L & Saturation
InQivI=AY

Dilute system

-

2 >
Az In 2
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Any relation between the two?
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A tantalizing hint
b-moment of the QCD Husimi distribution does not reduce to the TMD.

!/[<12bJ_lJIWCz,zZL,§iL) "”’
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N

identify /¢ saturation scale

N 1
’ Qs(x)

6_21/462 — e_ngi/‘l dipole S-matrix

What is computed from classical gluon fields could be
interpreted as the Husimi distribution?



Summary of the second part

* Wigner distribution is often unphysical and
badly-behaved.

 Husimi distribution much better behaved, can be
interpreted as a probability distribution.

* Proof of positivity spoiled by the relativistic
kinematical effect, yet a model calculation shows
no sign of negative regions.



